This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 
to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 
to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 
are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  marginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 
publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  have  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 

We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  from  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attribution  The  Google  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liability  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.  Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 


atjhttp  :  //books  .  qooqle  .  com/ 


'iw-^&v 


► 


if 


^r 


\ 


6 


I5ttrry  Slcdbt 


etit. 


T&b^n+^tt^i-jLlfTxiitCMSOH  ■  Gent 


mt 


Sir    ISAAC    N  E  W?  O  tf,'si 

Two     TREATIS  ES"1? 

OF    THE 

Quadrature   of   CURVE  S,: 

AND 

Analysis  by  Equations  of  an  infinite  Number  of  Terms, 

explained: 

CONTAINING 
The  Treatifes  themfelves,  tranflated  into  EngHJh,  with  a  large  Com- 
mentary ;  in  which  the  Demonstrations  are  fupplied  where  wanting, 
the  Do&rine  illuftrated,  and  the  whole  accommodated  to  the  Capa- 
cities of  Beginners,  for  whom  it  is  chiefly  defigned. 

By  JOHN  STEWART,   A.  M.  Profyflbr   o£  ,Mathematicks 
in  the  Marifhal  College  and  Univerfity  of  Aberdeen. 


/ 


o 


LONDON:. 

Printed  by  James  Bettenham, 

At  the  Expence  of  the  Society  for  the  Encouragement  of  Learning* 

And  fold  by  JohnNour.se  ztTemple-bar  and  John  Whiston  mFkehftrcet* 

Bookfellers  to  the  faid  Society, 

M.DCC.XLV. 

[Price  twelve  Shillings  in  Sheets.] 


K 


•':  i   1 


I 


To  his  GRACE 

THOMAS  Duke  of  LEEDS 


MY  LORD, 

WHEN  a  ftranger  implores  your  Grace's 
prote&ion  to  a  mathematical  work,  he  is 
incouraged  to  it  from  the  patronage,  wkh  which 
you  are  pleafed  to  favour  all  the  liberal  fciences  ; 
and  not  from  any  peculiar  regard  vouchfafed  to 
this  more  than  others.  For  among  the  many  vh% 
tues  fo  univtrfally  acknowledged  in  your  Grace's 
character,  your  zeal  for  the  general  advancement 
of  learning  is  eminently  conlpicuous,  as  being  the 
Prefident  and  life  of  a  Society  founded  folely  for 
its  mcouragement.  A  Society  fo  generous  and 
difinterefted  in  its  institution,  that  neither  Greece 
nor  Rome  could  ever  boaft  of  a  nobler  defign ;  and 
fo  applauded  by  foreign  nations,  that  they  would 
gladly  imitate  it,  were  they  blefled  -with  luch  a 
Maecenas  to  infpire  them  with  a  like  ardour  for 
the  promoting  of  (Hence.  For  whatever  enter- 
tainment and  delight  knowledge  affords  the  hu- 
man mind,  and  how  far  foever  it  elevates  thofe, 
who  arepoffefled  of  it,  above  thereftof  their  Ipecies; 

A  a  yet 
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yet  they  only,  who  communicate  it  to  others,  have 
the  merit  of  rendering  it  beneficial  to  mankind. 

The  great  regard,  which  your  honoured  Society 
retain  for  the  works  of  the  illuftrious  Newton, 
has  ingaged  them  to  condefcend  fo  far,  as  to  coun- 
tenance his  Commentator.  The  fame  motive  ani- 
mated my  indeavoursto  illuftrate  and  explain  thofe 
principles,  which  are  the  foundation  of  the  greateft 
sand  moft  furprifing  difcoveries,  either  of  the  pre- 
sent, or  any  preceding  age.  And*  this  being  the 
firft  book  of  the  kind,  which  the  Society  have 
.taken  under  their  care,  as  the  dignity  of  the  author 
juftifies  their  choice  5  fo,  I  would  hope,  it  may  ren- 
der the  public  more  favourable  to  my  performance* 
I  ihall  however  have  this  fatisfa£kion,  that  while  I 
offer  a  fmall  tribute  to  the  memory  of  Sir  Ifaac 
Newton  \  I  have  the  honour  to  pay  my  fincereft 
acknowledgements  of  gratitude  to  your  GRACE,and 
with  thehigheft  efteem  and  veneration  to  fubfcribe 
myfelf, 

May  it  pleafe  your  Grace, 

Your  Grace's  moft  obliged, 
Moft  devoted,  and 

Moft  obedient  humble  Servant, 


JOHN   STEWART. 
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The    PREFACE. 


SUCH  as  have  duly  read  and  confiderect  Sir  Ifaac 
Newton's  Treatife  of  the  Quadrature  of  Curves'* 
arid  his  other  Works  allied  to  it,  muft  be  fenfible, 
that  he  has  greatly  extended  the  Limits  of  Geometry,  by 
dMcovering  a  Method  of  inveftigating,  Truth,  different 
from  all  thofe  Methods,  which  Geometricians  had  made 
ufe  of  before  his  Time  5  and  which  leads  to  the  Difeovery 
of  the  moil  hidden  and  remote  Truths  in  Mathematicks, 
and  Philofophy* 

But  his  invaluable  Difcoveries,  especially  fuch  of  them, 
as  are  contained  in  this  Treatife,  are  delivered  by  himfelf 
in  fuch  a  concife  Way  (the  Effect  of  his  vaft  Genius), 
that  they  ftill  lye  beyond  the  Reach  of  not  a  few,  who 
have  made  feme  considerable  Progrefs  in.  the  Mathematical: 
Sciences :  or  at  leaft  they  find  fuch  Stops  and  Difficul- 
ties,  before  they  are  well  entered  into  this  Work,  that  they 
gjve  it  over ;  either  apprehending  that  thofe  Difficulties 
are  fo  great,,  that  they  cannot  furmount  them  at.  all ;  or„ 
if  they  are  able,  that  it  will  require  more  Time  and  Pains, 
than  they  can  afford  to  beftow  upon  fuch  abftrufe  and 
deep  Speculations.  Yet  the  fame  Perfons,  moved,  by  the. 
Character  of  the  Author  and  the  Work,  would:  willingly 
1  bellow/ 
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beftow  any  reafonable  Time  and  Pains  to  underftand  thefe 
Difcoveries,  were  they  furnifhed  with  proper  and  fufficient 
Helps  for  that  Purpofe.  This  Consideration  mayjuftly 
make  one  wonder,  why  among  the  vaft  Number  of  Books 
and  Performances,  which  have  been  fent  abroad  into  the 
World,  fince  the  Quadrature  of  Curves  was  firflr  publifhed, 
in  the  year  .1704,  no  one  has  ever  obliged  the  publick 
(fo  far  as  I  know)  with  a  Commentary  upon  this  Work, 
or  any  Explication  of  it ;  by  which  Means  it  happens, 
that  it's  great  Worth  and  Excellency  (till  lye  in  a  great 
Meafure  concealed  from  the  Bulk  even  of  thofe,  who 
have  made  fome  tolerable  Proficiency  in  the  Study  of  Ma* 
thematicks. 

I  do  not  pretend  to  affign  all  the  Caufes,  that  may  have 
concurred  to  produce  this  Effed.  It  certainly  cannot  be 
owing  to  this,  that  learned  Men  are  not  fenfible  of  the 
Neeeffity  and  Ufefumefs  of  foch  ian  Undertaking.  One 
Reafon  perhaps  may  be,  that  they,  who  are  beft  qualified 
for  it,  and  could  execute  it  to  beft  Purpofe,  having  once 
engaged  fo  deep  in  the  Study  of  Geometry,  as  the  full 
tmderftanding  of  taur  Author's  TreatHe  requires,  forth- 
with affed  to  be  Authors  themfelves,  rather  than  labour  in 
the  lower  Office  of  explaining  and  illuftrating  th*  original 
Difcoveries  of  others.  Notwithftanding  itinuft  be  owned> 
that  one  may  be  as  ufefoily  employed,  to  fey  rio  more,  in 
this  latter  Office,  as  in  the  former,  which  is  efteemed 
higher.  Since  it  has  been  jufrly  enough  obferved,  that  tmV 
Science  is  now  brought  to  fuch  k  Degree  of  Pferfec'rion, 
that  the  Application  of  thefe  abftrufe  and  fabihrie  Specu- 
lations to  fome  ufeful  Ptirpofes,  either  in  common  Life  or 
Philofophy,  is  much  more  wanted,  and  would  tend  more 
to  the  Good  of  Mankind;  than  the  carrying  them  to  yet  a 

greater 
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greater  Heigfct,  -without  making  any  Application  of  them 
for  the  Purpofes  mentioned,  by  which  the  Good  of  Society 
might  be  promoted,  and  the  wife  and  excellent  Conftitu- 
tion  of  Things  in  this  material  World  better  underftood. 

This  naturally  enough  leads  me  to  anfwer  an  Objection, 
that  £bme  perhaps  may ;  be  ready  to  ikrt,  both  againft  our 
Author *$  Treafije,  arid  this  Attempt  to  make  it  more  uni- 
versally known.  Cut  ufui  is  the  Word  t  Why  fpendfo 
much  Time  and  Labour  upon  fuch  abftract  geometrical 
Speculations  ?  We  acknowledge,  fay  fuch,  the  Purfuit  and 
Acquisition  of  Knowledge  is  an  agreeable  Exercife  to  the 
Mind  of  Man ;  but  this  alone  is  not  fufficient  to  account  for 
wafting  away  Co  muchTime,  which  our  Nature  and  Circum- 
ftances,  as  reasonable  Beings  and  Members  of  Society >9  re* 
quire  to  be  otherwife  employed.  As  fuch,  others  have  an 
Jntereft  in  Us,  and  may  juftly  demand  a  very  considerable 
Share  of  our  Time  and  Labour.  Non  nobis  folum  nati 
Jumusy  ortufijue  noftri  partem  patria  vindicate  partem 
amid.    Cic. 

In  anfwer  to  which,  it  is  readily  acknowledged,  that 
other  rational  Beings  have  a  very  considerable  Inter  eft  in 
cur  Time  and  Labours.  But  if  the  Matter  be  rightly  con- 
sidered, it  will  appear,  that  this  Inter  eft  and  Concern  of 
theirs  is  by  no  Means  overlooked  or  negle&ed;  on  the 
contrary,  k  k  confulted  and  regarded.  The  natural  De- 
fire  of  Knowledge  found  in  all  Mankind  is  a  great  Ex- 
citement to  the  Purfuit  and  Acquisition  of  it,  and  at  the 
fame  Time  a  fufEcient  Indication^  that  Nature  defigned! 
it  for  a  Part  of  our  Employment  \  which  is"  ftill  confirmed- 
by  the  great  Satisfaction  and  Delight,  the  Mind  of  Man 
enjoys  in  the-Difcovery  and  Pofleflioa  of  Truth*  Ex* 
quatuor  autem  locis%  in  quo&  honefti  naturam  vimque 
i  divifimusr% 
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r  diviJitnuS)  primus  Mle>  \qui  in  verv  cognitione  conpfiit% 
tnaxime  naturam  attingit  bumanam.  Qmnes  enim  tra- 
hitnur  ^P  ducitnur  ad  cognitionis  et  fcientia  cupidita- 
tetn^  in  qua  excellere  pulchrum  putamus.  Cic.  Who- 
ever therefore  contributes  to  the  Advancement  of  Know- 
ledge in  others,  by  beftowing  fome  Time  and  Pains  to 
make  way  for  the  Entrance  of  it  into  their  Minds ;  fb 
far  adminijiers  to  their  Happinefs,  and  confults  their  Ad* 
vantage.  And  this  holds  efpecially  in  the  prefent  Cafe, 
if  the  natural  Tendency  and  genuine  Effed  of  mathema- 
tical Knowledge  purfued  and  acquired  be  rightly  confi- 
dered,  and  attended  to ;  as  it  ftrengthens  our  intelleSual 
Powers,  by  forming  in  the  Mind  an  Habit  of  thinking 
clofelyy  and  reafoning  accurately ',  even  upon  other  Subjeds  \ 
But  further,  every  one,  who  is  the  leaft  converfant  in 
thefe  Matters,  knows,  that  natural  Philofophy  never  was, 
nor  can  be  fuccefsfully  profecuted  or  advanced,  but  by  the 

*  Would  you  have  a  Man  reafon  well,  you  muft  ufe  him  to  it  betimes,  exercife  his 
Mind  in  obferving  the  Connection  of  Ideas,  and  following  them  in  train.  Nothing  does  this 
better  than  Mathematicks ;  which  therefore,  I  think,  (hould  be  taught  all  thofe,  who  have 
the  Time  and  Opportunity,  not  fo  much  to  make  them  Mathematicians,  as  to  make 
them  reafonable  Creatures.  Locke  *  On  the  Conducl  of  the  Under/landing.  And  a  little 
after :  I  have  mentioned  Mathematicks  as  a  Way  to  fettle  in  the  Mind  an  Habit  of  rea* 
foning  clofely,  and  in  Train;  not  that  I  think  it  neceflary,  that  all  Men  fhould  be  deep 
Mathematicians ;  but  that  having  got  the  way  of  reafoning,  which  that  Study  necefla- 
rily  brings  the  Mind  to,  they  might  be  able  to  transfer  it  to  other  Parts  of  Knowledge, 

as  they  (hall  have  occafion.: 1  think  the  Study  of  Mathematicks  of  infinite  Ufe  even 

<o  grown  Men  ;  firft  by  experimentally  convincing  them,  that  to  make  anyone  reafon 
well,  it  is  not  enough  to  have  Parts,  wherewith  he  is  fatisfied,  and  that  ferve  him  well 
enough  in  his  ordinary  Courfe.  A  Man  in  thofe  Studies  will  fee,  that  however  good  he 
may  think  his  Underftanding ;  yet  in  many  Things,  and  thofe  very  vifible,  it  may  fail 
him.  This  would  take  off  that  Preemption,  which  moft  Men  have  in  that  Part. 
The  Study  of  Mathematicks  would  (hew  them  the  Neceffity  there  is  in  reafoning 
to  feparate  all  the  diftinft  Ideas,  and  fee  the  Habitudes  that  all  thofe  concerned  in  the 
prefent  Enquiry  have  to  one  another,  and  to  lay  by  thofe  which  relate  not  to  the  Pro- 
pofition  in  Hand,  and  wholly  to  leave  them  out  of -the  reckoning.  This  is  that,  which 
in  other  Subje&s  befides  Quantity,  is  abfolutely  neceflary  to  juft  ieafoning. 

In  geomttria  partem fount  ur  ejfe  utiltm  tenet  is  atatibus  :  agitari  namque  anitms%  aiqta 
acid  Jngenia,  &  celeritatem  percipiendi  inde  venire  concedunU    Quintil. 

Help 
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Help  of  Geometry  and  Arithmetick  ;  for  it  is  by  Means 
of  thefe  Sciences,  that  we  difcover  the  Confiitution,  and 
inveftigate  the  Laws,  according  to  which  this  material 
World,  and  all  Things  in  it,  are  fo  wifely  framed,  main- 
tained and  preferved,  in  that  admirable  and  beautiful  Or- 
der  and  Harmony,  wherein  we  behold  them :  which  is  the 
true  Notion  and  Defign  of  natural  Philofophy.  According- 
ly you  will  find,  that  the  greateft  Matters  in  thefe  Sciences 
have  moil  fuccefsfully  laboured  in  the  promoting  and  per- 
fecting of  natural  Knowledge.  Witnefs  our  noble  Author, 
who  in  that  admirable  Performance,  his  Mathematical  Prin- 
ciples of  natural  Philofophy,  hath  happily  fliewn  us,  of 
what  great  Ufe  abftra£t  Mathematical  Knowledge  may  be, 
for  inveftigating  the  Forces  of  natural  Bodies ;  and  thence 
explaining  and  demonftrating  the  Phenomena  and  Laws, 
which  Nature  obferves  in  her  Operations,  both  in  the  Solar 
Syftem,  and  upon  this  our  Earth.  And  as  a  great  Part  of 
the  Difcoveries  contained  in  that  Book,  is  owing  to,  and 
founded  upon,  the  Do&rine  of  Fluxions  (the  Invention  of 
the  fame  happy  Genius)  as  was  obferved  fome  Time  ago 
by  the  noble  and  learned  Marquis  UHofpital  * ;  fo  we 
find  in  particular,  that  he  often  proceeds  upon  the  Qua- 
drature of  Curves  as  a  Poftulatum,  or  Principle  already 
known  and  granted.  See  Profof.  46,  53,  54,  56,  8*. 
Book  I.  and  many  other  Places.  By  which  he  hath  (hewn, 
that  the  moft  fublime  Parts  of  Geometry,  and  particularly 
the  Do&rine  of  Fluxions,  and  the  Quadrature  of  Curves, 
are  of  infinite  Ufe  in  true  Philofophy. 

*  Ceft  encore  une  Juftice  due  au  fcavant  Monfieur  Navtm,  &  que  Monfieur  Ltibnitz 
lui  a  rendue  lui-meme:  qu'il  avoit  auffi  trouve*  quelque  chofe  de  femblable  au  Calcul 
diff&rentiel,  comme  il  paroit  par  1'excellent  livre  intitule*,  PhiU/tpbim  naturalis  Prin- 
cipia  MatbmatUa,  qu'il  nous  donna  en  1687:  kquel  eft  prefque  tout  de  ce  calcul.  Anal, 
dtt  mfimmmt  Pttitt.  Pref. 
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Wherefore  by  cultivating  Geometry,  and  ftudying  even 
it's  higheft  Parts,  feveral  noble  and  ufeful  Purpofes  ajrc 
ferved  and  promoted.  Our  rational  and  intellectual  Powers 
are  greatly  enlarged  and  ftrengthencd.  Many  Things 
ufeful  and  convenient  in  common  Life  are  discovered. 
Natural  Philofbphy  in  all  it's  Branches  is  happily  advanc- 
ed. And  what  is  moft  confiderable  of  all,  the  Mind  is 
thereby  led  to  perceive  and  oblerve  the  infinite  Knowledge 
and  Wifdom,  Power  and  Goodnefs  of  the  Almighty  Creator, 
and  bountiful  Preferver  and  Governor  of  this  Univerfe. 
The  Knowledge  and  Contemplation  of  whole  Works  and 
Perfections  is  the  moft  noble  and  delightful  Exercife  of 
our  reasonable  Powers,  and  naturally  leads  the  Mind  to 
thank  and  praife,  reverence  and  admire,  love  and  imitate 
this  fupreme  Being ;  which  is  the  greater!;  Happinefs  and 
Perfection  of  any  reasonable  Creature,  and  the  true  End 
of  all  our  Knowledge,  and  of  our  very  Exiftence  itfelf. 

It  is  chiefly  with  a  Defign  of  promoting  thefe  noble 
Ends,  that  I  publifh  to  the  World  this  Commentary  upon 
Sir  Ifaac  Newton  s  Quadrature  of  Curves,  and  hv&Analyjis 
by  Equations  of  an  infinite  Number  of  Terms  :  And  though 
my  Attempt  mould  fail  of  the  defigned  Effect,  I  {hall  at 
lead  have  the  Pleafure  of  defigning  well,  which-  is  fome- 
thing  to  a  virtuous  Mind. 


Sir 
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Quadrature  of  C  U  R  V  E  S. 


Introduction  to  the  Quadrature  of  Curves. 

i.  TJT  Confider  mathematical  Quantities  In  this  Race  not  as  confift- 
I  ing  of  very  fmall  Parts;  but,  as  defcrib'd  by  a  continued  Mo- 
I    tiom    Lin?sr  are  deferib'd,  apd  thereby  generated  not  by  the 

"^  ABp€>fition  of  Parts,  but  by  the  continued  Motion  of  Points  j 
Supeifidetfsby  the  Motion  of  Lines;  Solids  by  the  Motion  of  Super- 
ficies's.; Angles  by  tjie  Rotation  of  the  Sides;  Portions  of  Time  by  a 
continual  Flux :  and  fp  in  other  Quantities.  Thefe  Genefes  really  take 
P lace  in  the  Nature  of  Things,  and  are  daily  feen  in  the  Motion  of 
Bodies.  And  after  this  Manner  the  Ancients,  by  drawing  moveable 
right  Lines  along  immoveable  right  Lines,  taught  the  Genefis  of  Rect- 
angles. 

2.  Therefore  considering  that  Quantities,  which  increafe  in  equal 
Times,  and  by  increafing  are  generated,  become  greater  or  lefs  accords 
ing  to  the  greater  or  lefs  Velocity  with  which  they  increafe  and  are 
generated  ;  I  fought  a  Method  of  determining  Quantities  from  the  Ve- 
locities of  the  Motions  or  Increments,  with  which  they  are  generated  ; 
and  calling  thefe  Velocities  of  the  Motions  or  Increments  Fluxions,  and 
the  generated  Quantities  Fluents,  I  fell  by  degrees  upon  the  Method  of 
Fluxions,  which  I  have  made  ufe  of  here  in  the  Quadrature  of  Curves* 
in  the  Years  1665  and  1666.  \  ( 

<  ;     >  B  3*  Fluxions 


IntrocbSiion  to  the 

3.  Fluxions  arc  very  nearly  as  the  Augments  of  the  Fluents  gene- 
rated in  equal  but  very  ftaaU  Partidet  of  Tunc,,  and^  to  fpeak  accu- 
rately, they  are  in  Utitjirft  Ratio  of  the  nafcent  Augments ;  but  they 
may  be  expounded  by  any  Lines  which  are  proportional  to  them. 

4.  Thus  if  the  Area's  ABC,  ABDG  be  defcribed  by  the  Ordinates 
BC,  BD  moving  along  the  Bafe  AB  with  an  uniform  Motion,  the 
Fluxions  of  thefe  Area's  (hall  be  to  one  another  as  the  defcribing  Or- 
dinates BC  and  BD,  and  may  be  expounded  by  thefe  Ordinates,  be* 
caufe  that  thefe  Ordinates  are  as  the  nafcent  Augments  of  the  Area's. 

5.  Let  the  Ordinate  BC  advance  from  it's  Place  into  any  new  Place 
be.  Complete  the  Parallelogram  BCE£,  and  draw  the  right  Line 
VTH  touching  the  Curve  in  C,  and  meeting  the  two  Lines  be  and 
BA  produe'd  in  T  and  V :  and  B£,  Ee  and  Ce  will  be  the  Augments 

now  generated  pf  the  Abf$&  AB, 
the  Qidinate  BC  and  tkt  Qirw  Line 
AG: ;  and  the  Sides  of  the  Triangle 
CET  aw  in  the  Jkfi  Rati*  of  thefe 
Augments  confidered  as  nafcent,  there- 
fore the  Fluxions  of  AB>  BC  a*d  AC 
are  as  the  Sides  CE,  ET  and  CT  of 
that  Triaqele  CET,  and  may  be  ex- 
pounded by  thefe  feme  Skies,  or, 
which  is  the  feme  thing,  by  the  Sides 
of  the  Triangle  VBC,  which  is  fimi- 
lar  to  the  Triangle  CET. 

6.  It  copies  to  the  feme  Pijrpofe  to  take  the  Fluxions  in  the  ulti- 
mate Ratio  of  the  evanefcent  rarts.  Draw  the  tight  Line  Gr,  and 
produce  it  to  K.  Let  the  Qrdinatp  be  return  into  it*s  former  Place  BC, 
and  when  the  Points  C  and  e  cqalefce,  the  right  Line  CK,  will  coincide 
with  the  Tangent  CH,  and  the  evanefcent  Triangle  CEc  in  it's  ulti- 
mate Form  will  become  fimilar  to  the  Triangle  CET,  and  it's  evanef- 
cent Sides  CE,  Ef  and  Ce  will  be  ultimately  among  themfelves  as  the 
Sides  CE,  ET  and  CF  of  the  Other  Triangle  CgT,  are,  apd'thercfore 
the  Fluxions  of  the  Lmep  AB,  BC  and  AC  a*»  ix>  this  fame  Ratio.  K 
the  Points  C  and  e  are  diftantfrom  one  another  by  any  finall  Diftance, 
the  right  Line  CK  wiH  Ukewife  be  diftant  from  the  Tangent  CH  by 
a  fmall  Diftance.  That  the  right  Line  CK  may  coincide  with  the 
Tangent  CH,  and  the  ultimate  Ratios  of  the  Lines  CE,  Ee  and  Ce 
may  be  found,  the  Points  C  and  e  ought  to  coalefce  and  exa&ly  coin- 
cide.   The  very  fmaileft  Errors  in  mathematical  Matters  are  not  to 
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7.  By  thfe  like  fray  of  reafoning,  if  a  Circle  defcrib'd  with  the  Cen- 
ter B  and  Radius  BC  be  drawn  at  right  Angles  along  the  Abfcifs  AB, 
with  an  uhiform  Motion,  the  Fluxion  of  the  generated  Solid  ABC  will 
be  as  that  generating  Circle,  and  the  Fluxion  of  it's  Superficies  will  be 
as  the  Perimeter  of  that  Circle  and  the  Fluxion  of  the  Curve  Line  AC 
jointly*  For  in  whatever  Time  the  Solid  ABC  is  generated  by  draw- 
ing that  Circle  along  the  Length  of  the  Abfcifs,  in  the  fame  Time  it's 
Superficies  is  generated  by  drawing  the  Perimeter  of  that  Circle  along 
the  Length  of  the  Curve  AC«  You  may  likewife  take  the  following 
Examples  of  this  Method. 

8.  Let  the  right  Line  PB,  revolving  about  the  given  Pole  P,  cut  an- 
other right  Line  AB  given  in  Pafitten :  it  is  required  to  find  the  Propor- 
tion of  the  Fluxions  tftbt/e  right  Lines  AB  and  PB. 

Let  the  Line  PB  move  forward  from  it's  Place  PB  into  the  new 
Place  Pb.  In  PJtake  PC  equal  to  PB,  and  draw  PD  to  AB  in  fucH 
manner  that  the  Angle  bPD  may  be  equal  to  the  Angle  £B€  j  and 
becaufe  the  Triangles  bBC>  bPD  are  fimilar,  the  Augment  Bb  will  be 
to  the  Augment  Cb  as  Vb  to  Vb.  Now  let  Pb 
return  into  it's  former  Place  PB,  that  thefe 
Augments  may  evanifh,  then  the  ultimate  Ra- 
tio of  theft  evanescent  Augments,  that  is  the 
ultimate  Ratio  of*  Pb  to  Db,  mall  be  the  lame 
with  that  of  PB  to  DB,.  Ptt6  being  then  a 
fight  Angle,  and  therefore  the  Pluxldn  of 
AB  is  to  the  Fluxion  of  PB  iti  that  lanie  Ratio. 

g.  Let  the  right  tdfie  PB,  revoking  about  the  given  Pole  P,  cut  other 
two  right  Lines  given  in  Pofltiont  vi2.  AB  arid  AE  in  B  and  E :  the 
Proportion  of  the  Plukioniof  tbile  right  Lines  AB  and  AE  is  fought. 

Let  the  revolving  right  Line  PB  move  forward  from  it's  Place  PI 
into  the  new  Place  Pb,  lb  as  to  cut  the 
Lines  AB,  AE  in  the  Points  b  and  e: 
and  draw  BC  parallel  to  AE  meeting  Vb 
in  C,  and  it  will  be  Bb :  BC  : :  A* : 
Ae ,  and  BC  :  Ee  : :  Pfc  :  PE,  and  by 
joining  the  Ratios,  Bb  :  &? : :  Ab  *  PB : 
Ae  x  PE.  Now  let  Pb  return  into  it's 
former  Place  PB,  and  the  evanefcent 
Augment  Bb  will  be  to  the  evanefcent  Augment  Ee  as  AB  x  PB  to  AE 
X  PE  5  and  therefore  the  Fluxion  of  the  right  Line  AB  is  to  the  Fluxion 
of  the  right  Line  AE  in  the  fame  Ratio. 

B  2  10.  Hence 


IntroduEiiotit  &(:• 

10.  Hence  if  the  revolving  right  Line  PB  cut  any  curve  Lines  given 
in  Pofition  in  the  Points  B  and  E,  and  the  right  Lines  AB,  AE  now 
becoming  moveable,  touch  thefe  Curves  in  the  Points  of  Sedtion  B  and 
E :  the  Fluxion  of  the  Curve,  which  the  right  Line  AB  touches,  fhall 
be  to  the  Fluxion  of  the  Curve,  which  the  right  Line  AE  touches,  as 
AB  x  PB  to  AE  x  PE.  The  fame  thing  would  happen  if  the,  right 
Line  PB  perpetually  tquch'd  any  Curve  given  in  Pofition  in  the  move- 
able Point  P. 

1 1.  Let  the  Quantity  xfiow  uniformly,  and  let  it  be  propofed  to  find 
the  Fluxion  of  xn. 

In  the  fame  Time  that  the  Quantity  *,  by  flowing,  becomes  x  -f-  o, 
the  Quantity  xn  will  become  *-{-  o\\  that  is,  by  the  Method  of  in- 
finite Series's,  *■  +  nox*~l  +  2l=^oox»-2  -f  &c.    And  the  Aug- 

ments  o  and  npxn~l  ~) — - — oo**— 2  +  &fa  arc  to  one  another  as  i 
and  nx*-1  -f  ~^oat»-2  +  &c. 

Now  let  thefe  Augments  vanifh,  and  their  ultimate  Ratio  will  be 

itOHX*""1. 

12.  By  like  ways  of  reafoning,  the  Fluxions  of  Lines,  whether  right 
or  curve  in  all  Cafes,  as  likewife  the  Fluxions  of  Superficies's,  Angles 
and  other  Quantities,  may  be  collected  by  the  Method  of  prime  and 
ultimate  Ratios.  Now  to  inftitute  an  Analyfis  after  this  manner  in 
finite  Quantities  and  inveftigate  the  prime  or  ultimate  Ratios  of  thefe 
finite  Quantities  when  in  their  nafcent  or  evanefcent  State,  is  confonant 
to  the  Geometry  of  the  Ancients :  and  I  was  willing  to  fhow  that,  in 
the  Method  of  Fluxions,  there  is  no  neceffity  of  introducing  Figures 
infinitely  fmall  into  Geometry;  Yet  the  Analyfis  may  be  performed 
in  any  kind  of  Figures,  whether  finite  or  infinitely  fmall,  which  are 
imagined  fimilar  to  the  evanefcent  Figures ;  as  likewife  in  thefe  Figures, 
which,  by  the  Method  of  Indivifibles,  ufe  to  be  reckoned  as  infinitely 
fmall,  provided  you  proceed  with  due  Caution. 

From  the  Fluxions  to  find  the  Fluents,  is  a  much  more  difficult 
Problem,  and  the  firft  Step  of  the  Solution  is  equivalent  to  the  Quadra- 
ture of  Curves  $  concerning  which*  I  wrote  wnat  follows  fome  confi- 
derable  Time  ago. 
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QUADRATURE  of  CURVES. 

13.  TN  what  follows  I  confider  indeterminate  Quantities  as  increafing 
J^  or  decreafing  by  a  continued  Motion,  that  is,  as  flowing  forwards, 
or  backwards,  and  I  defign  them  by  the  Letters  z}  y,  x9  v,  and  their 
Fluxions  or  Celerities  of  increafing  I  denote  by  the  fame  Letters  pointed 
%%  y,  xy  v.  There  are  likewife  Fluxions  or  Mutations  more  or  lefi 
fwift  of  thefe  Fluxions,  which  may  be  caird  the  fecond  Fluxions  of 
the  fame  Quantities  z>  y,  #,  v,  and  may  be  thus  defign'd  zy  y,  x,  v  : 
and  the  firft  Fluxions  of  thefe  laft,  or  the  third  Fluxions  of  z,  y9 

A  A         A  A  II       It 

x,  v  are  thus  denoted  z,  y,  x,  v :  and  the  fourth  Fluxions  thus  zyy% 

::  ::  *    *    *    * 

x\  v.    And  after  the  fame  manner  that  z>y>  x,  v  are  the  Fluxions  of 

the  Quantities  z,  yy  x,  v>  and  thefe  the  Fluxions  of  the  Quantities 
z,y,  x,  v  1  and  thefe  laft  the  Fluxions  of  the  Quantities  z,  y,  x,  v  : 
fo  the  Quantities*,^,  #,  v  may  be  confidered  as  the  Fluxions  of  others, 

which  I  (hall  defign  thus  z>  y,  x,  v ;  and  thefe  as  the  Fluxions  of 

others  z/y/x  v-,  and  thefe  laft  ftill  as  the  Fluxions  of  others  z,  y,  x,  v. 

Therefore  zy  z,  z,  #,  z,  z,  z,  zy  &c.  defign  a  Series  of  Quantities 
whereof  every  one  that  follows  is  the  Fluxion  of  the  one  immedi- 
ately preceding,  and  every  one  that  goes  before,  is  a  flowing  Quantity 
having  that  which  immediately  fucceeds,  for  it's  Fluxion.     The  like 

is  the  Series  *faz  —  zzy  ^az  —zz9  ^az  —  zz,  ^az  —zz,  */az—zz9 

VSrrS,  as  likewife  the  Series  =±£   =±f,   =±=    2.t= 

az  -\-zz       a%  -}-  zx     « 

14.  And  it  is  to  be  remarked  that  any  preceding  Quantity  in  thefe 
Series's  is  as  the  Area  of  a  Curvilinear  Figure  of  which  the  fucceeding 

is  the  rectangular  Ordinate,  and  the  Abfcifs  is  z :  as  ^az     zz  the  Area 

3  Pf 
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of  a  Curve,  whofe  Ordinate  is  *taz  —  zz,  and  Abfcifs  z.    The  Defign 
of  all  thefe  things  will  appear  in  the  following  Propopofitions. 

P  R  O  P.    L      PROB,    L 

1 5.  An  Equation  being  given  involving  any  Number  ofjhwing  Quan- 
tities, to  find  the  Fluxions. 

SOLUTION. 

Let  every  Term  of  the  Equation  be  multiplied  by  the  Index  of  the 
Power*  01  every  flowing  Quantity  that  it  involves,  and  in  every  Mul- 
tiplication change  the  Side  or  Root  of  the  Power  into  it's  Fluxion,  and 
the  Aggregate  of  all  the  Produds  with  their  proper  Signs,  will  be  the 
new  Equation. 

EXPLICATION. 

1 6.  Let  a,  b>  cy  d>  &c.  be  determinate  and  invariable  Quantities,  and 
let  any  Equation  be  propofed  involving  the  flowing  Quantities  z,  yy  x, 
&c.  as  x*  — *  xy*  +  a *z  —  £*  =  o.  Let  the  Terms  be  firft  multiplied 
by  the  Indexes  of  the  Powers  of  x,  and  in  every  Multiplication  for  the 
Root,  or  x  of  one  Dimenfion  write  x9  and  the  Sum  of  the  Faftors 
will  be  3#x*  —  xy\  Do  the  fame  vayt  and  there  arifes  —  zxyy.  Do 
the  fame  in  z,  and  there  arifes  aaz.  Let  the  Sum  of  thefe  Products 
be  put  equal  to  nothing,  and  you'll  have  the  Equation  ycx%  —  #y»  — . 
zxyy  «+-  aaz  =  0.  I  fey  the  Relation  of  the  Fluxions  is  defin'd  by  this 
Equation. 

DEMONSTRATION. 

17.  For  let  o  be  a  very  fmall  Quantity,  and  let  o£,  qy,  ox  be  the 
Moments,  that  is  the  motaentaneous  fynchronal  Increments  of  the 
Quantities  z,  y,  x.  And  if  the  flowing  Quantities  are  juft  now  z> 
y,  x9  then  after  a  Moment  of  Time,  being  incrcas'd  by  their  Incre- 
ments oz,  oy,  ox,  thefe  Quantities  (hall  become  «+o«,jr-|-oy,  x-\-ox: 
which  being  wrote  in  the  firft  Equation  for  zy  y  and  x}  give  this 

*  The  Word  tranflated  here  Power  is  Dirnitas,  Dignity,  by  which  muA  be  anderftood-not 
only  perfed,  but  alfo  imperfect  Powers  or  lurd  Roots,  which  are  exprefi'd  in  the  Manner  of 

perfeA  Powers,  as  is  well  known,  by  fractional  Indexes.     In  which  Senfe  xx%  xJt  &c.  are 

Powers  ;  \  and  }  their  Indexes,  and  x  the  Side  or  Root.    I  ufe  the  Word  Power,  becaufe 
Dignity  is  fcldom  us'd  in  Engh/k  in  this  Senfe. 

Equation 
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Equation  *3  +  3**Q*  +  3*ooxx  -f  a3*3  —  xy*  —  oxy*  —  axo^y  — 
2xo*j[y  —  xo2yy  —  xo*yy  •+•  a%z  +  *ao£  —  £3  =  o. 

Subtract  the  former  Equation  from  the  latter,  divide  the  remaining 
Equation  by  o,  and  it  will  be  $xx%  -f-  $xxox  +  *3oa  —  xy2  —  axyy 

—  2xoyy  —  xoyy «—  xQryy  4*  a *z  =  o.  Let  the  Quantity  o  be  dimi- 
niflied  infinitely,  and  negle&ing  the  Terms  which  vanifh*  there  will 
remain  $xx*  —  xy*  —  zxyy  +  *%z  =  o#    Q-  E.  D. 

A  fuller  Explication. 

r8.  After  the  fame  manner  if  the  Equation  were  x*  —  *y*  + 
gWfrx  —  y1  —  3*  =  o,  thence  would  be  produced  $x%x — *y*  —  2*jy 
•f-  gg*/<w^y*—  o.  Where  if  you  would  take  away  the  Fluxion 
V^rilTj?,  put  */ax~~y%  =  #,  and  it  will  be  ax  — y%  =  #*,  and  by 
this  Propofition  ax  —  2yy  =  2*s,  or  **~2?  =  is  that  is    "*Z-?L 

*  *  2«  Wax  —jy 

—  h/ax^yy.     And  thence  3***  —  xy1  —  2*%y  +  **^T  2*'jy  =  o. 

19.  And  by  repeating  the  Operation,  you  proceed  tp  fecond,  third 
and  fubfequent  Fluxions.  Let  #y3  —  s*-|-  a*  =  o  be  an  Equation 
propos'd,  and  by  the  firft  Operation  it  becomes  zy3  +  ^sjjy*  —  ^j^i 
=  q  ;  by  the  fecond  sy34"  6£j>y*4"  32^*  +  6zy*y  —  4Z&  —  uz%z% 
=  o,  by  the  third,  zyi  -f"  9zyy*  4"  i8Aj^y  -\-$zyy*  -|-  i8jzyj^y  4* 

6zy*  —  4a*3  —  $6*;saa  «■—  242^  =  0* 

20.  But  when  one  proceeds  thus  to  fecond,  third  and  following 
Fluxions,  it  is  proper  to  confider  fome  Quantity  as  flowing  uniformly, 
and  for  it's  firft  Fhraion  tp  write  Unity,  for  the  fecond  and  fubfequent 
one?,  nothing.  Let  there  be  given  the  Equation  zy*  —  z+  -f"  **  =  o, 
as  above ;  and  let  z  flow  uniformly,  and  let  it's  Fluxion  be  Unity  : 
then  by  the  firft  Operation  it  (hall  be  y*  -|~  2>*yy*  —  4c3  =  o ;  by  the 
fecond  6£y*  -f"  i*XF  4"  6s9*y  -—  12z*  ^  a  >   by  the  third  gyy*  -\- 

i8y*y  -\-  $zyy* -j-  lizyyy  +  6zy*  —  242?  =  o. 

But  in  Equations  of  thi§  Kind  it  muft  be  conceived  that  the  Fluxions 
in  all  the  Terms  are  of  the  fame  Order,  /.  e.  either  all  of  the  firft  Or- 
der y,  z ;    or  all  of  the  fecond  y>  y27  yz,  z2  5  or  all  of  the  third 

A  

y>  yy>  yz>  y%>  y*z>  y*%>  *3>  &c*    And  where  the  Cafe  is  ptherwife  the 
Order  is  to  be  completed  by  means  of  the  Fluxions  of  a  Quantity  that 
flows  uniformly,  wnich  Fluxions  are  underftood.    Thus  the  laft  Equa- 
tion, 
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tion,  by  completing  the  third  Order,  becomes  gzyy*  4"  l$zy*y  4* 

P  R  O  P.    II.      PRO  B.    II. 

22.  7b  find  fuch  Curves  as  can  be  fquared. 

Let  ABC  be  the  Figure  to  be  found,  BC  the  reftanglar  Ordinate, 
and  AB  the  Abfcifs.  Produce  CB  to  £,  fo  that 
BE  =  1,  and  complete  theParaUefdgram  ABED  : 
and  the  Fluxions  of  the  Areas  ABC,  ABED  fhali 
be  as  BC  and  BE.  Affume  therefore  any  Equa- 
tion, by  Which  the  Relation  of  the  Areas  may  be 
defined,  and  thence  the  Relation  of  the  Ordinates 
BC  and  BE  will  be  given  by  the  firft  PropofitJon. 


Q^E.  I. 
ine  P 


The  two  following  Proportions  aflbrd  Examples  of  this. 

PROP.    III.     T  H  E  O  R.    I. 

23.  If  for  the  Abfcifs  AB  and  Area  AE  or  AB  x  1  you  write  z  pro- 
mifcuoufly,  and  if  for  e  -\-fzn  +  gz2*  -f"  bz&  -f-  &c.  you  write  R : 
let  the  Area  of  the  Curve  be  z*R\  the  Ordinate  BC  fhall  be  equal  to 

DEMONSTRATION. 

'  24.  For  let  **R*=  v,  it  will  be  (by  Prop.I.)  6zz'-lR*+ A2«RR*-» 
=  v.  For  R*  in  the  firft  Term  of  the  Equation  and  zfl  in  the  fecond 
write  RRX-'  and  zz*-1 ,  and  it  will  become  6zR  -j-  XzR  X  z'-'R*-1. 
=  v.  But  it  was  R  =  e  -^-fz*  -f-  gzzv  -j-  bz*  -(-  &c :  and  thence 
(by  Prop.  I.)  it  becomes  R  =  ^zz^x  +  zvgzz**~l  +  yfrzz**-1  -f- 
&c.  which  being  fubftituted,  and  BE  or  i  wrote  for  z,  it  becomes 


+*   ^.+* 


+• 


QJE.D. 

PROP. 
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P  R  O  P.    IV.     THEOR.D, 

2$.  If  AB  the  Abfcife  of  a  Curve  be  z,  and  if  for  e  4mfz"  4"  gzu 
4-  &c  you  write  R ;  and  for  k  -|-  /«*  -|-  wa2"  4"  &c.  you  write  S  : 
let  the  Area  of  the  Curve  be  z*  R*  S^,  the  Ordinate  BC  will  be  equal  to 


u+^Wgkix**'-—  — 


-  # 


+0 


X^s" 


-M 


(.y-1 


-M     •  -4-0  4-9 

+2*  x  "■** +A,  *>*3  +2X,  x^4" 

This  Proportion  is  demonftrated  after  the  Manner  of  the  pre- 
ceding. 

PR  OP.  V.     TH  EOR.  m. 

26.?  If  the  Abfcifs  AB  of  a  Curve  be  z,  and  for  e  4~fe*  4-gzu  -\- 
hz*  4-  &c.  be  wrote  R;  Let  the  Ordinate  be  s9-1  R*-1  x| 
a 4-  fa*  4-  czu  4-  dz*  4-  &c :  and  put  £  =  r,  r -$-*=*,  i  +  fc 
=  /,  /-J-  a  ==  v,  &c.    The  Area  (hall  be  equal  to 


39Rxinto  + 
+ 


-J-j/A 


,*n 


r  +  i  x« 

— e-7£7xfB-tgA 
4- J! =* i 

+  2 1 — «==-- zin 


'±1*'  _. 

4-&c. 


Where 
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Where  A,  B,  C,  D,  &c.  denote  the  whole  given  Coefficients  of  the 
feveral  Terms  in  the  Series  with  their  proper  Signa  ~\-  and  — ,  viz. 

±4-s/A 

B  the  Coefficient  of  the  fecond  Term  4= — 

-C-7+Tx/B-/fA 

C  the  Coefficient  of  the  third  Term  1 — ^=»^_-^_ 

r-f-  z  x  * 

And  fb  on. 

DEMONSTRATION. 

27.  According  to  the  third  Propofitron,  let  the  following  Expreffions 


i°  6eA 


be 


Ordinates  of  Curves, 


*/***  +L, 


.STZ„.»~  +«+9 


,-H-H 


xM»J»&c. 


30-..— -.,--- _ 4J+5x«c»* i^j^_xyc»3»  &c. 


Their  Areas. 
As«R* 


BzH-«R* 

Cs?+2"R* 

<"  .    • 

DsH^R* 


And  if  the  Sum  of  the  Ordinates  be  put  equal  to  the  Ordinate  a  -f- 
6z*  -f*  c*%*  4-  <&3"  4-  &c.  into  z*~l  RX_I,  the  Sum  of  the  Areas 
z9R*  into  A  -f  B2"  +  Cz2"  +  D«3n  -f  &c.  mall  be  equal  to  the 
Area  of  the  Curve  of  which  that  is  the  Ordinate.  Therefore  let  the 
correlpondent  Terms  of  the  Ordinates  be  put  equal,  and  it  will  be 

g  =  ftfA  

6  =  6-]r  *9x./A-H-r-«x*B  


C  =  $  -|-  2X*  X  gA  rr-  0  r|-  *  +  Afl  X/B  +  0  ■+-  2l|  X  *C 

And  thence  A =£• 

Q  +  nxe  _ 

p c  -w -f»  2Xt»  x  gA  -  0  +  y  +  \*  x/B 

And  fo  on  in  infinitum.  Now 
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Now  put  I  =  r,  r  +  X  =x,  s  4-  X  =  f,  ©*•  and  in  the  Area 

s°Rx  x  A  +  B3"  +  Q»u  +  tte3'  -V  ^-  write  the  Values  of  A,  Bt 
C,  fcfc.juft  now  found,  and  the  Series  propofed  will  come  out,  Q^E.D. 

28.  And  it  mull  be  obferved  that  every  Ordinate  is  refolved  into  a 
Series  two  different  ways.  For  the  Index  *  may  either  be  affirmative 
or  negative.  ^ 

Let  the  Ordinate  ^—77 t~7-'T==  be  propofed  :   it  may  be  wrote 

either  thus  ar*xi*  —  kszxk  —  fe»  -j-  fflg^ ~* 

or  thus  2?"*  x  —  /-4-3**-*  X  /w-^#~x  -fjfer~3l  ~  *. 
In  the  former  Cafe  you  have  a  =  3^  £  =  o,  r== —  I:  e  =  &, 
/=o,  £=— /,  A  =  w:  A  =  |,  9=1,  0  —  i=—  |,  6  =  — i 

In  the  latter  it  is  *=  —  /,  £  =  0,  r=3/J.v  e=im9  f=z  —  l, 
^=0,  £>=£:  X  =  t,  *  =  —  i.  *  —  1=5—  2.  0=— it  r=i, 

Both  Cafes  muft  be  tried.  And  if  either  of  the  Series's,  by  means 
of  the  Terms  at  length  failing,  break  off  and  terminate,  the  Area  of 
the  Curve  will  be  had  in  finite  Terms.  Thus  in  the  firft  Cafe  of  this 
Example,  by  writing  in  the  Series  the  Valufcs  of  *,  b9  c>  r,  fx  g>  B,  x>  9P 
r,  s9 1,  v,  all  the  Terms  after  the  firft  vanifli  in  inf.  and  thfc  Area  of 

the  Curve  comes  out  —  2  V  ""  *,***>  and  this  Area,  becaufe  of  the 

negative  Sign,  is  adjacent  to  the  Abfcifs  produced  beyond  the  Ordinate. 
For  every  affirmative  Area  is  adjacent  both  to  Abfcifs  and  Ordinate  * 
but  a  negative  Area  falls  upon  the  oppofite  Side  of  the  Ordinate,  and 
is  adjacent  to  the  Abfcift  produced,  the  Sign  of  the  Ordinate  being  un- 
derstood to  remain.  By  this  means  one  of  the  Series's,  and  fometimes 
both  of  them,  always  terminates  and  becomes  finite,  if  the  Curve  can 
be'fquared  geometrically.  But  if  the  Curve  don't  admit  of  being  thus 
fquared,  both  Series's  will  be  continued  infinitely,  and  one  of  them 
will  converge  and  give  the  Area  by  Approximation,  except  when  r 
(becaufe  of  the  Area  being  infinite)  is  either  nothing  or  a  negative  In- 
teger >  or  when  £  is  equal  to  Unity.    If  i!  be  lefe  than  Unity,  that 

Series  will  converge  in  which  the  Index  ?  is  affirmative :   But  if  l! 

€ 

be  greater  than  Unity,  the  other  Series  will  converge.  If  in  the  one 
Cafe  the  Area  be  adjacent  to  the  Abfcifs  drawn  as  far  as  the  Ordinate, 
in  the  other  it  is  adjacent  to  the  Abfcifs  produced  beyond  the  Ordinate. 

C  2  29.  Be- 
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29.  Befides  you  are  to  obferve,  that  if  the  Ordinate  be  a  Produ& 
contain'd  under  a  rational  Faclor  O^and  an  irreducible  ford  Factor  R*, 
and  the  Side  R  of  the  furd  Factor  don't  divide  the  rational  Fadtor  Qj^ 
it  will  be  X  — 1=  7T  and  Rx-'=  R\  But  if  the  Side  R  of  the  furd 
Fa&or  divide  the  rational  Fa&or  once,  then  it  will  be  X —  i==?r-f-i, 
and  Rx_1  =Rar+1 :  if  it  divide  it  twice,  it  will  bex —  i==w-j-2, 
and  Rx_l  =  R*+2 :  if  thrice,  then  X  —  1  ==w  -\-  3,  and  R*-1  •=. 
RH-3 :  and  fo  on. 

30.  If  the  Ordinate  be  an  irreducible  rational  Fraction  having  it's* 
Denominator  made  up  of  two  or  more  Terms :  the  Denominator  muil 
be  refolved  into  all  it's  prime  Divifors.  And  if  there  be  any  Divifor 
that  has  no  equal,  the  Curve  cannot  be  fquared  :  but  if  there  be  two 
or  more  equal  Divifors,  one  of  them  is  to  be  rejected,  and  if  there  be  yet 
other  two  or  more  equal  to  each  other  and  unequal  to  the  former,  one 
of  them  is  likewife  to  be  rejected ;  and  fo  you  are  to  do  in  all  the  other 
equal  Divifors,  if  more  ftill  remain :  afterwards  the  Divifor  which  is 
left  j  or  the  Product  contain'd  under  all.  the  Divifors  which  are  left 
(if  there  are  more  of  them)  muft  be  put  for  R,  and  the  Reciprocal  of 
it's  Square  R-2  for  RX_I,  unlefs  when  that  Product  is  a  Square,  or  a: 
Cube,  or  a  Biquadrate,  &c.  in  which  Cafe  it's  Side  or  Root  muft  b& 
put  for  R,  and  the  Index  of  the  Power,  viz.  2,  or  3,  or  4,  taken  ne- 
gatively, for  X :  and  the  Ordinate  is  to  be  reduced  to  the  Denominator 
R%  or  RJ,  or  R+,  or  R«,  &c. 

Thus  if  the  Ordinate  were  <8t  +  ig4_Jie,_)e»^.88-4  J  becaufe  this 
Fraction  is  irreducible,  and  the  Divifors  of  the  Denominator  have  all 
of  them  Equals;  for  they  are  z  —  ix  z  —  1,  z  -—  1  ;  and  z-\-z> 
z  -f-  2,  I  rejett  one  Divifor  of  each  Magnitude,  and  the  Product  of 
the  remaining  Divifors  z  —  1,  z  —  1,  z  -f-  2,  viz.  z*  —  32  -f"  2,  I 
put  for  R,  and  the  Reciprocal  of  it's  Square  £,  or  R~%  for  R*  '. 
Then  I  reduce  the  Ordinate  to  the  Denominator  R»  or  R1"*,  ^"d  ** 
becomes  *-<>**  +  **  f.  e.  z> x  8  -  9*  +  *3  X  2  -  %z  \  z*\  \. 
And  thence  it  is  *  =  8,£  =  — o,c=o,  </=  i.Gfc. '  =  2,/ —  —  3,, 
cr=Oi  b=i,  X—  1=  —  2,  X  =  —  1,  v=i>  *  "T1^?'.  9T~ 
4  =  r,  j  =  3,/  =  2,  vz=\.'  And  thefe Values  being  infertedm  the 

Series,  the  Area  comes  out  ,,_*  +  a,.all  the  Terms  of  the  Series 
throughout,  after  die  firft,  vanishing, 

31.  Finally* 


\ 
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31.  Finally,  if  the  Ordinate  be  an  irreducible  Fra&ion,  and  it's  De- 
nominator be  a  Product  contained  under  a  rational  Fadtor  Qjind  an 
irreducible  furd  Faftor  R",  you  muft  find  all  the/>r/WDivifors  of  the 
Side  R,  and  reject  one  Divifor  of  each  Magnitude,  and  then  multiply 
the  rational  Factor  QJ?y  the  remaining  Divifors^if  there  be  any  fuch ; 
and  if  the  Produdt  thencfe  arifing  be  equal  to  the  Side  R>  or  any  Power 
of  it  whofe  Index  is  a  whole  Number,  let  that  Index  be  w,  and  it  will 
bex — 1=  —  it  —  wandRx-I  =  R-«r-^ 

As  if  the  Ordinate  was  ^  -f*+9f»«'-f21=«E*'.  ^uk  R  the 

y*  —  xx  X  qi-^q*x  —  qxz  —  **p 

Side  of  the  furd  Fa&or  or  jfl  -|-  q%x  —  qx% — #3  has  thefe  Divifor* 
9  4"  x>  9  "f"  x>  9  —  x>  which  are  of  two  different  Magnitudes,  I  re- 
je6t  one  Divifor  of  each  Magnitude,  and  I  multiply  the  rational  Fa&or 
q%  —  x*  by  the  Divifor  which  remains  q  -\-  x.  And  becaufe  the  Pro- 
duct q*  -f"  9%x  —  9X%  —  *3  is  tqpdL  to  the  Side'R,  I  put  m—  ip 
whence,  fince  *r  =  7,  it  becomes  X  —  1  =  —  f .  Therefore  I  reduce 
the  Ordinate  to  the  Denominator  R~*,  and  it  becomes 

x°  x  3?6+2^5x+8^*-|-%3^3 — 7£a*4— bqx*  *; q*-\-q%x — q x%— xA~ * 
Whence  a  =  3^,  b  =  2qs,  &c.  e  =  q*9  fz=  q\  £$c.  6  —  1  =  or 
6  =  i  =  if,  x  =  —  f,  r=i,  J  =  t>  *  =  7>  v  =  o.     And  thefe  be- 


*3 


%q*x  +  %qx\ 


ing  wrote  in  the  Series,  the  Area  comes  out  ^ 

the  Terms  through  the  whole  Series  after  the  third  vanishing. 


all 
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32.  If  the  Abfcifs  AB  of  a  Curve  be  s,  and  R  be  put  for  e-\~fip 
+  gzu  +  ^3'1  Hr  ©^  an^  S  for  k  -f-  fe»  -f-  wz2fl  +  *g»»  -f  &c .  and 
if  the  Ordinate  be  z*~l  Rx~!  S**-1  into  a-\-k&-\-  CZ2*  -f  <fe3*  4.  &Cy 
and  the  Rectangles  of  the  Terms  e,  fy  g,  h,  &c.  and  k>  /,  m9  n>  &c.  be 

ek  fk  gk  hk+  &c. 

el  ft  gl  hi  tic. 

em  ftn  gm  hm  &c. 

*n  fa  gn  bn  &c. 

•  In  the  former  Impreffions  there  was  an  Error  in  the  Expreffion  of  this  Ordinate,  whidtf 
%q *  —  q*x  4»  Of**"*  —  q*x^  —  6x* 
ftood  thus  ZZZZZ —  "T  :  **  "  ea**ty  collected  from  what  follows.     Sec 

fl-^XfJ+  qlx  —  £**  —  **|  3 
the  Notes  Art.  1 36. 

f  Here  alfo  was  an  Error  in  the  former  Impreffions,  the  Numerator  of  the  Fradion  being; 
according  to  them  iq %x  -j-  3**.    See  the  Notes. 

i  And* 


J* 
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And  if  die  numeral  Coefficients  of  thefe  Re&angles  refpe&ivtly  be 

-  ss  r.    r  -\-  X  =  s.    s  -|-  X  =  /.    /  -\-  X  ==:  «y,  {&. 

/  /  /  / 

The  Area  of  the  Curve  will  he 


i 

— a 


'  r  +  zxti  * 

'  r'-\-\  -nek 

ft 

Where  A  denotes  the  given  Coefficient  of  the  firft  Term  2_  with 

it's  Sign  +  or  «■— ,  B  the  given  Coefficient  of  the  fecond  Term,  C 
the  given  Coefficient  of  the  third  :  and  fo  on.  And  one  or  more  of 
the  Terms  a,  6,  c%  &c.  e,f,  g9  G?<\  ky  /,  m,  &c.  may  be  wanting. 

The  Proportion  is  demonstrated  after  the  Manner  of  the  preceding, 
and  what  Things  are  there  remarked,  likewifc  obtain  here.  More- 
over the  Series  of  fuch  Propofitions  goes  on  infinitely,  and  the  Pro- 
greffion  of  the  Series  is  manifeft. 

PROP.  VII.     T  H  E  O  R.  V. 

33.  If  for  e  -\-fz*  -]-gz2fl  +  &c.  be  wrote  R  as  above,  and  in  the 

Ordinate  of  any  Curve  «9±'<r  R*iT>  the  given  Quantities  6,%  Ke,f>g9 

&c.  remain  the  fame;  and  for  <r  and  r  be  wrote  fucceffivcly  any  integral 

1  ~  Numbers : 
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Numbers :  and  if  there  be  given  the  Area  of  one  of  thefe  Carves  which 
are  defign'd  by  innumerable  Ordinates  thus  arifing,  when  theOrdinates 
are  Binomials  under  the  Vinculum  of  the  Root ;  or  if  the  Areas  of  two 
of  the  Curves  be  given  when  the  Ordinates  are  Trinomials  under  the 
Vinculum  of  the  Root ;  or  the  Area*  of  three  of  the  Curves,  when 
the  Ordinates  are  Quadrinomials  under  the  Vinculum  of  the  Root,  and 
fo  on  in  infinitum :  I  fay  the  Areas  of  all  thefe  Curves  (hall  be  given. 

34.  I  reckon  here  for  Names  all  the  Terms  under  the  Vinculum 
of  the  Root  as  well  them  that  are  deficient,  as  them  that  are  full, 
whofe  Indexes  of  their  Powers  are  in  an  arithmetical  Progreflion.  Thus 
the  Ordinate  */a* —  ax*  4  *S  becaufe  of  two  deficient  Terms  be- 
twhrt  a4  and  — ax*  ought  to  be  efteemed  a  Quinquinomial.     But 

*/a*  —  x4  is  a  Binomial  and  *la+  4  x+  —  —  a  Trinomial,  fince  the 

Progreflion  goes  on  now  by  greater  Differences.  Now  the  Propofition 
is  thus  demon  ft  rated. 

CASE     I. 

35.  liet  the  Ordinates  of  two  Curves  be/a°-IR*-J  andysM-^R*-' 
and  their  Areas  pA  and  yB,  R  being  a  Trinomial  e-^-fz"  *\-gzz*. 
And  fince  by  Prop.  3,  a?QR*  is  the  Area  of  a  Curve,  whofe  Ordinate  is 

Oe  4 04 'XiX/z*  4  6  4  2kixgzu  intos^R*-1,  fubtradt  the  for- 
mer Ordinates  and  Areas  from  the  latter  Ordinate  and  Area,  and  there 
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+* 


,+• 


remains  6e — p  T  x  x/—  q  x  z" T  2X  X^s*'  X  z^'R*-'  the  Ordi- 
nate of  a  new  Carve,  and  *'RX  —  ph  —  qB  it's  Area.  Put  fc  =•/>, 
and  df  -\-  Ay  t=  y,  and  the  Ordinate  becomes  6  -\-  axif  x  gz2"  X 
^-'R*-1,  and  the  Area  ztR*  —  feA  —  */B  —  x,/B.  Divide  both 
by  6g  -\-  2X^,  and  call  the  Area  thence  arifing  C,  and  affuming  any 
Quantity  r,  rC  will  be  the  Area  of  a  Curve  whofe  Ordinate  is 
rzH-»«>-»R*-».  And  by  the  fame  Method  we  have  found  the  Area 
rC  correfponding  to  the  Ordinate  rs9+2fl-lRAJl  from  the  Areas  pA 
and  qB,  you  may  from  the  Areas  qB  and  rC  find  a  fourth  Area,  viz. 
sV>  correfponding  to  the  Ordinate  «H-3«-'R>-«,  and  fo  on  in  inf. 
And  the  like  is  the  Rate  of  the  Progreflion  which  proceeds  the  con- 
trary way  from  the  Areas  B  and  A.  If  any  of  the  Terms  6,  9  +  *n, 
and  6  -|-  2X*  be  wanting  and  break  off  the  Series,  let  the  Area  ph  be 
affumed  in  the  Beginning  of  the  one  Progreflion,  and  the  Area  qB  in  the 
Beginning  of  the  other,  and  from  thefe  two  Areas,  all  the  Areas  will 
be  given  in  both  Progreflions.    And  contrarily,  from  any  other  two 

Areas 


i6  Tie  iluadratun  of  Curved 

Areas  affumed  you  can  return  by  Analyfis  to  the  Areas  A  and  B,  Co 
that  from  two  Areas  given  all  the  reft  arc  given.     QJB.  O. 

This  is  the  Cafe  of  Curves  in  which  6  the  Index  of  z  is  increafed  or 
diminifhed  by  the  perpetual  Addition  or  Subtra&ion  of  the  Quantity 
q.  The  other  Cafe  refpe&s  Curves  where  the  Index  A  is  increafed  or 
diminifhed  by  Units. 

CASE    II. 

36.  If  the  Ordinates  pz*~lRx  and  qztj+*-lR\  to  which  the  Areas 
pk  and  qB  may  now  be  fuppofed  to  anfwer,  be  multiplied  by  R  or 
e  -\-fzn  -\-gz**9   and  then  again  be  divided  by  R,   they  become 

fx+pf&^pgz**  X^-'R^1,  and  qez"  +  qfz2n  +  qgz»  xs^'R*-1. 
And  (by  Prop.  3.)  az^R*  is  the  Area  of  a  Curve,  whofe  Ordinate  is 
$ae  +  0  -f  \i  x afz*  +  0  +  2A* X  ag*1*  X aft-'R*-1,  and  Sz*+*RX  the 
Area  of  a  Curve  whofe  Ordinate  is  Q  +  nXbez*  +  0  +  ^  +  **X#32,, 
-f  0  -f 1  +  2\fi  X  igz»  X  z*~*  R*-f. 

And  the  Sum  of  thcfe  four  Areas  is  pA  +  qB  +  arfR*  -f-  fe*+»Rx 
and  the  Sum  of  the  correfponding  Ordinates 


Bae+F^vafz* +6+2X1     *agzz*+&+v+2\fi*6gz*%rf-'lRx-'1 


<2? 


+  **Pf  +  **pg 

+  ix^  +  ixqf. 

If  the  firft  Term,  the  third  and  fourth  be  put  equal  to  nothing  fe- 
parately,  by  the  firft  it  will  be  6ae  +pe  =  o,  or  —  0a  =^,  by  the 
fourth  —  96  —  $16  —  2  Aiji  s=  y,  and  by  the  third  (exterminating^  and  q) 
2S  =  £«     Whence  the  fecond  becomes  %i2!LzJZ22£Ly  an(j  therefore  the 

Sum  of  the  four  Ordinates  is  ^/L-i^V+'-'R^1,  and  the  Sum  of 

asmanycorrefpondingAreasis^R^+^9-"Rx— 6aA+z±EZp^agB. 

Divide  thefe  Sums  by  ^lySS3R%  and  if  the  laft  Quote  be  call'd  D, 

then  (hall  D  be  the  Area  of  a  Curve  whofe  Ordinate  is  the  firft  Quote 
*9+*-'R*-i. 

And  by  the  fame  Method,  if  you  put  all  the  Terms  of  the  Ordinate 
fave  the  firft  equal  each  to  nothing,  you  may  find  the  Area  of  a  Curve 
whofe  Ordinate  is  z9~lR*~l.  Let  that  Area  be  called  C,  and  by  the 
feme  Means  that  the  Areas  C  and  D  have  been  found  from  the  Areas 

A  and 
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A  and  B,  you  may  from  thefe  Areas  C  and  D  find  other  two  Areas 
E  and  F  anfwering  to  the  Ordinates  s^R*-2  and  Z&+"-1  R*-*,  and 
fo  on  continually.  And  by  a  contrary  Analyfis  you  may  return  from 
the  Areas  E  and  F  to  the  Areas  C  and  D,  and  thence  to  the  Areas  A 
and  B,  and  likewife  to  the  other  Areas  which  follow  in  the  Progref- 
fion.  Therefore  if  the  Index  X  be  increas'd  or  diminifh'd  by  the  con- 
tinual Addition  or  Subtradtion  of  Units,  and  of  the  Areas  which  an- 
fwer  to  the  Ordinates  thus  arifing  two  of  the  moft  fimple  be  given ; 
all  the  others  in  inf.  are  given. 

CASE    III. 

37.  And  by  joining  thefe  two  Cafes  together,  if  both  the  Index  6  be 
any  how  increas'd  or  diminifh'd  by  the  continual  Addition  or  Sub- 
traction of  17,  and  the  Index  X  by  the  continual  Addition  or  Subtrac- 
tion'of  Unity,  the  Areas  correfponding  to  the  feveral  Ordinates  thus 
ariiing,  (hall  be  given.     Q^  E.  O. 

CASE    IV. 

38.  And  by  a  like  way  of  reafoning,  if  the  Ordinate  confift  of  a 
Quadrinomial  under  the  radical  Sign,  and  there  be  given  three  of  the 
Areas,  or  if  it  confift  of  a  Quinquinomial,  and  there  be  given  four  of 
the  Areas,  and  fo  on  :  all  the  Areas  (hall  be  given  which  can  be  pro- 
duced  by  the  Addition  or  Subtradlion  of  the  Number  4  to  the  Index  0, 
or  of  Unity  to  the  Index  X.  And  the  like  is  the  Reafoning  with  re- 
fpedt  to  the  Curves,  whofe  Ordinates  are  made  up  of  the  Binomials, 
and  one  Area  of  thofe  which  are  not  geometrically  quadrable  is  given. 
QJE.  O. 

PROP.  VIII.    T  H  E  O  R.  VI. 

39.  If  for  e  +J&-\-gz%*  +  &c.  and  k  -f  &•  4-  mzz*  +  &c.  be 
wrote  R  and  S  as  above,  and  in  the  Ordinate  of  any  Curve  s9±i*Rx+TSf*±l'I 
the  given  Quantities  fl,  ij,  X,  ^,  e,  f%  g,  k,  /,  my  &c.  remain  the  fame  ; 
and  for  <r,  t  and  u  be  wrote  any  whole  Numbers  fucceffively  :  and  if 
the  Areas  of  two  of  the  Curves  be  given  which  are  defign'd  by  the 
Ordinates  thus  arifing,  when  the  Quantities  R  and'S  are  Binomials,  or 
if  the  Areas  of  three  of  the  Curves  be  given,  when  R  and  S  together 
confift  of  five  Nomes  or  Terms,  or  the  Areas  of  four  of  the  Curves 
when  R  and  S  both  taken  together  confift  of  fix  Nomes  or  Terms, 
and  fo  on  in  infinitum :  I  fay  the  Areas  of  all  the  Curves  fhall  be  given. 
It  is  demonftrated  after  the  Manner  of  the  preceding  Propofition. 

D       #  PROP. 
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PROP.IX.    THEOR,  VII. 

40.  The  Areas  of  thofe  Curves  are  equal  among  themfelves,  whole 
Ordinates  are  reciprocally  as  the  Fluxions  of  their  Abfcifles. 

For  the  Redlangles  contained  under  the  Ordinates,  and  the  Fluxions 
of  the  Abfcifles  will  be  equal,  and  the  Fluxions  of  the  Areas  are  as 

thefe  Re&angles. 

COROL    I, 

41.  If  there  be  afiiim'd  any  Relation  betwixt  the  Abfcifles  of  two 
Curves,  and  thence  by  Prop.  I.  you  feck  the  Relation  of  the  Fluxions 
of  the  Abfcifles,  and  the  Ordinates  be  made  reciprocally  proportional 
to  thefe  Fluxions,  you  may  find  innumerable  Curves,  whole  Areas 
are  equal  among  themfelves. 


COROL.    II. 


42.  For  every  Curve  whole  Ordinate  is  z*-1  X  e-\-Jz"  -{-gz2* +Sfc-l\ 
by  afliiming  any  Quantity  for  v,   and  putting  7  =  *  and  z*  =  x% 

pafles  into  another  Curve  equal  to  itfelf  whole  Ordinate  is  — x-7- 

COROL.    in. 


43.  And  every  Curve  whofe Ordinate  isz6-1  xa +fe»  +  ca^^^&c. 
'  x e  -\-fi?  -f-  gzz*  •+•  &c.\\  if  you  auume  any  Quantity  for  v,  and 
put  -=sy  and  Z*  =  #,   pafles  into  another  Curve  equal  to  itfelf, 

whofe  Ordinate  is  jx*r  x  «+&•+«*"+  <*'•  *  <+/*"+£**'-f-  #4* 

COROL.    IV. 


44.  And  every  Curve  whofe  Ordinate  is  sh1  Xtf-T-fo'' +****+  &c. 
X  e  -\-faP  -\-  gz2*  +  &c .1*  X  k  -+-  lzn  4-  mz»  -\-  Gfr.l'*  by  affuming 
any  Quantity  for  »,  and  putting  7  =  *,  and  «*  =  #,  panes  into  an- 
other Curve  equal  to  it,  whofe  Ordinate  it 

2  corol; 
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COROL    V. 


45.  And  every  Curve  whofe  Ordinate  is  z9"1  x  e-\-fz*^-gzz*-\-&c.  '\ 
by  putting  —  =  x,  pafles  into  another  Curve  equal  to  itfelf,  whofe  Or- 

dinate  is  -^  x  e+fx-"+gx-«+  &cSx :  that  is  j^  x/f^x, 

if  the  Quantity  under  the  Vinculum  of  the  Root  be  a  Binomial  ;   or 

1     K  xg  -j-  fxn  +  e*u  **»  Hi*  be  a  Trinomial:  and  £o  for  others. 

COROL.    VI. 

46.  And  every  Curve  whofe  Ordinate  is  «9_I  x  e-\-fz*  -\-gzz*  -\-  &c.  ** 
X.k  -f-  te"  -J-  m*U  +  <&•'**»  bv  potting  i  =  x>  pafle8  into  another 

equal  Curve,  whofe  Ordinate  is  -5^7  X*  -^-.A""'  4"  ^~2"  +  6fc.'x 

if  the  Quantities  under  the  Vinculums  of  the  Roots  be  Binomials,  or 

^.,+U^Xg  +/**  +  ^»XX/  +  ^,|ft  if  Ae  Quantity  under 

the  Vinculum  of  the  fir  ft  Root  be  a  Trinomial,  and  that  under  the 
fecond  a  Binomial :  and  fo  for  others. 

47.  And  obferve,  that  the  two  equal  Areas  in  thefe  two  laft  Co- 
rollaries, lye  towards  contrary  Parts  of  the  Ordinates.  If  the  Area  in 
the  one  Curve  be  adjacent  to  the  Abfcifs,  the  Area  equal  to  it  in  the 
other  Curve,  is  adjacent  to  the  Abfcus  produced. 

COROL.    VII. 

48.  If  the  Relation  betwixt  the  Ordinate  y  of  any  Curve  and  the 
Abfcife  z  be  defin'd  by  any  aflfedted  Equation  of  this  Form, 
f%e-\ffz*+gf*zu +by*zt*+&c.=z  z*  X  k +ly*z*+my*'>zii+  &e. 
this  Figure,  by  affuming  *=2~,  x  =  jz'  and  A  =  £r~>  pafles 
into  another  equal  to  itfeH;  whofe  Abfcife  xr  from  the  Ordinate  v 
gwen,   is  determined  by  an  Equation  not  affefied,  viz. 


:x. 


Da  COROL. 


so  735*  Quadrature  of  C  u  r  v  e  s. 

COROL    VIII. 

49.  If  the  Relation. betwixt  y  the  Ordinate  of  any  Curve,  and  z 
it's  Abfcifs  be  defined  by  any  affe&ed  Equation  of  this  Form  y*.x 

e+fy"z'+&inzi*+  &c.  =zzsxk+  lfz!+myz»zzi-\-  &?. 
N  -\-&,xp+fyz*+s-y*'z2i-t-&c. 

.This  Figure,  by  .taking  s  =  ^y  *  =±gf,  p  =±t*  and  »  = 
—ip,  paffes  into  another  equal  to  itfelf,  whofe  Abfcifs  x  is  "deter- 
mined from  the  Ordinate  v  given,  by  this  Equation  lefs  affe&ed  v*  X 

-f  s'x'  Xp+qW+rv**  -\-&c. 

C  O  R  O  L.    IX. 

50,  Every  Curve  whofe  Ordinate  is 


Xa  +  bxeX  +fz'+«  +  ffsH-2»  +  &cX^  

if  0  =  Xf,  and  you  affume  x  =  esf  -\-fz'+n  -\-gz¥+z*  +  GfcA*,  r = 
*1  and  S  =  ^z^,  paffes  into  another  equal  to  itfelf,  whofe  Ordinate,  k 

x$xa  +  A**7'*.  And  you  may  obferve  that  the  former  Ordinate,  in 
this  Corollary,  becomes  more  fimple  by  putting  x  =  1,  or  by  putting 
t  =  1,  and  fo  ordering  it  that  the  Root  of  the  Power  may  be  extra&ed 
whofe  Index  is  ta ;  or  yet  by  putting  a  ==  —  1,  and  X  =  1  =  r  =  cr 
=  *•,  to  pafs  other  Curves* 

» . 

COROL    X. 


5  i.For  e*+f&+'+g*+*,+&c,  vez'-l+v+ifzr*-''-  l+*\*%g**"*-l*&c9 


jfe+fcl+wz2'  -f  fcfc,  and  nfe""1  -+-  2%mzz"-1  +  Gfc.  write  R,  r,  S 
and  s  refpe&ively,  and  every  Curve  whofe  Ordinate  is  vSr  -\-  <pRsx 
R^-'SP-'x^+JR*,  ifltbce±S'  =  ^=f  7=<r,  *-—= 
^  and  R*S*  =  *,  panes  into  another  equal  to  kfclf,  whofe  Ordinate 

•  There  is  in  this  Place  an  Error  in  the  printed  Copies,  which  I  have  corrected.    See  thr 
Demonftratkm  in  the  Notes,  Ait.  33a— }?J. 
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is  x*  X  a  +  bx*\*.  And  obfervc  that  the  former  Ordinate  becomes  more 
•fimple,  by  putting  Unities  for  t,  v,  and  X  or  j&,  and  fo  ordering  it  that  the 
Root  of  that  Power  may  be  extracted  whofe  Index  is  «,  or  by  putting  w 
=  —  1  or  p  =  «. 

PROP,;X.     PROB.   III. 
52.  7*  find  the  moft  fimple  Figures  with  which  any  Curve  may  be 
geometrically  compared,  whofe  Ordinate  yy  from  the  Abfcifs  z  given,  is 
determined  by  an  Equation  not  affeSled. 

C  A  S  E    I. 
53 f  Let  the  Ordinate  be  az*~\  ai)d  the  Area  fhall  be  jaz*>  as  is 
eafily  colle&ed  from  Prop.  5.  by  putting  b  =  o  =  c  =  d=f=g  =  b 

and*=i. 

CASE     II. 

54.  Let  the  Ordinate  be  asf-1  xe -\-fz*  -\-gzZn  +  &c.]x-\  and 
if  the  Figure  can  be  geometrically  compared  with  re&ilinear  Figures, 
it  will  befquared  by  Prop.  5,  by  putting  £=c:o  =  £=</.     But  if 
otherwife,  you  muft  change  it  into  another  Curve  fequai  to  it,  whofe 

B N  _ 

Ordinate  is  ^x  *  xe  -\-Jx  -|-  gx*  -}-  &c.V~\   by  Cor.  2.  Prop.  9. 

Afterwards  if  you  rejedt  the  Units  from  the  Indexes  of  the  Powers,  war. 

^1  and  X  —  1  by  the  feventh  Prop,  till  thefe  Powers  become  as  low 

as  poflible,  you  (hall  have  arrived  at  the  moft  fimple  Figures,  which 
can  be  difcovered  in  this  way.  Then  every  one  of  them  gives  an- 
other  which  is  fometimes  more  fimple  by  Cor.  5.  Prop.  9.  And  from 
thefe  compared  together  by  Prop.  3.  and  Cor.  9.  and  10.  Prop.  9, 
more  fimple  Figures  as  yet  fometimes  difcover  themfelves.  Finally, 
from  the  Aflumption  of  the  moft  fimple  Figures  the  Area  fought  may 
be  computed  by  coming  back  through  the  fame  Steps. 

C  A  S  E  JIL 

5$.  Let  the  Ordinate  be  s0"1  x  a  4-  h&  +  ^2n  4"  ©*•  * 
*  +  fa*  +  g*Zn  +  &c}*~\  and  this  Figurd,*if*it  can  be  fquared, 
will  be  fquared  by  Prop.  5.    If  not,  it's  Ordinate  muft  be  diftinguiflied 

into  the  Parts  zB~l  XaXe +fz*  -\-  ffs2n  +  &cX^\  *f~lxbz*X 

'-h/**  +£*2'  -\-&c.^~\  &c.  and  then  the  moft  fimple  Figures 
muft  be  found,  with  which  the  Figures  anfwering  to  thefe  Parts 

caa 
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can  be  compared,  by  Cafe  2.  For  the  Areas  of  the  Figures  anfwer- 
ing  to  thefe  Parts,  join'd  together  with  their  proper  Signs  -f-  and  — 
make  up  the  whole  Area  required. 


CASE    IV. 


56.  Let  the   Ordinate  be  z*-1  x  a  4-  6zn  -j-  cz2n  +  Gfc.    X 


e+fiP+gz^+VcY1-1  x  J  +  to+jra^  +  efc.!1*"1 ;  and  if  the 
Curve  can  be  fquared,  it  will  be  fquared  by  Prop.  6.  If  otherwife, 
you  muft  convert  it  into  a  more  fimple  one  by  Cor.  4.  Prop.  9.  and 
thence  you  may  compare  it  with  the  mod  fimple  Figures  by  Prop.  8. 
and  Cor.  6,  9  and  10.  Prop.  9.  as  is  done  in  Cafes  fecond  and  third. 

CASE    V. 

57.  If  the  Ordinate  confift  of  different  Parts,  all  the  Parts  muft  be 
accounted  as  Ordinates  of  fo  many  Curves ;  and  thefe  Curves,  as  many 
of  them  as  can  be  fquared,  are  to  be  fquared  fingly,  and  their  Ordi- 
nates to  be  taken  away  from  the  whole  Ordinate.  Then  the  Curve* 
which  the  remaining  Part  of  the  Ordinate  defigns,  muft  be  compared 
feparately  (as  in  the  fecond,  third  and  fourth  Cafes)  with  the  moft  fim- 
ple Figures  it  can  be  compared  with.  And  the  Sum  of  all  the  Areas 
muft  be  accounted  the  Area  of  the  Curve  propos'd. 

C  O  R  O  L.    I. 

58.  Hence  alfo,  every  Curve  whofc  Ordinate  is  the  affedted  fquare 
Root  of  it's  own  Equation,  may  be  compared  with  the  moft  fimple 
Figures,  either  re&ilinear,  or  curvilinear.  For  that  Root  always  con- 
fifts  of  two  Parts,  which  confidered  feparately,  are  not  the  afledted 
Roots  of  Equations. 

Let  the  Equation  a*f  -\-  z*f  —  za*y  4-  2z*y  —  z*  be  propofed  - 

and  the  Root  being  extracted  will  be  y  =  *  +*  +"      +  2«g*~* 

whofe  rational  Part  *VT*„  and  irrational  Part       *  a%  ,gt are 

the  Ordinates  of  Curves,  which,  according  to  this  Proportion,  may 
either  be  fquared ;  or  elfe  compared  with  the  moft  fimple  Figures, 
with  which  they  admit  of  a  geometrical  Comparison. 

COROL. 
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COROL    IL 

59.  And  every  Curve  whofe  Ordinate  is  defin'd  by  any  affe&ed 
Equation,  which,  by  Cor.  7.  Prop.  9,  paffes  into  an  Equation  not 
affetted,  i8  either  fquared  by  this  Propofition,  if  it  can  be  fquared ; 
or  is  compared  with  the  moft  fimple  Figures  with  which  it  may  be 
compared.  And  by  this  means  every  Curve  is  fquared  whofe  Equa- 
tion confifts  of  three  Terms.  For  that  Equation,  if  it  be  affe&ed,  is 
changed  into  one  not  affe&ed  by  Cor.  7.  Prop.  9  :  and  then,  by  Cor. 
2d  and  5th,  Prop.  9,  by  paffing  into  tne  moft  fimple  Curve,  it  either 
gives  the  Quadrature  of  the  Figure,  if  it  admit  of  one ;  or  gives  the 
moft  fimpleFigure,  with  which  it  may  be  compared. 

COROL.     III. 

60.  And  every  Curve,  whofe  Ordinate  is  defined  by  any  affe&ed 
Equation,  which,  by  Cor.  8.  Prop.  9,  pafles  into  an  affe&ed  quadra- 
tic Equation,  is  either  fquared  by  this  Prop,  and  Cor.  1,  if  it  can  be 
fquared  5  or  is  compared  with  the  moft  fimple  Figures  with  which  it 
admits  of  a  geometrical  Companion. 

SCHOLIUM. 

6 1.  When  Figures  are  to  be  fquared,  it  would  be  too  troublefom 
a  Work  to  have  recourfe  always  to  thefe  general  Rules  :  •  it's  much 
better  once  to  fquare  the  more  fimple  and  ufeful  Kind  of  Figures, 
and  record  the  Quadratures  in  a  Table  5  afterwards  confult  the  Table,, 
as  often  as  you  have  any  fuch  Curve  to  fquare.  And  the  two  follow- 
ing Tables  are  of  this  Kind :  in  which  z  denotes  the  Abiciis,  y  the 
retiangular  Ordinate,  and  t  the  Area  of  the  Curve  to  be  fquared ;  and 
4  e>  f%  g>  hn  are  given  Quantities  with  their  proper  Signs  4-  and  — % 
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A    TABLE 

Of  the  more  Jimple  kind  of  Curves  wbicb  may  be  fquared. 


Forms  of  Curves^ 


Areas  of  the  Curves. 
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•hi.  In  thefe  Tables  die  Series's  of  Curves  of  each  Form  may  be 
continued  in  infinitum  towards  both  Parts.  For  in  the  firft  Table, 
with  refpedt  to  the  Numerators  of  the  Areas  of  the  third  and  fourth 
Forms,  the  numeral  Coefficients  of  the  initial  Terms  (2,  —  4, 1 6,  —  96, 
868,  &c.)  are  found  by  multiplying  the  Numbers  —2,  —4, —  6,  —  8, 
—  10,  &c.  continually  into  one  another :  and  the  Coefficients  of  the  fub- 
fequent  Terms  are  derived  from  thofe  of  die  initial  Terms,  by  multiply- 
ing them  orderly,  in  the  third  Form,  by  —  £,  — f,  —  £,  —  f,  —  ff, 
&c.  in  the  fourth  Form,  by  — t,  — i>  — h  —  h  —  A,  6fc- 

And  the  Coefficients  of  the  Denominators  3, 1 5, 105,  &c.  arife  by  mul- 
tiplying the  Numbers  1,  3, 5, 7, 9,  &c.  continually  into  one  another. 

63.  And  in  the  fecond  Table,  the  Series's  of  Curves  of  the  firft,  fe- 
cond,. fifth,  fixth,  ninth  and  tenth  Forms,  by  the  Help  of  Divifion 
alone;  and  the  other  Forms  by  the  Help  of  the  third  and  fourth  Pro- 
pofitions,  ore  drawn  out  both  Ways  in  infinitum. 

64.  Moreover  thefe  Series's,  by  changing  the  Sign  of  the  Number  f , 

ufe  to  vary.  For  thus,  to  take  an  Example,  the  Curve  —*/e-\-fz*=zy 
f)CCOmcs  jR^/+"*= * 
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PROP.  XL 
J  65.  Let  ADIC  be  any 
Curve,  having  the  Abfcifs  AB 
=2r,  the  Ordinate  BD=y  ; 
and  let  AEKC  be  another 
Curve,  whofe  Ordinate  BE  is 
equal  to  the  Area  of  the  for- 
mer ADB  applied  to  Unity ; 
and  AFLC  a  third  Qirve, 
whofe  Ordinate  BF  is  equal 
to  Area  of  the  fecond  AEB 
applied  to  Unity;  andAGM 
a  fourth  Curve  whofe  Or- 
dinate BG  is  equal  to  the 
Area  of  the  third  Curve 
AFB  applied  to  Unity ;  and 
AHNC  a  fifth  Curve,  whofe 
Ordinate  BH  is  equal  to 
AGB  the  Area  of  the  fourth 
applied  to  Unity :  and  fo  on 
in  infinitum.  And  let  A.  B.  - 
C.D.E.efc.  betheAreasof    A 
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Curvet,  having  the  Ordinates/,  zy,  z*y,  z%  afy  ice.  and  the  common 
Abfcifcar. 

66.  Let  there  be  any  given  Abfcifi  AC  =  /,  and  let  BC  sas  t  —  * 
—x :  and  let  P,  Q^R,  S,  T  be  the  Areas  of  Carves  having  the  Or* 
dinates/,  xy,  x*yt  x*y,  x+y,  ficc  and  die  common  AbfcHs  *. 

67.  And  let  all  tbcfe  AreaSvbe  terminated  at  the  whole  given  Ab- 
fciis  AC,  and  likewife  at  the  Ordinate  CI  given  in  Pofition,  and  in- 
finitely produced. 

And  of  the  Area6  mentioned  at  the  Beginning : 
The  1*,  ADIC=A  =  P 

a',  AEKG=/A  —  B=Q_ 

3«,  AFLC='-^=^±^=iR 
4*,  AGMC=  /,A  -  ^y-  ^  -  P  =  jS 

5*  AHNC=  ^-^Btf-^tE  =  .  T. 

COR  OL 

68.  Whence  if  the  Curves,  whofe  Ordinate  are  y>  zy,  z*y$  z*y9 
&e.  or  y,  xy,  xy,  x*y,  &c.  can  be  fquared ;  the  Curves  ADIC,  AEKC, 
AFLC,  AGMC,  &c.  may  likewife  be  fquared;  and  we  (hall  have  the 
Ordinates  BE,  BF,  BG,  BH,  which  are  proportional  to  the  Areas 
of  the  Curves. 

SCHOLIUM. 

69.  We  Cud  formerly  that  there  were  firft,  fecond,  thW,  fourth, 
&c.  Fluxions  of  flowing  Quantities.  Theft  Fluxions  are  n  the  Terms 
of  infinite  converging  Scries. 

70.  Thus  if  zn  be  the  flowing  Quantity,  and  by  flowing  become 
z  +  ol*,  and  afterwards  be  refolved  into  the  converging  Series  z*  -f- 
noz*~l  -f-  ±=1qoz*-z  +•  ^"3;t+2W"3  ^-  &c.    The  firft  Term 

of  this  Series  z*  will  be  that  flowing  Quantity  j  the  fecond  will  be  the 
firft  Increment  ox  Difference,  to  which  confider'd  as  nafcent,  it's  firft 
Fluxion  is  proportional :  the  third  Z—Looz*-2  will  be  *  it's  fecond 
Increment  or  Difference,  to  which  confided  as  nafcent  the  fecond 
Fluxion  is  proportional :  the  fourth  Term  ** ~  ^  +  'W^  will  be 

*  it's  third  Increment  or  Difference,  to  which  confidered  as  nafcent 
the  third  Fluxion  is  proportional :  and  fo  oa  in  infinitum. 

yi.  But  thefe  Fluxions  may  be  expounded  by  the  Ordinates  of 
Curves  BD,  BE,  BF,  BG,  BH,  &c.    See  the  Fig. 

•  See  the  Notes  upon  the  Place.  7**  Thus 


The  Quadraturt  *f  Cvtvis.  $i 

72;  Thus  if  the  Ordinate  BE  (=^p)  be  the  flowing  Quantity, 
it's  firft  Fluxion  will  be  as  the  Ordinate  BD. 

73,  If  BF  (=^5)  be  the  flowing  Quantity,  it's  firft  Fluxion  will 
be  as  the  Ordinate  BE;  and  it's  fecond  Fluxion  as  the  Ordinate  BD. 

74.  If  BH  <=  ~)  be  the  flowing  Quantity,  it's  firft,  fecond, 

third  and  fourth  Fluxions  will  be  as  the  Ordinates  BO,  BF,  BE  and 
BD  rdpcdivcly. 

7$.  And  hence  in  fuch  Equations  as  involve  only  two  unknown 
Quantities,  of  which  one  is  a  Quantity  flowing  uniformly,  and  the 
other  any  Fluxion  of  the  other  flowing  Quantity,  that  other  Fluent 
may  be  found  by  the  Quadrature  of  Curves.  For  let  it's  Fluxion  be 
expounded  by  BD,  and  if  it  be  the  firft  Fluxion,  feek  the  Area  ADB 
=  BExi;  if  it  be  the  fecond  Fluxion,  feek  the  Area AEBrrtBFx  i; 
if  the  third,  feek  the  Area  AFB  ±=  BGx  1 ;  &c  and  the  Area  ti> 
found  will  be  the  Exponent  of  the  Fluent  fought, 

76.  Rrt  moreover  in  Equations  which  involve  a  Fluent  and  irt  firft 
Fluxion  without  the  other  Fluent ;  or  two  Fluxions  of  the  fame  Fluent, 
the  firft  and  fecond,  or  the  fecond  and  third,  or  the  third  and  fourth, 
&c.  without  either  of  the  two  Fluents :  the  Fluents  may  be  found  by 
the  Quadrature  of  Curves.  Let  there  be  given  the  Equation  aav  = 
*v-\-Wy  while  it  it  u  ss=  BE,  v=BD,  z  =2=  AB  and  z  =e=  i>  and 
that  Equation,  by  completing  the  Dimenfions  of  the  Fhixions,  will 

become  aav  =  avz  4-  vu«,  or    ?v  -  =s  &- 

77.  Now  let  v  flow  uniformly,  and  let  it's  Fluxion  v  =  1 $  and  it 
will  be  ^Tw  =  «f  and  by  fquaring  the  Curve  whofe  Ordinate  is  ~4^ 
and  Abfeifi  v,  you'll  have  the  Fluent  z. 

78.  Moreover  let  the  Equation  be  aav^szafb  -\-vv  $  while  it  k 
v=zBF9  tf  =  BE,  v=BD,  and  z  =  AB;  and  by  means  of  the 
Relation  betwitt  vzndvotBD  and  BE,  youll  find  the  Relation  be- 
twixt  AB  and  BE  as  in  die  immediately  preceding  Example.  After- 
wards by  means  of  this  Relation,  you'll  mid  the  Relation  betwixt  AB 
and  BF,  by  fquaring  the  Curve  AEB. 

79.  Such  Equations  as  involve  three  unknown  Quantities  may  ibme* 
times  be  reduced  to  Equations  which  involve  two  only  :  and  in  thefe 
Cafes  the  Fluents  will  be  found  from  the  Fluxions  as  above.  Let  the 
Equation  a  —  J**=r  cxfy  4-  df*yy  be  propofcd :  put  fy  =  v9  and 
it  will  be  a  —bof^zcxv  -J-  av\  This  Equation,  by  fquaring  the 
Curve,  whofe  Abfcifs  is  x  and  Ordinate  v,  gives  the  Area  v  j  and  the 

other 
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other  Equation,  viz.  y*jrz=.v,  by  returning  back  to  the  Fluents  gives 
_L_yi+i  =  v  .  whence  the  Fluent  y  is  obtained. 

80.  But  befides,  in  Equations  which  involve  three  unknown  Quan- 
tities, although  they  can't  be  reduced  to  Equations  which  involve 
only  two,  the  Fluents  will  be  fbmetimes  found  by  the  Quadrature  of 
Curves.  Let  the  Equation  a**  +  bxV~  rwT-1/  +  jwc^r1  — fyf 
be  given,  while  it  is  x=  1  s  and  the  latter  Part  raf^f^snfjf-* 
—Jyf*  by  g°5ng  back  to  the  Fluents,  becomes  **y  —  -Z-y+i, 
which  therefore  is  as  the  Area  of  a  Curve  whofe  Abfciis  is  x,  and  Or- 
dinate axm-\-6xnY:  and  thence  the  Fluent  y  is  given. 

81.  Let  the  Equation  x  x  axm  +  Ax*  P  =  -^==5  be  given,  and  the 

Fluent  whofe  Fluxion  is  xxax" -\- ix*Y,  will  be  as  the  Area  of  a 

Curve,  whofe  Abfcifs  is  #,  and  it's  Ordinate  ax*  +  Jx'V.    Likewife 

1.  it— 1 
the  Fluent  whofe  Fluxion  is     Jy_       will  be  as  the  Area  of  a  Curve 

»H—  I 

whofe  Abfcifs  is  y>  and  it's  Ordinate  —==>  that  is  (by  Cafe  i.Form 

4th,  Tab.  1.)  as  the  Area  ^V*  +fy*.    Therefore  I  put  \plt  +ffi 
equal  to  the  Area  of  the  Curve  whofe  Abfcifs  is  x  and  Ordinate 

.tf**4-J*^'t  ^d  fo  l^c  Fluent^  will  be  had. 

8  2 .  And  let  it  be  remarked  that  every  Fluent  which  is  colleded  from  a 
firft  Fluxion,  may  be  augmented  or  diminished  by  any  Quantity  which 
don't  flow  at  all.  That  which  is  colleded  from  a  fecond  Fluxion  may  be 
augmented  or  diminilhed  by  any  Quantity  whofe  fecond  Fluxion  is  no- 
thing. A  Fluent  colleded  from  a  third  Fluxion  may  be  increafed  or  di- 
minifhed  by  any  Quantity  that  has  no  third  Fluxion.    And  fo  on  in  inf. 

83.  After  the  Fluents  are  colleded  from  the  Fluxions,  if  there  arife 
any  Doubt  about  the  Truth  of  the  Conclufion,  then  the  Fluxions  of 
the  Fluents  found  are  again  to  be  colleded,  and  compared  with  the 
Fluxions  propofed  at  the  Beginning.  For  if  they  come  out  equal,  the 
Conclufion  is  right :  if  otherwife,  the  Fluents  muft  be  fo  correded,  • 
that  their  Fluxions  may  be  equal  to  the  Fluxions  at  firft  proposed.  For 
a  Fluent  may  be  afiumed  at  pleafure,  and  the  Aflumption  be  correded, 
by  putting  the  Fluxion  of  the  aflumed  Fluent  equal  to  the  Fluxion 
propofed,  and  comparing  the  homologous  Terms  with  one  another. 

And  thus,  by  thefe  Beginnings,  weare  led  to  yet  more  important  Truths, 

Sir 
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\.f  g  ^HE  incomparable  Sir  Ifaac  Newton,  having  not  only  en- 
riched Mathematics  and  Philofophy  with  many  new  and 
ufeful  Difcoveries  in  their  various  Parts  >  but  alfo  extended 
the  Limits  of  Geometry,  by  the  noble  and  fublime  In- 
vention of  Fluxions,  takes  care  firft  of  all,  in  this  Introduction  to  the 
Quadrature  of  Curves,  to  give  us  juft  Notions  of  his  Method  of  Fluxions : 
becaufe  it  is  a  Method  entirely  new,  by  which  the  mod  remote  and 
ufeful  Properties  and  Relations  of  Quantities  are  difcovered,  and  de- 
monftrated,  which  were  in  vain  attempted  by  the  geometrical  Analyfis 
of  the  Ancients ;  or  the  fpecious  Analyfis  of  the  Moderns :  and  is  the 
Method  he  made  ufe  of  in  the  Do&rine  of  the  Quadrature  of  Curves 
contained  in  this  Treatife :  as  he  himfelf  informs  us  in  this  Place. 

2.  The  Method  of  Fluxions  is  twofold :  or  rather,  it  may  be  re- 
duced to  two  very  general  and  comprehenfive  Problems.  i°.  From 
the  Fluents  given  to  find  the  Fluxions.  z°.  From  the  Fluxions  given 
to  find  the  Fluents.  Which  two  Problems  may  be  conceived  as  equi- 
valent to  thefe,  i°.  The  Length  of  the  Space  defcribed  by  a  moving 

F  Body 
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Body  being  continually  or  at  all  Times  given,  to  find  the  Velocity  of 
the  Motion  at  any  Time  propofed.  2°.  The  Velocity  of  the  Motion 
Being  at  all  Times  given,  to  find  the  Length  of  the  Space  defcribed  alt 
any  Time  propofed.  The  firft  of  thefe  Problems  includes  the  dirtSt 
Method  of  Fluxions ;  the  other,  the  inverfe  Method. 

3.  Both  thefe  Methods  of  Fluxions  are  capable  of  being  applied ; 
and  accordingly  have  been  applied  to  a  vaft  Number  of  ufeful  Purpofes, 
by  fuch  as  have  treated  of  this  Subjed: :  of  all  which  one  of  the  moft 
noble  and  ufeful  is  the  Dodirine  of  the  Quadrature  of  Curves  delivered 
in  this  Treatife.  The  Dcfign  of  which  is  to  (hew  how  infinite  Num- 
bers of  various  Kinds  of  geometrical  Curves  may  be  fquared,  i .  e.  their 
Areas  exaftly  determined,  by  comparing  them  with  right-lined  Fi- 
gures :  or,  if  that  cannot  be  done,  it  (hews  what  way  their  Areas  may 
be  nearly  determined,  by  an  infinite  converging  Series ;  and  the  Curves 
geometrically  compared,  either  vyith  the  Circle,  Ellipfe  and  Hyper- 
bola ;  or  cue,  with  other  the  moft  fimple  Curves,  with  which  they 
admit  of  a  geometrical  Companion.  So  that  by  what  our  Author  de- 
livers in  this  Treatife,  and  in  his  Analylis  by  Equations  of  an  infinite 
Number  of  Terms,  (which  I  have  fubjoined  to  this  Performance)  all 
geometrical  Curves,  /.  e.  fuch,  the  Relation  of  whofe  Abfcifs  to  the 
Ordinate  is  defined  by  an  algebraical  Equation  of  any  Degree,  can.  be 
either  exaftly  fquared ;  or,  if  that  cannot  be  done,  the  Area  may  be 
exprefled  by  an  infinite  converging  Series,  of  which  a  finite  Number 
of  Terms  fhall  make  fuch  a  near  Approach  to  the  true  Area,  as  to 
differ  from  it  by  lefs  than  any  given  Difference.  And  even  in  mechani- 
cal Curves,  /.  e.  fuch  Curves,  whofe  Property  cannot  be  defined  by  any 

finite  Equation  of  what  Degree  foever,  he  (hews  how  to  exhibit  ap- 
proximate Values  of  their  Areas  j  or  to  reduce  them  to  geometrical 
Curves. 

4.  But  although  this  be  the  primary  Defign  of  this  Treatife  of  our  Au- 
thor's j  yet  it  may  be  confidered  in  a  more  general  and  extenfiveView,  as 
containing  theDo&rineof  Fluxions,  both  direSi  and  irroer[ey  whatever 
the  Nature  of  the  flowing  Quantities  be.     For  the  firft  Prop,  contains 

•  Art  2.  the  Solution  of  the  firft  Ueneral  Problem  mentioned  above  *.  And  by 
°ik^Ex"  means  °f  l^e  Quadrature  of  Curves,  the  fecond  General  Problem,  con- 
p  U0XL  taining  the  inverfe  Method  of  Fluxions,  may  be  folved  in  a  great  many 
Cafes,  although  not  univerfally  :  as  we  (hall  have  Occafion  to  fliew, 
when  we  come  to  explain  our  Author's  laft  Scholium. 
Art.  3.  5.  After  the  true  Meaning  of  Fluents  and  Fluxions  is  laid  down  by 
Ouldr^-  our  Author,  he  proceeds  next,  in  this  Article,  to  fhew  what  Propor- 
ture  of  tion  the  Fluxions  of  flowing  Quantities  bear  to  one  another.  *  Accord- 
Curves.  1  ingly 
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ingly  he  tells  us,  u  They  are  very  nearly  to  one  another  as  the  Aug- 
<c  mentsoi the  Fluents  generated  in  equal,  but  very  fmall  Times:  and 
c<  that  if  we  would  fpeak  accurately,  they  are  in  theory?  Ratio  of  the 
€<  nafcent  Augments,  but  may  be  expounded  by  any  Lines,  which  are 
<c  proportional  to  them."  He  fays  afterwards  *,  c<  that  it  comes  to  *  Art.  6. 
ct  the  fame  Purpofe  if  the  Fluxions  be  taken  in  the  laji  Ratio  of  the 
<c  evanefcent  Parts."  Now,  becaufe  the  Doftrine  of  prime  and  ulti- 
mate Ratios  has  been  fo  much  controverted  of  late  *,  I  {hall  here  en- 
quire whether  we  have  any  diftin&Idea  thereof:  which  I  reckon  to 
be  the  more  neceflary,  becaufe  the  noble  Inventor  has  laid  down  this 
Notion  of  Fluxions  in  this  Place,  as  that  by  which  we  are  to  be  di- 
rected in  our  Conceptions  of  them. 

6.  Before  we  enter  upon  the  Difcuffion  of  this  Point,  it  will  be  pro- 
.  per  to  obferve,  i°,  That  the  Fluxions  of  flowing  Quantities,  being  the 
Celerities  with  which  they  are  fuppofed  to  flow  5  and  by  which  they 
are  generated :  the  Fluxion  of  any  variable  Quantity,  ought  never  to  be 
confidered  abfolutelyy  or  by  itfelt  5  but  relatively \  or  with  Relation  to 
the  Fluxion  of  fome  other  flowing  Quantity  of  the  fame  Kind.  So 
that  if  at  any  Time,  for  Brevity's  take,  the  Fluxion  of  a  Quantity  be 
mentioned  absolutely ;  yet  there  is  always  a  fuppofed  Relation  to  the 
Fluxion  of  fome  other  Quantity  with  which  it  is  underftood  to  be  com- 
pared :  and  ordinarily  in  the  Companion,  one  of  the  flowing  Quantities  is 
fuppofed  to  flow  equably  and  uniformly ;  fo  that  it's  Fluxion,  being  con- 
ftant  and  invariable,  is  confidered  as  a  Standard  or  Meafure,  to  which 
the  Fluxions  of  the  other  Quantities  are  referred.  20,  That  if  the 
Fluxion  of  any  flowing  Quantity,  or  it's  Celerity  of  flowing,  be  con- 
tinually varying,  1.  e.  continually  accelerated  or  retarded,  for  any  Time, 
the  Fluxion  in  any  one  Place  or  at  any  one  Inftant  of  that  Time,  is 
different  from  the  Fluxion  of  that  Quantity  in  any  other  Place,  or  at 
any  other  Inftant  of  Time.  For  whatever  is  continually  varying,  by 
Increafe  or  Decreafe,  by  the  very  Sappofition,  muft  be  of  a  different 
Value  in  every  different  Place,  or  at  every  different  Inftant  of  Time, 
otherwife  it  would  not  be  continually  varying.  To  illuftrate  which  in 
the  Cafe  of  a  falling  Body :  the  Velocity  with  which  it  falls  in  any  one 
Place,  or  at  any  one  Inftant  of  Time,  during  it's  Fall,  is  different  from 
the  Velocity  it  has  in  any  other  Place,  or  at  any  other  Inftant  of  Time : 
and  it  is  all  one,  whether  the  Motion  be  uniformly  accelerated,  or  re- 
tarded ;  or  whether  it  be  accelerated  or  retarded  according  to  any  other 
Law. 

1  See  the  Anatyft  pnbKflied  by  the  Bifhop  of  Ctojnt,  with  an  Anfwer  to  it  by  Pbilaletbes  Can* 
tabrigienfis :  likewife  the  Bifliop's  Defence,  and  FbilaUlbtfi  Reply. 

F  2  j.  Before 
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j.  Before  we  profecute  this  Affair  any  further,  we  (hall  here  bor- 
row from  Sir  J.  Newton  the  following  Lemma  *. 

<c  Quantities,  as  likewife  the  Ratios  of  Quantities,  which  conftantly 
<c  tend  to  Equality  during  any  finite  Time,  and  before  the  End  of  that 
"  Time  come  nearer  to  one  another  than  by  any  given  Difference,  at 
<c  laft  become  equal. 

"  If  you  deny  it ;  let  them  be  at  laft  unequal,  and  let  their  laft 
u  Difference  be  D.  Therefore  they  cannot  come  nearer  to  Equality 
""  than  by  the  given  Difference  D :  contrary  to  the  Hypothefis." 

8.  If  it  fhould  be  alledged  by  any,  that,  notwithftanding  this  Dc- 
monftration,  the  Quantities  and  Ratios  mentioned  in  the  Lemma  may 
differ  at  laft,  although  that  Difference  be  left  than  any  given  or  affign- 
able  Difference :  fuch  would  do  well  to  confider,  that  fach  a  way  of 
reafoning,  being  admitted,  would  overturn  fomeof  the  fineft  Demon- 
ftrations  of  the  moft  accurate  Geometricians  among  the  Ancients  them- 
felves,  fuch  as  Euclid  and  Archimedes,  whofe  Works  have  undergone 
the  drifted  Scrutiny  and  Examination  of  the  beft  Geometricians,  fince 
their  Time  to  this  very  Day.  For  Example,  How  does  Archimedes 
demonftrate  that  a  Circle  is  equal  to  a  rectangular  Triangle,  having  it's 
Bafe  equal  to  the  Circumference,  and  it's  perpendicular  Altitude  equal 
to  the  Radius  of  the  Circle  *  ?  He  does  it  by  (hewing  that  a  Circle  can 
neither  be  greater  nor  lefs  than  fuch  a  Triangle.  But  how  does  he 
prove  this  ?  By  (hewing  that  the  Circle  is  neither  greater  nor  lefs  than 
the  Triangle  by  any  given  Space.  Again,  Euclid  demonftrates  *  that 
Circles  are  to  each  other  as  the  Squares  of  their  Diameters,  by  (hewing 
that  the  Square  of  the  Diameter  of  the  one  Circle  is  to  the  Square  of  the 
Diameter  of  the  other,  neither  as  the  firft  Circle  is  to  a  Space  greater, 
nor  yet  to  a  Space  lefs  than  the  other  Circle.  But  let  us  fee  what  he 
means  by  a  Space  greater  or  lefs  than  the  other  Circle.  Why,  he  means 
a  Space  differing  from  it  by  a  given  or  affigpable  Difference  j  /.  e.  ac- 
cording to  the  Lemma  premifed  to  that  Proportion,  fuch  a  Difference, 
as,  repeated  a  certain  Number  of  Times,  may  exceed  that  Circle,  as 
appears  to  any  one  that  reads  that  Prop,  and  Lemma  :  which  Lemma 
is  the  Foundation  of  the  Method  of  Exhauftions,  made  ufe  of  by 
Euclid  and  Archimedes  in  thefe  and  many  other  Propofitions. 

9.  Now  if  any  one  fhould  objeft,  that,  notwithftanding  of  what 
Archimedes  and  Euclid  have  demonftrated  in  thefe  Proportions,  the 
Circle  may  be  greater  or  lefs  than  the  rectangular  Triangle ;  and  the 
Ratio  of  the  Squares  of  the  Diameters  may  be  greater  or  lefs  than  the 

1  Lem.  1 .  of  his  Principles.  *  See  his  Kvxto  MtTgqffif . 

i  See  Prop.  2.  B.  12.  of  his  Elements. 

i  Ratio 
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Ratio  of  the  Circles,  although  not  by  any  given  or  aflignable  Difference; 
yet  by  a  Difference  lefs  than  any  given  Difference  :  is  not  this  the  very 
fame  Objection  as  that  raifed  againft  Sir  J.  Newton's  Lemma  ?  And 
therefore,  if  it  be  of  no  Weight  againft  Euclid  and  Archimedes  ;  no 
more  is  it  againft  our  Author.  But  the  Truth  of  the  Matter  is,  that 
a  Difference  lefs  than  any  Thing  aflignable,  is  the  fame  Thing  as  no 
Difference  at  all :  for  repeat  it  as  often  as  you  pleafe,  it  can  never  be 
equal  to  any  finite  Quantity :  and  therefore  can  bear  no  Ratio  to  it, 
by  Def.  4.  B.  5.  Elements,  confcquently  it  can  be  of  no  Importance 
to  make  the  Thing  greater  or  lefs  *. 

10.  Def.  1.  The  ultimate  Ratio  of  Quantities  is  the  Limit  to  which 
the  Ratio  of  variable  Quantities  continually  approaches  during  any  finite 
Time,  and  juft  attains  to  at  the  End  of  the  Time. 

11.  Def.  2.  The  ultimate  Ratio  of  evanefcent  Quantities  is  the  Li- 
mit to  which  the  Ratio  of  variable  Quantities  diminifhing  without 
Bound,  continually  approaches,  to  come  nearer  to  it  than  by  any  given 
Difference ;  but  whicn  it  never  goes  beyond  :  yet  no  fooner  attains  to, 
than  the  Quantities  being  diminifhed  infinitely,  vanifh. 

12.  Def.  3.  The  prime  Ratio  of  Quantities  is  the  Limit  from  which 
the  Ratio  of  variable  Quantities  continually  recedes;  during  fome  finite 
Time,  and  with  which  it  coincides  at  the  very  Beginning  of  the  Time  r 
and  is  only  a  different  Way  of  conceiving  the  fame  Thing  as  is  con- 
tained in  Def.  1. 

13.  Def.  4.  The  prime  Ratio  of  nafcent  Quantities  is  the  Ratio  with 
which  they  arifej  or  it  is  the  Limit  from  which  their  varying  Ratio  con- 
tinually recedes ;  after  the  like  Manner  as  the  ultimate  Ratio  of  evane- 
fcent Quantities  was  defined  a  Limit,  to  which  their  varying  Ratio  con- 
tinually approaches  in  Def.  2.  being  only  a  different  Way  of  conceiving; 
the  fame  Thing  \  although  it  cannot  be  fo  eafily  exprefs'd.  The  Whole 
is  illuftrated  by  what  follows. 

1  Archimedes  tells  us  In  the  Preface  to  his  Treatife  of  the  Sphere  and  Gyfiwder,  that  he  aflame* 
this  for  a  Principle  or  Poftulate. 

"Et»  it  rut  clvurw  ypapfAw,  tu  rut  a* wan  nr»  Qattivt,  xj  rut  &»\aut  rtftw,  to  pi7a£t)  rS  iXa7- 
C09&*  twtfixtn  rwvlv,  o  ew[&p*i<*  iah/Io  laM9  JViroJor  i$-w  m^i%iui  miQic  rS  jrgoTg&lrl&i  rur 
V£cf  oXX*)'ta»  Xtyopuvut. 

And  he  mentions  the  fame  in  the  Preface  to  his  Treatife  of  Spiral  Lines.  Likewife  in  the 
Preface  to  his Quad,  of  the  Par  ah.  he  tells  us,  that  in  order  to  demonitrate  that  a  Segment  of 
the  Parabola  is  $  of  a  Triangle  having  the  fame  Bafe  and  Altitude,,  he  aflumes  this  for  a  Foun- 
dation, that  the  Excefs  of  unequal  Spaces,  whereby  the  greater  exceeds  the  lefs,  may  be  fo  often, 
added  to  itfclf,  as  to  exceed  any  proposed  finite  Space.  And  he  tells  us,  that  Geometers  before* 
his  Time  had  made  ufe  of  the  fame  Principle  in  demonftratihg,  that  Circles  are  ta  one  another 
in  the  duplicate  Ratio  of  their  Diameters  ;  that  Spheres  are  in  the  triplicate  Ratio  of  their 
Diameters ;  that  a  Pyramid  is  a  third  Part  of  a  Prifm  of  the  fame  Bafe  and  Altitude,  &c 

14*  Let 
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14.  Let  the  two  tight  Lines  AB,  AC  given  in  Pofition,  and  meet- 
ing in  the  Point  A  be  interfered  by  a  third  right  Line  DCB,  alfo  given 
in  Pofition,  in  the  Points  C  and  B:  and  let  another  right  Line  DEF 
revolve  about  the  given  Point  D  as  a  Pole,  always  cutting  AC,  AB  in 
the  Points  E  and  F ;  and  fuppofe  it  to  approach  DCB  continually, 
until  it  at  length  fall  in  with  it :  then  the  Ratio  of  DC  to  CB  is  the 
ultimate  Ratio  of  DE  to  EF.  For  the  varying  Ratio  of  DE  to  EF 
continually  approaches  to  the  given  or -invariable  Ratio  of  DC  to  CB  ; 
fo  as  that  before  DEF  fall  in  with  DCB,  the  Ratio  of  DE  to  EF 
comes  nearer  to  the  Ratio  of  DC  to  CB  than  by  any  given  Difference  $ 
or,  which  is  the  fame  thing,  than  any  other  given  or  aflignable  Ratio 
does.  For,  produce  DB  unto  O,  fo  as  that  the  Ratio  of  DC  to  CG 
be  as  near  the  Ratio  of  DC  to  CB,  as  that  of  DE  to  EF  can  ever  ar- 
rive to,  if  poffible :  through  O  draw  GH  parallel  to  AC  meeting  AB 

in  H :  let  DEF  by 
revolving,  come  into 
the  Pofition  Deft  fb 
that  /lye  betwixt  B 
and  H :  dfaw/I  pa- 
rallel to  AC,  meeting 
DBinl.  Then,  from, 
parallel  Lines,  D*  : 
efw  DC:  CI;  but 
the  Ratio  of  DC  to 
CI  is  nearer  to  the 
Ratio  of  DC  tb  CB, 
than  that  of  DC  to 
CGisj  wherefore  alfo 
,    „    .  .the  Ratio  of  D*  to gf 

is  nearer  to  the  Ratio  of  DC  to  CB  than  that  of  DC  toCG  is,  contrary 
to  the  Hyp.    Whence  it  appears  that  the  Ratio  of  DC  to  CB  is  the 
Limit  to  which  the  varving  Ratio  of  DE  to  EF  continually  approaches, 
and  comes  nearer  to  than  by  any  given  Difference,  and  no  fooner  ar- 
rives at,  than  die  Line  DEF  falls  in  with  DCB}  or,  which  is  the 
•Art.  10.  fame»  ceafes  to  move?  therefore  the  Ratio  of  DC  to  CB,  is  *  the  ul- 
ofthitE*.  timate  Ratio  of  the  variable  Lines  DE,  EF. 
pUcatKtt.       ,  -   ff  ^  rigto  Linc  DEF  ^  fuppos.d  to  move  back  ^  ff0m 

DCB,  where  it  is  fuppos'd  to  begin  to  move ;  then  the  Ratio  of  DC 
•An.  iz.  to  CB  is  the  *  prime  Ratio  of  DE  to  EF. 
rik£!k£r      >6.  Suppofe  the  fame  Things  as  before :  and  let  DEF,  revolving 

upon  D  as  a  Pole,  move  towards  DCB  until  it  coincide  with  it,  and 

the 
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the  Points  E  and  F  coincide  with  the  Points  C  and  B,  then  I  fay  the 
Ratio  of  the  variable  Lines  CE*  BF  is  continually  changing :  the  com- 
pounded Ratio  of  DC  to  DB  and  AC  to  AB,  is  a  Limit  to  which  their 
Ratio  continually  approaches,  and  comes  nearer  to  than  by  any  given 
Difference ;  or  than  any  other  given  Ratio  doth ;  and  that  before  the 
Points  £  and  F  fall  in  with  C  and  B  j  bat  no  fooner  arrives  at,  than 
the  variable  Lines  CE,  BF  being  infinitely  diminished,  vanifh ;  and  the 
Points  E  and  F  fall  in  withC  and  R 

Through  B  draw  BL  parallel  to  AC  meeting  DF  in  L :  then  CE  : 
BF  *  ;:  CE  :  BL  x  +  BL  :  BF.    Now  CE  :  BL  ::  DC  :  DB  *,  and  *  D<*  ?. 
therefore  conftant  or  given  ;  but  BL  :  BF  *  is  continually  varying :  ?p^£ 
for  when  DLF  comes  into  any  other  Pofition  Dif,  if  BL :  BF  : :  B/ :  B.6.Eicm. 
B£  LF  would  be  parallel  tolf*,  which  it  never  can  be ;  and  it's  evi-*  pt0p.  2. 
dent  alfo  that  B/ :  B/*is  greater  than  BL  :  BF ;  wherefore  CE :  BF  is  B.6Xiem. 
continually  varying  and  increafing  until  DEF  fall  in  with  DCB.     20.  If 
any  given  Ratio  can  be  as  near  to  the  compounded  Ratio  of  DC  to  DB 
and  AC  to  AB  as  CE  :  BF  comes  to:  let  it beDCxAC  :  DBxAH 
a  lefs  Ratio  than  DC  x  AC  :  DB  X  AB,  becaufe  it  has  been  fhewn  that 
CE  :  BF  is  always  increafing ;  fo  that  AH  7  AB.    A  flume  the  Point 
M  any  where  in  the  Line  AB,  betwixt  B  and  H,  join  CM :  let  DEF 
by  revolving  come  into  the  Pofition  Def  parallel  to  CM.    Then  Ce  : 
B/::  C*:B/+B/:B/::  DC  :  DB-J-  AC  :  AM  *  ;  or  Ce  :  B/::*ftx>P.* 
DCxAC:DBxAM;  where  for  Ce  :  B/>  DCxAC  :  DBxAH,B6Eto* 
(becaufe  DCx  AC  :  DB  x  AM  7  DCx  AC  :  DB  x  AH,)  contrary  to 
the  Hyp.     30.  CE  :  BF  never  goes  beyond  DC  x  AC :  DB  x  AB ;  for 
it  has  been.dcmonftratcd  that  CeiBf: :  DC  x  AC  :  DB  x  AM  ^  DC 
X  AC :  DB  X  AB :  But  it  approaches  nearer  to  it  than  by  any  given 
Difference ;  and  that,  while  CE  and  BF  are  yet  of  a  finite  Magnitude  : 
therefore  DCxAC  :  DBx AB  is  the  Limit  at  which  CE  :  BF  no 
fooner  arrives,  than  CE  and  BF  being  infinitely  diminifhed  vanifh ; 
juft  while  the  Points  E,  F  coincide  with  the  Points  C,  B.    So  that 
DC  x  AC  :  DB  x  AB  is  the  ultimate  Ratio  of  the  continually  diminith- 
ing  and  at  laft  evanefcent  Lines  CE,  BF  *.  *  Art.  1  r. 

17.  If  the  right  Line  DEF  be  fuppos'd  to  turn  back  again  from  °J2J^' 
DCB,  where  it's  Motion  begins,  then  the  fame  Ratio,  viz.  DC  x  AC : p  lcatl0n* 
DB  x  AB,  is  the  prime  Ratio  of  CE  and  BF  confidered  as  nafcent  *.  *  Art  13. 

18.  If  any  one  (hould  objedfc  that  there  can  be  no  ultimate  Ratio  0jlthi?Ex- 
of  continually  diminiftiing  and  at  laft  evanefcent  Quantities :  becaufe  p  lcatl0IV 

1  By  this  way  of  Notation  I  mean  a  Ratio  compounded  of  the  two  Ratios  of  CE  to  BL  and 
of  BL  to  BF,  the  fame  as  that  of  CE  x  BL  to  BL  x  BF. 
*  By  this  Notation  I  mean  the  Ratio  of  BL  to  BF. 

before 
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before  they  vanifh  it  is  not  the  laft $  and  after  they  vanifli,  they  have 
no  Ratio,  The  Anfwer  is,  that  the  ultimate  Ratio  is  neither  the  Ratio 
of  them  before  they  vanifh ;  nor  after  they  vanifli  *  but  the  Ratio 
wherewith  they  vanifli,  or  the  Limit  to  which  their  varying  Ratio  no 
fooner  arrives,  than  they  vanifli.  If  there  was  any  Thing  in  this  Ob- 
jedtion,  it  would  infer  that  when  a  falling  Body  is  ftopt  in  it's  Motion, 
it  has  no  laft  or  ultimate  Velocity :  for  the  Velocity  before  it  was  ftopt 
is  not  the  laft,  and  the  Velocity,  after  it  is  ftopt,  is  none  at  all.  But 
every  one  may  fee,  that  by  the  laft  Velocity  is  meant  neither  the  one 
nor  the  other  of  thefe ;  but  the  Velocity  it  has  at  that  very  Inftant  it 
ftops,  which  it  does  not  arrive  at  before  it  is  ftopt ;  and  no  fooner  ar- 
rives at  but  it  is  ftopt.  For  fince  it  moves  with  a  continually  acce- 
lerated Velocity,  it  has  a  different  Velocity  for  every  different  Inftant 
of  Time,  and  therefore  at  that  Inftant  it  flops,  it  has  acquired  a  Ve- 
locity different  from  the  Velocity  it  had  at  any  other  Inftant  of  Time. 
And  the  fame  is  the  Cafe  of  the  ultimate  Ratio  of  evanefcent  Quanti- 
ties, whofe  Ratio  is  continually  varying ;  it  is  that  Ratio  they  have 
that  very  Inftant  they  vanifh  :  for,  fince  they  are  fuppofed  to  have  a 
different  Ratio  for  every  different  Inftant  of  Time,  they  muft  have  a 
certain  determinate  Ratio,  with  which  they  vanifh,  otherwife  they 
never  can  vanifh,  contrary  to  the  Hypothefis  :  and  that  is  the  ultimate 
^      Ratio  of  the  evanefcent  Quantities. 

19.  It  fignifies  nothing  to  fay  ultimate  Quantities  cannot  be  affigned, 
in  regard  Quantity  is  divifible  without  End  :  for  it  is  not  the  Quanti- 
ties themfelves  that  are  hereby  determined,  but  only  their  Ratio :  which 

•  Art.  16.  is  capable  of  being  determined,  as  has  been  already  (hewn  * 

of  this  Ex-  20.  As  thefe  are  the  only  Objections  that  can  be  raised  againft  this 
pication.  Doft^g  0f  prime  ancj  ultimate  Ratios,  the  noble  Author  was  too  dear 
fighted  not  to  perceive  them :  and  accordingly  he  has  fully  anfwered 
them  elfewhere  ',  to  fb  great  Satisfaction  to  every  intelligent  and  un- 
prejudiced Reader,  that  the  great  Duft  which  has  been  raifed  of  late 
about  the  Whole  of  this  Doctrine,  muft  be  owing  to  Weaknefs,  or 
fome  worfe  Principle. 

2  1.  Having  endeavoured  to  clear  up  the  Meaning  of  prime  and  ul- 
timate Ratios,  and  remove  the  Objections  that  are  brought  againft  that 
Dodtrine :  "that  I  may  clearly  demonftrate  the  fundamental  Propofi- 

♦  Art.  3.  tion  concerning  the  Proportions  of  Fluxions,  laid  down  by  our  Au- 
Ou^ra  1^or>  an(*  f°rmerty  mentioned  *,  I  fhall  premife  fome  Lemmas  re- 
tu?eof     ^posting  Motion. 


Curves. 

Art.  5. 

of  this  E^ 

plication.  LEMMA 


***•  5-  J  See  Schol.  to  Sett.  1.  of  his  Principles  ;  and  Lem.  z.  B.  2. 

of  this  Ex-  r 
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LEMMA    I. 

22.  If  the  right  Line  AC  be  defcribed  by  the  Motion  of  the  Point  Bf 
with  a  Velocity  continually  accelerated,  the  Spaces  defcribed  in  equal 
Times  will  ftill  increafe,  as  the  Time  from  the  Beginning  of  it's  Motion 
increafes.  For  if  the  Motion   ^                                    £  £  c 
was  equable  or  uniform, the     t ' *-h 

Spaces  defcrib'd  in  equal  Times  would  be  equal,  therefore  when  it  is 
continually  accelerated,  the  Spaces  defcrib'd  in  equal  Times  muft  ftill 
increafe,  the  further  the  Time  is  from  the  Beginning  of  the  Motion. 

LEMMA    II. 

23.  If  the  Motion  of  the  Point  B  be  continually  retarded,  the  Spacer 
defcribed  in  equal  Times  will  ftill  diminifh. 

This  is  alfo  evident  by  the  lame  way  of  reafoning. 

LEMMA    III. 

24.  If  the  Point  B  move  with  a  Motion  continually  accelerated  or 
continually  retarded,  it's  Velocity  at  any  one  Inftant  of  Time  is  dif- 
ferent from  what  it  is  at  any  other  Inftant  of  Time. 

This  is  evident  from  the  very  Notion  of  a  Motion  continually  ac- 
celerated, or  continually  retarded :  for  fuch  Motion  cannot  continue  the 
fame  for  any  the  leaft  Time. 

L  E  M  M  A    IV. 

25.  If  the  Motion  of  the  Point  B  be  continually  accelerated  or  con- 
tinually retarded,  in  fuch  manner,  as  that  the  variable  Velocity  receive 
finite  Additions  or  Diminutions,  only  in  finite  Times ;  and  the  Velo- 
cities at  any  two  Inftants  of  'time  be  taken,  during  which  the  Point  B 
moves,  it  muft  pais  through  all  poffible  intermediate  Degrees  of  Ve- 
locity lying  betwixt  the  two  Velocities  affumed,  in  the  Space  of  Time 
lying  betwixt  the  two  Inftants  aflumed.  For  let  V  denote  any  inter- 
mediate Velocity  whatfocver,  through  which,  if  poffible,  the  variable 
Velocity  mentioned  in  this  Lemma  doth  not  pais ;  let  M  and  N  de- 
note two  Velocities,  one  on  each  Side  of  V,  and  the  nigheft  to  it  which 
the  variable  Velocity  mentioned  in  the  Lemma  pafles  through,  then 
the  Difference  betwixt  M  and  N  is  a  finite  Difference,  (fince  there  is 
a  Velocity  V  affigned  betwixt  them)  confequently  the  variable  Velocity 
receives  a  finite  Addition  or  Diminution  in  a  Time  lefs  than  any  affign* 
able,  contrary  to  the  Hyp.    Therefore,  &c. 

G  LEMMA 
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L  E  M  M  A    V. 

26.  If  the  Space  or  Augment  Bb  be  defcribedby  the  Point  B,  mov- 
ing with  a  Velocity  continually  accelerated  or  continually  retarded,  in 
any  Time,  an  uniform  Velocity  capable  of  defcribing  the  Space  Bb  in 
the  fame  Time  will  fall  in  betwixt  the  two  extreme  Velocities,  where- 
with the  Point  B  moves  at  the  Beginning  and  End  of  the  Space  or  Aug- 
ment Bb. 

For  when  the  Motion  is  accelerated,  the  Velocity  with  which  the 
Point  B  moves  at  the  Beginning  of  the  Space  Bb,  continued  the  fame* 
would  not  be  capable  of  defcribing  fo  great  a  Space  as  B^,  in  the  lame 
Time  it  is  defcribed  by  the  accelerated  Motion  :  but  the  Velocity  with, 
which  B  moves  at  the  End  of  the  Space  Bb,  would  produce  a  greater 
Space  than  Bb  in  that  Time.  Therefore  an  equable  or  uniform  Velo- 
city capable  of  defcribing  Bb  in  the  fame  Time  it  is  defcribed  by  an 
accelerated  Velocity,  muft  fall  in  betwixt  the  two,  i.e.  it  muft  be  greater 
than  the  firft  and  lefs  than  the  fecond,  fince,  when  uniform  Velocities 
or  equable  Motions  are  compared,  and  the  Time  given,  the  Velocities. 
are  as  the  Spaces  defcribed  diredly.  And  it  is  evident,  that  the  like 
way  of  reafoning  may  be  applied  to  the  Cafe  of  the  continually  retard- 
ed Motion  :.  whence  the  Truth  of  the  Lemma,  appears* 

LEMMA    VI. 

27.  If  the  Point  B  move  with  an  uniform  Motion,  along  the  Line 
AC,  and  the  Point  E  move  along  the  Line  DF  with  a  Motion  conti- 
nually accelerated  or  continually  retarded  t  and  B^  and  E*  be  Spaces 
defcribed  or  Augments  generated  by  the  Motion  of  thefe  Points  in  the 
fame  or-equal: Times :  the  left  the  Spaces  or  Augments  B£,  Ee  be  taken,. 

--  or,  which  is  the  fame  thing,,  the  left  the  Time  be  in  which  they  are  de- 
fcribed, the  nearer  will  the  Ratio  of  B£,  Ee  approach  to  the  Ratio  of 
t4ie  Velocities  with  which  the  Points  B  and  E  move  at  the  Beginning-. 
of  the  Spaces  er  Augments  :  and  by  diminkhing  Bb4  and  E*  more  and 
more,  their  Ratio  (hall  come  nearer  to  the  Ratio  of  thefe  Velocities  than 
by  any  given  or  affignable  Difference :  and  therefore  the  ultimate  Ratio 
of  thefe  Spaces  or  Augments  Bby  Eras  they  vanifti  (which  is  the  fame 
with  their  prime  Ratio,  confidered  as  nafcent)  will  be  the  Ratio  of  the 
Velocities  mentioned. 

The  lefs  the  Space-  or  Augment  Ee  is,  and  confequently,  the  lefs  the 
Time  is, .  in  which  it  is  defcribed,  the  nearer  will  the  Velocities,  with 
which  the  Point  E  moves  at  the  Beginning  and  End  of  that  Space„ 

approach 
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Approach  to  one  another:  and  by  diminishing  the  Augment  E*,  or  the 
Time  continually,   thefe      ^  B       £  c 

extreme  Velocities  may  be      ) — ~ 1 1    ■  ■■ 

made  to  approach  nearer 

to  one  another  than  by      D  je  - 

any  given  Difference,  as      1 —4 — y. I1 

appears  by  Lem .  3 ;  there- 
fore much  more,  the  uniform  Velocity  capable  of  producing  E*  in  the 
fame  Time,  will  ftill  approach  nearer  and  nearer  to  the  Velocity  with 
which  the  Point  E  moves  at  the  Beginning  of  the  Space  E*,  the  lefs 
that  Space,  or  the  Time  wherein  it  is  defcribed,  is :  and  by  continually 
leflening  that  Space  or  Time,  the  uniform  Velocity  (hall  differ  from  the 
Velocity,  with  which  the  Point  E  moves  at  the  Beginning  of  the  Aug- 
ment Ee,  by  lefs  than  any  given  Difference  5  fince  the  uniform  Velo- 
city falls  in  betwixt  the  two  extreme  Velocities  *.     If  then  we  put  B  *  Art  26. 
for  the  Velocity  with  which  the  Point  B  moves,  which  is  fuppofed  to  °^0^" 
be  conftant  or  invariable  j  E  for  the  Velocity  with  which  Point  E  moves 
at  the  Beginning  of  the  Space  Ee\  and  V  for  an  uniform  Velocity  ca- 
pable of  describing  E*  in  the  fame  Time  it  is  defcribed  by  the  variable 
Velocity  E :  then  from  the  Nature  of  uniform  Motion,  Bb :  E* : :  B :  V* 
but  the  lefs  that  E*  is  taken,  the  lefs  is  the  Difference  betwixt  V  and 
E  * ;  fo  that  when  the  Augment  Ee  is  very  fmall,  it  is  nearly  B :  V  : :  B :  E,  •  Art.  26. 
confequently,  when  the  Spaces  or  Augments-  Bb,  Ee  are  taken  very  ^Sw^ 
fmall,  or  fuch  as  are  defcnb'd  in  very  fmall  and  equal  Times,  it  will 
be  nearly  Bb  :  Ee  ::  B  :  E.     Finally,  fince  by  continually  diminishing 
Ee  and  confequently  Bb,  V  approaches  nearer  to  E  than  by  any  given 
Difference,  it  follows  that  Bb  :  Ee  approaches  nearer  to  B  :  E  than  by 
any  given  Difference :  and  therefore  the  ultimate  Ratio  of  the  evane- 
fcent  Augments  or  Spaces  Bby  Ee,  or,  which  is  the  fame,  the  prime 
Ratio  of  them  confidered  as  nafcent,  is  the  Ratio  of  B  to  E.  *  Which  *  Art.  7. 
Things  were  to  be  demonftrated.  °£tiS" 

28.  Thefe  Things  being  demonftrated,  the  Truth  of  the  fundamental  ? lcaU0IL 
Propofiuon  laid  down  by  our  Author  *,   will  eafily  appear.     For,  •  Art.  3. 
Fluxions  being  defined  the  Velocities  of  the  Motions  or  Increments  by  of  the 
which  the  flowing  Quantities  are  generated,  fuppofe  any  one  Quantity  ^of 
to  flow  uniformly,  i.  e.  to  have  a  conftant  or  invariable  Fluxion  at  all  Curve*. 
Times  ;  and  another  Quantity  of  the  fame  kind  to  flow  according  to 
any  Law  whatfoever,  whether  by  an  uniform  Velocity,  or  a  Velocity 
continually  varying ;  and  that  at  any  rate,  whether  continually  acce- 
lerated, or  continually  retarded :  and  let  there  be  taken  Increments  of 

G  2  thefe 
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thefe  flowing  Quantities,  generated  in  the  fame  or  equal  Terms:  then 
in  the  preceding  Fig.  AB  and  DE  reprefent  the  flowing  Quantities, 
whatever  the  Nature  of  thefe  Quantities  be  (juft  as  all  kind  of  Quanti- 
ties are  reprefented  by  right  Lines 'in  the  fifth  Book  ot Euclid's  Elem.) 
Bb,  Ee  the  cotemporaneous  Increments.  And  therefore  it  appears  from 
the  Nature  of  Motion,  i°,  That  if  the  Fluents  flow  with  conftant  or 
invariable  Fluxions,  the  Fluxions  are  to  one  another  as  the  Increments 
generated  in  any  equal  Times.  And  from  what  has  been  demonftrat- 
ed,  2°,  That  if  the  one  Fluent  have  a  conftant  Fluxion,  and  the  other 
a  Fluxion  continually  varying,  end  their  Augments  be  taken  fuch  as 
are  produced  in  very  fmall  and  equal  Times,  the  Fluxions  will  be  nearly 
as  thefe  Augments.  3°,  In  every  Cafe  accurately,  the  Fluxions  are  in 
the  prime  Ratio  of  the  nafcent  Increments,  or  the  ultimate  Ratio  of  the 
evanefcent  Decrements,  according  as  the  flowing  Quantities  are  fup- 
pofed to  increafe  or  decreaie.  And  further,  becaufe  this  is  true  when 
one  of  the  Fluxions  is  given  or  conftant,  it  follows  that  the  fame  is 
true,  when  the  Fluxions  are  all  variable.  For  letP,  Q  denote  any  two 
homogeneous  flowing  Quantities,  whofe  Fluxions  are  variable:  A,  any 
other  Fluent  of  the  feme  kind,  which  has  an  invariable  Fluxion  :  let 
thefe  Fluxions  be  denoted  by  the  Symbols  P,  Q,  A  refpeftively .;  and 
let/,  q,  a  denote  the  prime  Ratios  of  their  nafcent  Augments.  Then, 
by  what  has  been  dcmonftrated  P :  A  ::/ :  a  and  A :  Qj,:  a  :  q>  there* 
fore  by  Equality  P  :  Qj:  /  :  qy  as  was  to  be  fhewn. 
^di4  29#  After  kying  down  what  we  have  been  about  demonftrating, 

Quadra-  touching  the  Proportion  of  Fluxions,  our  Author  proceeds  to  {hew  the 
tore  of  Application  thereof,  in  determining  the  Fluxions  of  curvilinear  Areas, 
Cams.     jn  tjjig  Art  .  an(j  ^c  Fluxing  0f  thc  AbfcifTes,  Ordinates  and  Curve 

Lines  in  the  two  fucceeding  Art.  Now,  what  is  laid  down  i»  Art.  4. 
may  be  thus  demonftrated.  Suppofing  the  fame  Things  as  are  there- 
mentioned,  I  fay  F.ABC x :  F.ABDG  :  1 BC  r  BD,  when  ABDG  is  a: 
Parallelogram.  To  demonftrate  which,  we  need  only  (hew  that  the 
prime  Ratio  of  the  nafcent  Increments,  when  the  Areas  are  fuppofed  to 
flow  by  increafe  *,  or  the  ultimate  Ratio  of  the  evanefcent  Decrements, 
when  they  are  fuppofed  to  flow  by  decreafc,  is  the  Ratio  of  BC  to  BD„ 
Let  BC,  BD,  conftituting  one  right  Line,  move  forward,  &nd  come 
into  the  new  Pofition  be,  bd ;  io  that  the  Increments  generated  in  the 
fame  Time  be  BbcC  and  BbdD.  Then  it  is  evident,  that,  when  cbd 
has  got  to  any  finite  Diftance  from  CBD,  BbcC  :  BbdD  ^  BC  :  BD  r 
for  by  completing  the  Parallelogram  BCE£,  it  is  BC :  BD  : :  BCE&i 
B?K  BtdD*^B6cC  :  ^UDi  but  Ifay  BbcC :  BA/Dmay  be  nearer  to  BC:. 
1  F.ABC  denotes  the  Fluxion  of  the  Area  ABC :  and  (q  of  other  like  Notations. 
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BD,  than  by  any  given  Difference  j  or  than  any  given  or  affignable 
Ratio,   by  fuppofing  be  to  be  ftill  ^ 

nearer  and  nearer  toBC.  For  if  pof- 
fible  let  BF  :  BD  be  as  near  to  BC  : 
BD  asB&C :  BWDcan  be  :  draw  F* 
parallel  to  AB  meeting  the  Curve  in 
x;  complete  the  Parallelograms  Bj3*F 
and30<?D.    Then  B/3*F  :  BjS^D  ^ 
Bj3*C  :  B/WD,  but  Bj3*F  :  BQ$D  : : 
BF :  BD,  therefore  BF :  BD^BjQxC : 
Bj3<?D,  wherefore  B/fcC  :  BfiSD  is 
nearer  to  BC :  BD  than  BF  :  BD  is 
(fince  B£*C :  BfiiD  can  never  be  lefs 
than  BC :  BD,  as  was  fliewn)  con- 
trary to  the  Hyp.     Therefore  BC  : 
BD  is  the  prime  Ratio  of  the  nafcent 
Augments  BkC  and  BbdD  *.     And  it  is  the  lame  thing  to  confider  *  Art.  13, 
Bbc,  BbdD  as  Decrements,  by  fuppofing  cbd  to  return  back  again  into  °{-^oiT 
the  Pofition  CBD  :  for  then  it  is  demonftrated  the  fame  way  that  BC :  P  icatl0n* 
BD  is  the  ultimate  Ratio  of  BbcC  and  BbdD  when  vanifhing.     But 
the  Fluxions  of  the  Areas  ABC  and  ABDG  are  to  one  another  in  the 
prime  Ratio  of  the  nafcent  Increments  *,   or  ultimate  Ratio  of  the  *  Art.  3. 
evanefcent  Decrements  BbcC,  BbdD  *.  Therefore  F.ABC :  FABDG ::  ^; 
BC  :  BD,  when  ABDG  is  a  Parallelogram,  as  was  to  be  (hewn.  Quadra- 

30.  But  further,  although  both  Fluents  were  curvilinear  Areas,  I  &y  *£^°f 
their  Fluxions  (hall  be  as  the  Ordinates,  when  the  Ordinates  do  move  Art.  5. 
with  the  fame  uniform  Motion  along  the  Abfcifs  AB.    For  let  ABL  of  thi«E** 
be  another  curvilinear  Area  defcribed  by  the  Ordinate  BL,  then,  by  P"***011' 
what  has  been  demonftrated,  F.ABC :  F.  ABDG : :  BC:  BD  and  F. ABDG : 

F.  ABL : :  BD :  BL,  therefore  by  Equality,  F.ABC :  F.ABL : ;  BC :  BL< 

31.  Although  this  Method  of  inveftigating  and  demonftrating  the. 
Proportions  of  the  Fluxions  of  plain  Figures,  be  laid  down  by  Sir  L 
Newton  in  this  Place ;  and,  as  I  have  (hewn,  is  both  certain  and  geo- 
metrical :  yet  fuch  perhaps  may  be  the  Scruples  of  fome ;  and  foch 
the  Obftinacy  of  others,  againft  the  whole  of  this  Doftrine  of  prime  and 
ultimate  Ratios  of  nafcent  and  evanefcent  Quantities,  that  I  hope  it  will 
not  be  unacceptable  to  the  Reader,  if  I  (hall  (hew  that  the  Proportions 
of  the  Fluxions  of  plain  Figures  (and  confequently  by  Analogy  of  all 
other  flowing  Quantities)  may  be  demonftrated  in  another  manner,  upon 
the  moft  indifputable  Principles  of  Geometry,  without  introducing  either 
infinitely  little  Quantities,  as  has  been  done,  without  (ufficient  Caution, 
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by  fome  5  but  purpofely  avoided  by  Sir  I.  Newton  in  this  Treatife  ;  or 
yet  nafcent  and  evanefcent  Quantities,  with  their  prime  and  ultimate 
Ratios,  upon  which  Foundation  he  has  built  this  Do&rine. 

Let  ABC  and  ABDG 
be  a  curvilinear  Area  and 
Parallelogram  defcribed  as 
before,  the  fame  things  be- . 
ingfuppos'd  as  formerly  * : 
and  further  let  ABCF  be 
another  Parallelogram  de- 
fcrib'd  at  the  fame  time 
by  a  given  Ordinate  equal 
to  AF,  fo  that  all  the 
three  Areas  ABC,  ABDG 
and  ABCF  be  defcribed 
by  the  uniform  Motion 
of  their  refpe&ive  Ordi- 
nates,  lying  always  in  the  fame  right  Line :  then  I  fay  F.ABC  : 
F.ABDG::BC:BD. 

For  fince  the  Ordinates  of  the  Parallelograms  ABDG,  ABCF  are 
given  or  invariable  right  Lines,  and  thefe  Lines  are  fuppofed  to  move 
uniformly  along  the  common  Abfcifs  AB,  the  Fluxions  or  Velocities 
of  flowing  of  the  Rtrallefograms  muft  be  conftant  and  invariable,  for 
the  Spaces  generated  in  equal  Terms  are  evidently  equal  in  the  respec- 
tive Parallelograms ;  and  the  Fluxions  or  Velocities  of  flowing  in  that 
Cafe  arc  as  the  Increments  generated  in  any  the  fame  times  *,  or  by 
Compofitbn  as  the  whole  Areas  generated,  that  is  F. ABCF :  F.ABDG : : 
(ABCF  :  ABDG ::)  BC  :  BD  *  BC  being  confidered  as  the  invariable 
Ordinate  of  ABCF.  But  the  Velocity  with  which  the  curvilinear  Area 
ABC  is  defcribed  muft  be  lefe  than  the  Velocity  with  which  the  Pa- 
rallelogram ABCF  irdefcribed  at  any  Time  before  the  Ordinate  BC 
arrive  to  it's  prefent  Pofition,  as  when  it  is  in  j9*p,  becaufe  /3*  k  jSp : 
again,  the  Velocity  with  which  ABC  flows,  at  any  time  after  BC  has 

J^aft  it's  prefent  Pofition,  as  when  it  is  in  bfc,  is  greater  than  the  Ve- 
ocity  with  which  ABCF  flows,  firice  bcz?bf:  and  thefe  things  are 
true,  let  /3*<p  and  bfc  be  as  near  to  BC  as  you  pleafe,  becaufe  the  Curve 
AC  and  right  Line  FC  interfeft  each  other  in  one  Point  only :  but 
the  Velocity  with  which  ABC  flows,  is  continually  or  inceflantly  vary- 
ing, fince  it's  Ordinate  BC  never  continues  of  the  fame  Length,  for 
any  the  leaft  Time.  Wherefore;  betwixt  the  two  Inftants  of  Time 
that  the  Ordinate  BC  has  the  Pofitions  0x  and  be,  the  variable  Velocity 
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with  which  the  Area  ABC  flows  muft  pafs  through  all  poffible  inter- 
mediate Degrees  *,  therefore  alfo  through  that  Degree  of  Velocity  •  Art.  25. 
with  which  ABCF  flows,  which  is  invariable  and  intermediate  :  But  ofthis  Ex- 
it has  been  demonftrated,  that  this  cannot  happen  at  any  Time,  when  p  lcatl0IU 
the  Ordinate  BC  is  out  of  the  prefent  Pofition,  therefore  it  muft  hap- 
pen, when  the  Ordinate  BC  obtains  the  prefent  Pofition  :   But  the 
Fluxions  of  flowing  Quantities  are  the  Velocities  with  which  they  flow 
or  increafe  * :  therefore,  when  the  Ordinate  BC  comes  to  the  prefent  *  Art.  2. 
Pofition,  the  Fluxions  of  the  curvilinear  and  re&iiinear  Areas  ABC  and  of  the 
ABCF  are  equal:  but,  as  was  already  fhewn,  F.ABCF  :  F.ABDG::  2^' 
BC  ;  BD,  therefore  F.ABC  :  F.ABDG  ::  Ord.  BC  :  BD.  Curves. 

32.  From  this,  we  may  conclude  as  formerly  *,  that  when  the  flow-  *  Art.  30. 
ing  Areas  are  both  Curvilinear,  their  Fluxions  are  to  one  another  as  °f.this.Ex- 

t&~    ,.  plication. 

the  Ordinates. 

33.  And  thus  we  have  demonftrated  that  the  Fluxions  of  all  plain 
Figures,  defcribed  by  the  equable  Motion  of  their  Ordinates  always 
lying,  in  the  fame  variable  fight  Line,  and  moving  along  a  common 
Abfcifs,  are  every  where  as  their  refpedtive  Ordinates  \  and  that  with- 
out introducing  either  infinitely  fmall  Quantities,  or  yet  the  Dodtrine 
of  prime  and  ultimate  Ratios  of  nafcent  and  evanefcent  Quantities.  And 
therefore,  the  Foundation  upon  which  the  Do&rine  of  Fluxions  is  builf, 
would  ftill  remain  unfhaken,  although  the  Dodtrine  of  prime  and  ul- 
timate Ratios  could  be  (hewn  to  be  uncertain  and  precarious  \  which 
yet  all  Sir  /.  Newton's  Adverfaries  (hall  never  be  able  to  do. 

From  what  has  been  faid  the  following  Corollaries  may  be  deduced. 

34.  Cor.  1.  The  Fluxion  of  any  plain  Figure,  generated  by  the  uni- 
form Motion  of  it's  Ordinate  along  the  Abfcifs,  is  every  where  propor- 
tional to  the  Ordinate. 

35.  Cor.  2.  Although  our  Author  has  hitherto  mentioned  no  Motion 
of  the  Ordinates  but  what  is  uniform  and  the  fame  along  the  Abfcifles, 
or  rather  common  Abfcifs :  yet  the  Motion  of  the  Ordinates  along  the 
Abfcifles  of  different  Curves,  /.  e.  the  Fluxions  of  the  Abfcifles  of  dif- 
ferent Curves,  may  be  fuppofed  different ;  yea  and  the  Fluxion  of  the 
Abfcifs  of  the  fame  Curve  may  be  fuppofed  variable,  by  being  accele- 
rated or  retarded,  and  that  according  to  any  Law.  But  I  fay  in  every 
Cafe,  the  Fluxions  of  the  Areas  of  plain  Figures,  defcribed  by  the  pa- 
rallel Motion  of  their  Ordinates  along  the  Abfcifles,  are  always  to  one 
another  as  the  Rectangles  contained  under  the  Ordinates  and  the  Fluxions 
of  the  refpe&ive  Abfcifles.  For  by  what  has  been  demonftiated>  when 
the  Fluxions  of  the  Abfcifles  are  uniform  and  the  fame  in  all>  the  Flux- 
ions of  the  Areas  are  as  the  Ordinates  direttly ;  but  if  the  Fluxion  of 

the 
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the  Abfcifs  be  increafed  or  diminifhed  in  any  Proportion,  the  Velocity 
with  which  the  Area  increafes,  u  e.  it's  Fluxion  mull  be  increafed  or 
diminifhed  in  the  fame  Proportion ;  fince  the  Space  that  would  he  de- 
fcribed  with  that  Velocity  in  any  given  Time,  would  be  increafed  or 
diminifhed  in  that  Proportion :  and  it  is  no  matter,  whether  the  Fluxion 
of  the  Abfcifs  of  the  fame  Figure  continue  invariably  the  feme,  or  vary 
according  to  any  Law,  by  being  accelerated  or  retarded  \  for  it  is  only 
the  prefent  Fluxion  of  the  Area  :  therefore  it  follows  that  the  Fluxions 
of  any  plain  Figures,  are  always  as  the  Rectangles  contained  under  the 
Ordinates  of  thefe  Figures,  and  the  Fluxions  of  their  Abfcif&s,  or  right 
Lines  proportional  to  and  expounding  the  Fluxions  of  thefe  Abfcifles. 

36,  The  fame  thing  may  be  more  fhortly  demonstrated  by  means  of 
Symbols  thus,  as  is  done  by  our  Author  elfewhere  x,  in  the  foregoing 
Figure,  let  the  Ordinates  BC,  BD  move  at  right  Angles  along  the  Ab- 
fcifs AB 1  let  AG  or  BD  be  equal  to  Unity;  the  common  Abfcifs  AB 
=  x,  the  curvilinear  Area  ABC  applied  to  BC=s,  or  ABC =2  x  1 
=  z,  then  is  ABDG  =  (x  x  BD  =  x  x  1  =)  x.  Now  putting  x  and 
£  to  ftand  for  the  Fluxions  of  x  and  z  refpedively,  by  what  has  been 
demonftrated,  & :  x  ::  BC  :  BD  =  1  :  for  it  is  all  one  whether  the 
Fluxion  of  AB,  /.  e.  x  continue  invariably  the  fame,  or  vary  accord- 
ing to  any  Law :  therefore  by  reducing  the  Analogy  to  an  Equation  £= 

(iyc=iiiiS=:)^xBC,/.f.F.ABC=FABxBC,  ws.theFlux- 

ion  of  the  Abfcifs  multiplied  into  the  Ordinate,  i.  e.  in  other  Words,  if 
the  Ordinate  of  any  plain  Figure,  continuing  the  fame  in  Length,  that 
it  Is  in  any  given  Place,  were  fuppofed  to  be  carried  perpendicularly 
along  the  Abfcifs  with  an  uniform  Velocity,  equal  to  the  V elocity  witn 
which  the  Abfcifi  increafes  at  that  particular  Place,  the  fuperficial  Space 
thereby  produced  in  any  given  Time,  would  be  equal  to  the  fuperficial 
*  Space  produced  or  defcribed  in  that  fame  Time,  by  the  Velocity  with 
which  the  Area  flows  or  increafes  at  that  Place,  continuing  uniformly 
the  fame. 

37.  But  fuppofe  the  Ordinates  not  to  move  perpendicularly  along  their 
AbfcifTes ;  but  in  any  given  Angle,  provided  it  be  the  fame  in  all,  the 
Fluxions  of  the  flowing  Areas  will  ftill  be  proportional  to  the  Rectangles 
contained  under  the  Ordinates  and  Fluxions  of  the  Abfciffes.  For  in 
the  Demonftration  of  our  Author's  fourth  Art.  the  Ordinates  BC,  BD 

♦Art.  35.  may  make  any  given  Angle  with  the  Abfcifs  AB  * :  therefore  it's  eafy 
^SSi?" t0  apply  thc  RcafoninS  at  Art  35*  to  this  Cafe. 

>  See  his  Method  of  Fluxions  and  infinite  Series,  publiihed  by  J.  Coif  on,  pag.  2j« 

39.  C0T# 
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38.  Cor.  3.  If  two  or  more  plain  Figures  begin  to  be  defcribed  at 
the  fame  Time,  by  their  Ordinates  moving  along  their  Abfciffes  in  a 
given  Angle,  and  fo  be  defcribed  in  the  fame  Time;  or,  which  comes 
to  the  fame  purpofe,  if  they  be  defcribed  in  equal  Times,  and  the 
Re&angles  contain'd  under  tne  Ordinates  and  the  Fluxions  of  the  Ab- 
fciffes or  right  Lines  proportional  to  and  expounding  the  Fluxions  of 
the  Abfciffes,  be  equal  in  thefe  Figures,  at  every  the  fame  or  cor- 
refpondent  Inftant  of  their  flowing  or  increasing,  throughout  the  whole 
Time  of  their  Defcription,  the  Areas  defcribed  {hall  be  equal.     For 

thefe  Redfcangles  are  proportional  to  the  Fluxions  of  the  Areas  *,  and  *  Art.  35. 
therefore  the  Fluxions  of  the  Areas  are  always  equal  to  each  other,  ^jV 
i.  e.  the  Velocities  with  which  the  Figures  are  defcribed,  are  every  plication.- 
Where  equal  to  each  other:  and  therefore  the  Areas  produced  or  de- 
fcribed with  thefe  Velocities  in  the  fame  or  equal  Times  muft  be  equal, 
from  the  Nature  of  Motion. 

It  would  be  the  fame  thing,  if  the  Ordinates  of  the  Curves  and  the 
Fluxions  of  their  Abfciffes  were  reciprocally  proportional:  for  then 
would  the  Rectangles  mentioned  be  equal  *.  •Prop.  14. 

39.  Cor.  4.  Converfely  if  the  flowing  Areas  be  every  where  equal  B.6.Eicm. 
to  each  other,  the  Rectangles  contain'd  under  the  Ordinates  and  the 
Fluxions  of  the  Abfciffes,  (hall  be  every  where  equal  to  each  other : 

for,  if  not,  the  Fluxions  of  the  plain  Figures,  i.  e.  the  Velocities  with 
which  they  flow  or  increafe,  would  not  be  equal:  and  if  the  Velocities 
of  Defcription  were  not  every  where  equal,  the  Areas  defcribed  could 
not  be  every  where  equal. 

40.  SchoL  It  may  be  here  remarked,  with  refpedl  to  variable  or 
flowing  Quantities  of  any  kind  whatfoever,  that,  if  they  be  at  all  times 
equal  to  each  other,  the  Velocities  of  their  Mutation,  /.  e.  the  Fluxions 
with  which  they  flow  at  any  the  fame  Time,  muft  alfo  be  equal: 
converfely,  if  the  Velocities  of  Mutation  or  Fluxions  of  any  variable 
Quantities  be  always  equal,  and  moreover  thefe  Quantities  arife  toge- 
ther, when  they  flow  by  increafe  j  or  vanifh  together,  when  they  flow 
by  decreafe,  the  variable  Quantities  (hall  always  be  equal  at  the  fanie 
Time.  For  thefe  variable  or  flowing  Quantities  may  be  reprefented 
and  expounded  by  the  flowing  plain  Figures;  and  their  Velocities  of 
Mutation,  by  the  Fluxions  of  thefe  Figures,  mentioned  in  Cor.  3.  and  4. 
Wherefore,  fince  the  Fluxions  of  thefe  equal  Figures  are  always  equal ; 
and  converfely  the  Fluxions  being  equal,  the  flowing  plain  Figures  are 
equal  ;  hence  the  variable  Quantities  of  any  kind,  and  their  Velocities 
of  Mutation  or  Fluxions  muft  be  equal.  Which  is  likewife  evident 
in  itfelf  from  the  Nature  of  the  Thing. 

H  More- 
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Moreover  any  variable  or  flowing  Quantities,  which  arc  in  a  given 
or  conftant  Ratio,  muft  have  their  Fluxions  in  the  lame  given  Ratio : 
and  converfely  variable  Quantities,  whofe  Fluxions  are  always  in  a  given 
Ratio;  if  fo  be  the  Quantities  arife  together,  or  vanifh  together  as  be- 
fore, are  in  the  fame  given  Ratio  themfelves:  as  is  fufficiently  evident 
from  what  hath  been  faid. 
•Art 5, 6.      41.  Suppofing  the  fame  Things  as  are  fuppofed  by  our  Author,  *  I 
o  d«     ^  ^e  Pr*mc  Rat*°  °f  ^c  nafcent  Augments  B£,  Ec  and  O,  viz.  of 
tare  of     the  Abfcife,  Ordinate  and  Curve- line  AB,  BC  and  AC;  or  the  ultimate 
Curves.     Ratio  of  thefe  Lines  confidered  as  cvanefcent,  is  that  of  the  Sides  of  the 
Triangle  CET;  or  of  the  Triangle  VBC  fimilar  to  it,  viz.  CE,  ET 
and  CT,  or  VB,  BC  and  VC  the  Subtangent,  Ordinate  and  Tangent. 

For  through  any  Point  as  m  of  the  Subtenfe  Ccy  lying  within  the 
Curve,  draw  the  Ordinate,  j3*  parallel  to  BC  or  be,  meeting  CE  in  e ;  and 
produce  it,  till  it  meet  the  Tangent  VC  in  M :  then  Ce:eK7>(Ce:eNl: :) 
CE:  ETj  but  Ce  :  ex  t;  (C*  :  em  : :)  CE :  tc :  therefore  Ce :  ex  falls  in 
betwixt  CE:  ET  and  CE:  E^;  confequently  Ce :  ex,  is  nearer  toCE: 
ETthanCE:E*is.  ^ 

Wherefore  thenear- 
er  be  is  to  BC,  the 
nearer  doth  the  Ra- 
tio of  the  Incre- 
ments BZ>  and  Ec 
approach  to  the 
RatioofCEtoET 
or  of  VB  to  BC, 
but  fo  as  that,  when 
the  Points  B  and  b 
are  at  any  finite 
Diftance  from  one  IT  ~  ~  (j 
another  CE:  Ee  7  CE:  ET. 

Yet  the  Ratio  of  thefe  Augments  may  be  nearer  to  the  Ratio  of  CE 
to  ET,  than  any  other  affignable  Ratio.  For  let  the  Point  L  be 
affumed  in  AB  produced  beyond  V,  fuch  as  that  LB :  BC  be  a  Limit,  _ 
if  poffible,  nearer  than  which  the  variable  Ratio  of  the  Augments  B£, 
Er,  cart  never  approach  to  CE:  ET  or  VB:  BC:  where  LB  muft  be 
"  greater  than  VB,  becaufe  CE:  Ee  7*  (CE:  ET  : :)  VB:  BC,  while 
there  is  yet  any  Diftance  betwixt  BC  mdbp.  Draw  LC  and  produce 
it,  beyond  C;  then  muft  it  enter  within  the  Curve,  otherwife  a  right 
Line  would  fall  in  betwixt  the  Curve  and  it's  Tangent,  which  is  im- 
poflible :  through  any  Point  m>  of  the  Line  LC  produced,  lying  within 

the 
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the  Curve  draw  the  Ordinate /3/w«,  meeting  CE  in  e  j  and  VC  in  M.  Then 
0:«^(G>:*M::)*VB:BC.  Again,  Ce  :eK^(Ce:  em::)  »LB:J5*M- 
BC :  therefore  C*  :  ck  falls  in  betwixt  VB  :  BC  and  LB :  BC,  and  con-  **-**"- 
fequently  Ce:  £k  comes  nearer  to  VB:  BC  or  CE:  ET  than  LB:  BC 
does,  cont.  Hyp.  Therefore  there  is  no  aflignable  Ratio,  which  is  fo 
near  the  Ratio  of  VB  to  BC  or  CE  to  ET,  as  the  Ratio  of  the  Aug- 
ments Bb9  E^  may  fometime  or  another  be»  Wherefore  CE :  ET  or 
VB:  BC  is  the  prime  Ratio  of  the  nafcent  Augments  Bb,  Ec;  or, 
which  is  the  fame,  it  is  the  ultimate  Ratio  of  thefe  Parts,  when 
vanilhing. 

Now  with  refpeft  to  the  curvilinear  Augment,  Cc;  let  the  Ordinate 
bEc  approach  continually  towards  BC,  and  at  length  fall  in  with  it, 
when  the  Points  C,  c  and  E,  and  likewife  B  and  b  coalefce ;  in  the 
mean  time  let  the  Tangent  CT  and  Chord  Cc  be  fuppofed  to  be  pro- 
duced ftill  to  diftant  Parts  H  and  K.  Then  'tis  evident  the  Angle  HCKL 
made  by  the  Tangent  and  Subtenfe  ftill  diminifhes,  as  the  Arch  Qc  di- 
minishes, or  as  bEc  approaches  to  BC :  becaufe,  as  has  been  already 
demonftrated,  the  varying  Ratio  of  Ec  to  ET  is  ftill  increafing,  and 
the  Triangle  CET  is  given  in  Species:  but  it  has  been  (hewn  likewife, 
that  the  ultimate  Ratio  of  CE  to  Ec  is  that  of  CE  to  ET ;  and  that 
therefore  the  ultimate  Ratio  of  Ec  and  ET  is  a  Ratio  of  Equality ;  and 
confequently  the  ultimate  Ratio  of  the  three  Triangles  CcE9  C  xcE  and 
CTE  is  a  Ratio  of  Equality  likewife ;  and  as  to  their  Form,  they  are  at 
laft  fimilar.  Therefore,  fincc  the  Triangle  CET  is  given  in  Species, 
and  always  fimilar  to  the  Triangle  VBC,  it  follows  that  the  prime  or 
ultimate  Ratio  of  the  nafcent  or  evanefcent  Parts  B£,  Ec  and  Cxc, 
whereby  the  Abfcifs,  Ordinate  and  Curve-line  are  increafed  or  diminifhed, 
is  that  of  CE,  ET  and  CT  or  VB,  BC  and  VC.  Confequently  the 
Fluxions  of  the  Abfcifs,  Ordinate  and  Curve-line  are  proportional  to 
thefe  Lines  *,  and  may  be  expounded  by  them :  as  our  Author  affirms.  *  Art.  28. 

42.  Schol.  From  the  Relations  of  the  Fluxions  of  the  Abfcifs,  Or-  °1fi^-^lx" 
dinate  and  Curve-line  juft  now  demonftrated,  are  derived  two  principal p  lca  lon" 
Branches  of  the  general  and  extenfive  Dodtrine  of  Fluxions,  viz.  the 
Method  of  drawing  Tangents  to  Curves :  and  the  Rectification  of  Curve- 
lines,  or  determining  their  Lengths.  The  firft  belongs  to  the  diretf; 
the  other  to  the  inverfe  Method  of  Fluxions.  The  one  depends  upon 
this,  that,  if  you  call  the  Abfcifs  AB  =  x,  the  re&angular  Ordinate 
BC=^,  and  Curve-line  AC=«;  and  denote  their  Fluxions  by  the 

Symbols  x,  y  and  i,  then  y  :  x : :  y  :  VB,  that  is  VB  =  4-  x  y :  the 

other  upon  this  that  z*z=zx*-\-y*  or  z=*/x*-\-y%:  both  of  which  arc 

H  2  evident 
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evident  from  what  has  been  faid :  fince  the  evanefcent  Triangle  CEcxC 
is  ultimately  fimilar  to  the  right-angled  Triangle  VBC  :  and  the  ulti- 
mate Ratio  of  the  evanefcent  Augments  is  the  fame  with  the  Ratio 
of  the  Fluxions. 

*  Art,  7.  43.  TheDefign  of  this  Art.  is  to  (hew  how  the  Fluxions  of  folid 
Quaita-  Figures ;  and  alfo  the  Fluxions  of  their  Curve-furfaces  may  be  invefti- 
turc  of     gated  and  determined.     In  order  to  which,  fuppofe,  in  the  Fig.  at 

•Qfthii Art  29  *'  a  Circle  defcribcd  with  BC> thc  °rdinatc  of  the  Curve  ABC, 
Expika-  *  f°r  Radius ;  and  that  that  Circle  moves  along  the  Abfcifs  AB  with  an 
tioa.  uniform  Motion,  keeping  always  perpendicular  to  it:  the  moving 
Circle  will  generate  a  folid  Figure  or  fuch  a  Nature  as  correfponds  to 
the  plain  Figure,  of  which  the  right  Line  BC,  the  Radius  of  the  ge- 
nerating Circle,  is  the  Ordinate  perpendicularly  applied  to  the  Abfcifs 
AB:  1.  e.  a  Solid,  which  may  be  fuppofed  to  be  otherwife  generated 
by  the  Rotation  of  the  plain  Figure  ABC  about  it's  Axis  AB.  Now, 
to  illuftratc  and  demonftrate  what  our  Author  lays  down  in  this  Place, 
fuppofe  another  Circle,  having  the  given  or  invariable  Line  AG  or  BD 
for  it's  Radius,  to  be  drawn  along  the  fame  Abfcifs  AB,  and  by  that 
means  generate  a  Cylinder:  let  the  generating  Circles  begin  to  move 
from  A  at  the  fame  Time,  and  be  found  ever  after  in  the  fame  Plane 
at  the  lame  Time  5  juft  as  thc  right  Lines  BC  and  BD  were  formerly 
fuppofed  to  lye  always  in  the  fame  Direftion.    Then  by  what  was  for- 

*  Art.  28.  merly  demonftrated  *,  the  Fluxions  of  the  Solid  ABC  and  Cylinder 
of  this  Ex-  ABDG  are  in  the  prime  Ratio  of  their  nafcent  Increments.  Let  B&cC 
plication.  an(j  b^d  1^  the  folid  Augments  generated  in  the  fame  Time  :  and 

then,  as  it  was  formerly  demonftrated,  that  the  prime  Ratio  of  the 
Augments  B6cC  and  B£</D,  in  Jtatu  nafcenti^  when  belonging  to  thc 
plain  Figures,  was  that  of  BC  to  BD ;  fo  now,  by  the  like  way  of  rea- 
soning, we  may  demonftrate  that  the  prime  Ratio  of  the  Augments 
B&cC  and  BbdD,  in  ftatu  nafcenti,  when  confidered  as  belonging  to 
the  folid  Figures,  is  that  of  the  Circles  having  BC  and  BD  tor  their 
Radius's ;  or  which  is  the  fame,  that  of  BO  to  BD?  (fince  Circles  arc 
as  the  Squares  of  their  Radius's),  For  the  varying  Ratio  of  the  folid 
Augments  B6cC  and  BbdD,  by  fuppofing  the  Diftance  Bb  ftill  le6  and 
lefs,  comes  nearer  to  the  Ratio  of  BO  to  BD?,  than  any  other  given  or 
affignable  Ratio  ;  but  can  never  go  beyond  it.  For  let  BC  be  pro- 
duced to  F,  fo  that,  if  poffible,  BF* :  BD?  may  be  as  near  to  BC? ; 
BD7  as  BbcC :  BbdD  can  in  any  cafe  be.  And,  having  made  the  fame 
Conftrutfion  as  at  Art.  29,  fuppofe  BbEC  and  B/3xF  to  reprefent  two 
fmall  Cylinders,  having  the  right  Lines  BC  or  &E  and  BF  or  jGx  for 

the 
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the  Radius's  of  their  circular  Bafes.     Now  'tis  evident  that  when  Bb  is 
of  any  finite  Length,  B^C :  BbdD  77  {BbEC  :  BbdD : :)  *  BO  :  BD*;  J^$£ 
therefore  I  have  fuppofed  BF  greater  than  BC.     But  fince  BjQ*C  ^ 
Cyl.  Bj3*F,  we  have  Bj3*C:  B&D  ^(B/3*F  :  B/WD::)  *  BF*:  BD*: 
Therefore  B/3*C:  B&2D  is  lefs  than  BFf :  BD*  ;  but  it  was  fiiewn  that 
it  cannot  be  lefs  than  BO:  BD*,  wherefore  it  comes  nearer  to  BO; 
BD?  thanBF*:  BD?  is,  contrary  to  the  Hyp.     Therefore  the  prime 
Ratio  of  the  nafcent  Augments  BbcC  and  BbdD  is  that  of  BO  to,Art  lu 
BD** ;  or,  which  is  the  fame,  that  of  the  Circles  having  BC  and  BD  *«d  «3- 
for  their  Radius's.     Wherefore  the  Fluxions  of  the  Solid  ABC  and  Cy-  JaSkT 
linder  ABDG  are  in  the  fame  Ratio  *.     Whence  it's  evident  (by  con-  *  Art.  28. 
fidering  what  was  faid  in  Art.  30.)  that  the  Fluxions  of  all  folid  Figures,  °^^c" 
generated  after  this  manner,  the  Fluxions  of  whole  Abfcifles  are  every 
where  equal  and  uniform,  are  to  one  another  in  every  Place,  as  the 
Circles,  by  whofe  Motion  they  are  generated,  are  in  that  Place;  or  as 
the  Squares  of  their  Radius's:  as  our  Author  affirms. 

44.  Cor.  Hence  it  will  follow,  that,  although  the  Motion  of  the 
generating  Circles  along  the  Abfcifles  be  different  and  unequal,  i.  c; 
although  the  Fluxions  of  the  Abfcifles  be  different  in  different  Solids  5 
and  even  variable  in  the  fame  Solid,  yet  univerfally,  the  Fluxions  of 
Solids,  generated  by  drawing  the  Circles  along  the  Abfcifles,  are  in  a 
compounded  Ratio  of  the  generating  Circles,  and  the  Fluxions  of  the 
Abfcifles:  as  may  cafily  be  demonftrated,  by  confidering  what  was  faid 

at  Art.  35.  *  ^  •  Of  this 

45.  The  other  Thing  to  be  demonftrated  in  this  Art.  is,  that  the  J^** 
Fluxion  of  the  Curve-furface  is  as  the  Periphery  of  the  generating  Circle, 
having  it's  Radius  BC,  and  the  Fluxion  of  the  Curve-line  AC  conjundt- 

ly ;  or  in  a  compounded  Ratio  of  thefe  two.  To  illuftrate  and  de- 
monftrate  which:  fuppofe  the  Cui-ve-line  AC,  and  the  Circumference 
of  the  Circle  of  which  BC  is  Radius,  to  be  both  extended  into  right 
Lines;  fo  as  the  latter,  being  made  to  move  at  right  Angles  along  the 
former,  may  thereby  generate  or  defcribe  a  plain  Figure  having  the 
right  Line  equal  to  AC  for  it's  Abfcifs  j  and  the  other,  equal  to  the 
Perimeter  of  the  Circle,  whofe  Radius  is  BC,  for  it's  Ordinate:  and 
fuppofe  the  Velocity  with  which  the  rectilinear  Abfcifs  flows,  or  it's 
Fluxion,  to  be  always  the  fame  with  the  Velocity  or  Fluxion  of  the 
Curve-line  AC;  and  it's  Ordinate  in  every  Place,  equal  to  the  Circum- 
ference of  the  Circle,  having  for  it's  Radius  BC,  in  the  correfponding 
Place;  then  it's  evident  that  the  Curve  and  plain  Surfaces,  generated  in 
the  fame  time,  will  be  equal;  and  that  therefore  their  Fluxions,  at 

the 
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the  fame  Time,  will  be  equal  *.  But  the  Fluxion  of  the  plain  Surface 
is  always  as  the  Ordinate  and  Fluxion  of  the  Abfcifs  jointly  * :  therefore 
alfo  the  Fluxion  of  the  Curve-furface  is  as  the  Perimeter  of  the  Circle, 
having  the  Line  BC  for  Radius,  and  the  Fluxion  of  the  Curve- line  AC 
jointly.  The  plain  meaning  of  which  is  this  :  that  if  there  were  any 
Number  of  Curve-furfaces,  belonging  to  Solids,  generated  after  the  man- 
ner that  has  been  explained,  the  Velocities  with  which  the  feveral 
Curve-furfaces  flow,  are  fuch,  that  the  fuperficial  Spaces,  which  would 
be  defcribed  by  thefe  Velocities  in  any  given  time,  fuppofing  thefe  Ve- 
locities to  continue  invariable  for  that  time,  are  as  the  Rectangles  con- 
tain 'd  under  the  Perimeters  of  the  feveral  generating  Circles,  and  right 
Lines  proportional  to  the  Fluxions  of  the  feveral  Curve-lines,  correfpond- 
ing  to  AC. 

46.  Schol.  Upon  thefe  Properties  of  the  Fluxions  of  Solids;  and  their 
Curve-furfaces,  are  founded  two  principal  Branches  of  the  Do&rine  of 
Fluxions:  viz.  the  Cubatureof  Solids;  or  the  Method  of  finding  their 
folid  Content:  and  the  Plaining  of  Curve-furfaces;  or  the  Method  of 
finding  the  fuperficial  Content :  both  belonging  to  the  inverfe  Method 
of  Fluxions. 

47.  Thefe  three  Articles  contain  fome  more  Examples,  for  the  fur- 
ther Illuftration  of  the  Method  of  prime  and  ultimate  Ratio's,  both  in 

the  Cafe  of  Right 
and  Curve  Lines, 
confidered  as  flow- 
ing Quantities.The 
Example  contain- 
ed in  Art.  8,  is  fo 
plain  as  to  need 
no  further  Illuftra- 
tion: thatinArt.9. 
is  coincident  with 
the  one  formerly 
adduced  and  ex- 
plained Art.  16.  * 
From  which  Ex- 
ample our  Author's  10th  Art  is  deduced  by  way  of  Corollary :  and  is  the 
only  thing  remaining  in  thefe  Articles,  that  needs  any  further  Explica- 
tion. In  order  to  which,  let  the  right  Line  PB,  revolving  about  the 
given  Point  P  as  a  Pole,  cut  the  Curves  GB,  GE  given  in  pofition,  in 
the  Points  B  and  E,  and  let  the  moveable  right  Lines  AB  and  AE 
touch  thefe  Curves  always  in  the  moveable  Points  of  In^erfe&ion  B  and  E, 

1  I  fay 
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I  fay  the  Fluxion  of  the  Curve  GB  is  to  the  Fluxion  of  the  Curve  GE 
in  a  Ratio  compounded  of  AB  :  AE  and  PB  :  PE  j  that  is  F.GB  ; 
F.GE::ABxPB:AExPE. 

For  let  the  revolving  Line  PB  move  forward  from  it's  Place  PB  into 
the  new  Place  P3,  while  at  the  feme  time  the  Tangent-lines  AB  and 
AE,  ftill  touching  the  Curves  come  into  the  new  Pofition  hb  and  Ae> 
fo  as  b  and  e  be  the  new  Points  of  Contact  and  Interfedtion:  and  let 
the  Line  P£  cut  AB  and  AE  in  the  moveable  Points  H  and  I.     Now 
fuppofe  the  Line  Yb  to  return  to  it's  former  Place  PB ;  by  which  means 
the  Lines  Ab  arid  Ae  will  return  to  their  former  Places  AB  and  AE, 
and  the  Points  A  and  a,  B,  b  and  H;  E,  e  and  I  at  laft  coincide.     In 
which  Cafe,  the  ultimate  Ratio  of  the  evanefcent  Augments  Bb  and  BH ; 
E*  and  EI  is  a  Ratio  of  Equality,  as  may  eafily  be  colle&ed  from  what 
was  demonftrated  the  latter  Part  of  Art.  41.  *:    for  the  ultimate*  Of  this 
Ratio  of  the  Arch  and  Tangent,  when  vanifhing,  is  a  Ratio  of  Equality,  Expiica- 
whatever  be  the  Angle,  which  the  fecant  Line  makes  with  the  Curve  Uon# 
or  Tangent.    Wherefore  Bb:  E*::  BH  :  EI;  when  vanishing :  but  in 
that  Cafe,  BH  :  EI : :  AB  X  PB  :  AE  x  PE  *     Therefore  alfo  the  ul-  *  Art.  16. 
timate  Ratio  of  the  evanefcent  Augments  B£and  Ee  is  ABxPB;0ft^Ex^ 
AE  x  PE.    Therefore  F.GB  :  F.GE  : :  AB  x  PB  :  AE  x  PE  *     As  Z7«°X 
was  to  be  proved.  of  thisEx- 

48.  Moreover  if  the  Line  PB,  inftead  of  revolving  about  the  im-  P11^011- 
movable  Point  P  as  a  Pole,  fhould  perpetually  touch  a  Curve  given  in 
Pofition  in  the  movable  Point  P,  the  Ratio  of  the  Fluxions  of  the  Curves 

GB  and  GE,  will  be  the  lame  as  before:  fince  the  ultimate  Ratio  of 
the  evanefcent  Augments  will  be  the  fame  as  before 5  as  will  eafily  ap- 
pear by  the  fame  way  of  reafoning:  fo  that  there  is  not  any  neceflity 
to  infift  particularly  upon  it. 

49.  This  Article  teaches  us  how  to  find  the  Fluxion  of  any  Power  Art.  1*. 
of  z  flowing  Quantity,  i.e.  to  find  the  Relation  betwixt  the  Fluxion  ^le 
of  any  Power  of  a  flowing  Quantity,  and  the  Fluxion  of  the  Root  or  ^  <rf 

Quantity  itfelf  *.  Carves. 

Let  rf  reprefent  any  flowing  Quantity,  fuppofed  to  flow  uniformly,  ofthiilx- 
and  xn  any  Power  of  that  Quantity :  let  x  be  increafed  by  the  fmall  piicatLal 
Augment  o,  fo  that  in  any  (hort  Space  of  Time,  it  may  become  x  -f-  o: 
then  in  the  fame  Time,  xn  will  become  x-f-oP ;  for  into  whatever  new 
State  or  Value  x  comes,  xn  muft  come  into  fuch  a  new  State  or  Value, 
as  that  ftill,  in  every  Place,  or  at  every  Inftant  of  Time,  it  muft  be 
the  »th  Power  of  the  Value  of  x  in  that  Place  or  at  that  Inftant  of 

Time.    Now  by  Sir  Ifaac  Newton' %  binomial  Theorem,  x-\-o\"  =  x* 


Where- 
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4-  nx«—  'o  +  n  x  ^-V-^oo  -f-  n  x  ^  X  ^V-'o1  +  &c. 
fore,  in  the  fame  Time  that  x  becomes  x  -f-  o,  x*  becomes  x"-\-nx*—  *o 
+  »  X  ^tf'-^oo  +  n  X  —^  X  ^p*-""  'o1  +  Gfr.  From  which  two 
new  Values  fubtrafting  the  former  Values  x  and  x*  refpe&ively,  the 
Remainders,  viz.  o  and  nx*-lo  -}-  n  X  ^Ix*-2oo  +  *  x  ^^  x 
^Z?x»-?0i  j^  qc%  arc  the  fynchronal  Increments:  and  if  both  be  di- 
vided by  o,  we  (hall  have   1  to  nx»*-1  -f-  n  x  ^^  x**~2o  -{-  #  x 

^^  X  ^^x^oo  +  &c.  for  the  Ratio  of  the  Augments  generated 

in  any  the  fame  Time,  and  that  whether  the  Increment  o  be  big  or 

fmall.     Now  the  Fluxions  of  Quantities  are  to  one  another  in  the 

prime  Ratio  of  the  nafcent  or  ultimate  Ratio  of  the  diminifhing, 

*  Art  28.  and  at  length  evanefcent  Augments  *.     But  by  'diminifhing  o  more 

^Ji*^"  and  more  continually,  the  prime  Ratio  of  the  nafcent,  or  ultimate 

y  cation,  j^k  Qf  tke  cyanefcent  Augments  will  be  that  of  1  to  we*-1,   be- 

caufe  the  varying  Ratio  of  1  to  nxn~x  +  *  X  ^px*-2o  +  n  x  — '  x 

— ^V^too  -f"  CSc.  (which  is  the  Ratio  of  the  Augments)  by  diminifhing 

o  continually;  before  o  vanifh,  comes  nearer  to  the  Ratio  of  1  to  nx*~l 
than  by  any  given  Difference,    Therefore  F.# :  F.#*  : :  1 :  nx»-\ 

50.  The  fame  thing  might  be  demon* 
(bated  with  greater  Form,  according  to 
the  fame  Principles:  but  waving  that  at 
this  Time,  I  mall  (hew  how  it  may  be 
demonftrated  by  a  geometrical  Conftruc- 
tion :  in  which  the  Quantities  x  and  x"  are 
reprefented  or  expounded  by  plain  Fi- 
gures. 

Suppofe  then  the  plain  Figure  ABC 

and  Rectangle  AG  to  be  defcribed  in  the 

fame  Time,  by  the  uniform  Motion  of 

the  right  Line  BCG  along  the  common 

Abfcite  AB.    Let  AB  =  x,    and    BG 

(=  AD)  be  the  Ordinate  of  the  flowing 

Re&angleAG,  and  let  the  given  right 

Line  AD  or  BG=i :  then  is  AG=  (1  x*=)  x.    Let  BC  be  the 

Ordinate  of  the  Figure  ABC,  whofe  Area  is  fuppofed  equal  to  xn.   Now 

let  the  plain  Figures  ABC  and  AG  be  fuppofed  firft  to  flow  by  Increafe, 

J  fo 
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fo  that  after  a  fliort  Time,  the  right  Line  BCG  may  come  into  the  new 
Place  beg:  again  let  them  be  fuppofed  to  flow  backwards,  by  decreaf- 
ing,-and  let  BCG  come  into  the  new  Place  j3*y.    Then  let  beg  and 
fay  return  again  to  BCG,  and  fall  in  with  it  at  the  feme  Time,  to  that 
Bb  and  B/3  may  be  always  equal.    And,  by  what  was  formerly  de- 
monftrated  *,  the  ultimate  Ratio  of  the  evanefcent  Augments  BbcC  and  *fAhr[s  |£ 
BArG  is  BC :  BGj  and,  for  the  fame  Reafon,  the  ultimate  Ratio  of  the  potion. 
evanefcent  Decrements  B|3kC  and  B/3yG,  is  alfo  BC :  BG.    Therefore, 
when  thefe  Increments  and  Decrements  are  juft  vanifhing,  we  have 
BbcC  :  B^gG  : :  B/3*C  :  B/3yG :  but  becaufe  B/3  is  always  equal  to  Bbt 
and  therefore  alfo  when  vanifhing,  hence  B^G  =  B/3yG,  therefore 
alfo  the  ultimate  Ratio  of  BbcC  and  B|8*C  is  a  Ratio  of  Equality,     Put 
then  B£=o=Bj3,  and  confequently  Ab=x-\~6  and  A/3=x--o;  and 
from  the  Property  of  the  Figure  ABC,  we  have  Abe  =x  +  ol*  == 
(by  Sir  Ifaac  Newton's  binomial  Theorem)  x*+nx*-*o+n  x  ^*«-2qo 
^.„x!lix  — x»-'o'  4-  &c i  and  A|3*=x— ol*=x«— nx»-*o-\-n  X 
^=-V-2oo— nx~x— Jc*-'©1  4-<fr.    From  the  former  fubtradl 
^BC=x»;  and  fubtract  the  latter  from  ABC==#*,  and  you'll  have 
wc«-'o-f »  X  ?=-V-2oo+»  X  ~  X  ^=-V-'oJ  +  *&.=  the  Augment 
Bbcd  and***-'o  — »x^**-'oo+nx^  X^'-V  —  Gf<r.= 
the  Decrement  Bj3*C.    Now  F.ABC  :  F.AG  ::  BbcC  :  B^gG  when 
vanifhing  * :  and  likewife  F.ABC :  F.AG  : :  B/3*C :  BjSyG,  when  va-  •  Art.  «8. 
nifhing.    Wherefore,  I  fay,  it  follows  that  F.ABC :  F.AG  : :  »**-'o :  «££? 
o  : :  nx*-1 :  1.  For  if  F.ABC :  F.AG  ^  «x»-'o :  o,  then  by  diminifhing  *-  - 
of  o,  wf-'o  -f  n  x  —V-'oo+a  X  ^  X  ^x^-'o'  +  &c-:  °  n^gl* 
become  at  length  lefs  than  nx*-*o  :  o,  which  can  never  be :  again,  if 
F.ABC :  F.AG  r  nx"-*o  To,  then  »x»-'o— »  x.^**-^2  -f  »  x ~ 
X  —x*-'o%  —  Qff. :  o,  by  diminifhing  o  continually,  might  at  length 
become  greater  than  nx*~Jo :  o,  which  can  never  be  either,  becaufe  in 
the  Series  »x»-'o—  «  X  =yJ«*-*oo+»>«=7i  X  ^p**-Jo'  —  {&.  (where        ^ 
the  Terms  are  the  fame  with  thofe  of  the  1  1*  Power  of  the  Refidual 
x  —  o,  wanting  the  firft  Term,  with  the  Signs  changed)  by  diminifh- 
ing ©  fufficiently,  each  Term  will  be  greater  than  the  fucceeding  one, 
and  therefore  the  Terms  being  affefted  with  the  Signs  4-  and  —  alter- 
nately, the  whole  Series,  by  diminifhing  o  in  infinitum^  can  never  be- 

\  I  come 
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come  greater  than  nx*~lo.  Wherefore,  fince  it  is  neither  F.ABC  : 
F.AG  ^nx*~lo  :  o  j  nor  yet  F.ABC  :  F.AG  7  nxn~lo  :  o,  it  follows 
that  F)ABC  :  F.AG  : :  nx»-lo :  o  : :  nx*~*  :  1. 

51.  Schol.  In  this  Demon  ftration,  the  Index  »of  x"f  is  pofitive;  but 
fuppofing  it  to  be  negative,  we  can  prove,  by  the  fame  way  of  Reafon- 
ing,  that  the  Fluxion  of  #  is  to  the  Fluxion  of  xr*  as  1  to  —  nx~*~l9 
Which  (hews  that  when  x  flows  by  Increafe,  xn  flows  by  Increafc  alio ; 
but  x-*  flows  by  Decreafe,  it's  Velocity  or  Fluxion  being  negative.  Bat 
farther,  it  appears,  1°,  That,  when  x  flows  uniformly  by  Increafe,  having 
it's  Fluxion  conftant  and  invariable,  if  n  be  pofitive  and  greater  than 
Unity,  the  Velocity  with  which  x"  increafes,  or  it's  Fluxion  is  con- 
tinually accelerated:  for  fuch  a  Number  being  fubftituted  for  ny  in  the 
Expreffion  »x*-!,  makes  the  Index  n — 1  pofitive:  and  therefore  it  is 
evident  the  greater  x  is,  the  greater  will  the  Quantity  nx*~l  be,  which 
earprefles  thd  Fluxion  of  **,  when  1  expreffes  the  Fluxion  of  x.  2°.  If 
n  be  pofitive,  but  lefs  than  Unity,  the  Index  n — 1,  in  the  Expreffion 
of  the  Fluxion  nx»-1,  becomes  negative  in  the  Numerator;  or  pofitive 
in  the  Denominator,  therefore  the  greater  x  is,  the  lefs  will  the  Value 
of  the  Expreffion  nx*-1  be:  wherefore  the  Velocity  with  which  x*  in- 
creafes, or  it's  Fluxion  is  continually  leffened  or  retarded.     30.  If  n  be 

negative,  whatever  be  it's  Value,  the  Expreffion  —  nxr*-1  or  —  — ~9 

having  the  Index  of  x  negative  in  the  Numerator;  or  pofitive  in  the 
Denominator,  ihews  the  greater  x  is,  the  lefs  will  the  Value  of  the  ne- 
gative Expreffion  —  »*-*-i  or ^  be,    Thepcfore  it  appeals  .fiom 

thence,  that  when  x  flows  uniformly  by  Increafe,  the  Quantity  at-* 'flows 
backward  or  by  Decreafe, with  aVelocity  continually  leflened  or  retarded* 

52.  Cor.  By  what  has  been  demonstrated  F.AG  :  F.ABC : :  1  : 
♦Art.  29.  a**"1 5  likewife  FAG:  F.ABC  ::  BG  :  BC*;  hence  BG  :  BC  ::  1  : 
afdVE  nx*~* :  but  BG=i,  therefore  BC  =  nx*~l.  Whence  it  follows,  that 
plkadonX  ft  the  Abfcife,  perpendicular  Ordinate  and  Area  of  a  Curve  be  called  x, 

y,  and" 2  relpe<ftivcly ;  and  z  =  x*  then  y  —  nxn~l:  and  conyerfely  if 
y=:nxn-1  exprefs  the  Relation  betwixt  the  Abfcifs  and  Ordinate,  then 
%—xn  expreffes  the  Relation  betwixt  the  Area  applied  to  Unity  and 
the  Abfcifs :  or,  if  the  Value  of  x  be  taken  from  the  Equation  y = n&~1 , 
and  infert  in  place  of  it,  in  the  Equation  z  =  **,  it  becomes  2  = 


•7J*— '  for  the  Relation  betwixt  the  Area  applied  to  Unity  and  the  Ordi- 
nate: or  laftly  by  taking  the  Value  of  xny  we  will  have  #=-£-;/*    for 
the  Relation  betwixt  the  Area  of  the  Curve,  and  the  Redtangle  contain- 
1  ed 
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cd  under  the  Abfcifs  and  Ordinate.    And  this  is  the  Foundation  of  the 

Quadrature  of  fimple  Curves  x. 

1  Prom  this  it  appears  that  if  nax"-1  ==y  exprefs  the  Relation  of  the 

Abfcils  and  Ordinate  of  a  Curve ;  where  a  denotes  any  given  Quantity : 

1  then  ax*z=zz  {hall  exhibit  the  Relation  betwixt  the  Abfcifs  and  Area  ap- 

\  plied  to  Unity:  and  converfely,  if  z=ax»,  then  y=znax*~l. 

For  fince  nx*~l  and  nax*-1  are  in  a  given  or  conftant  Ratio,  viz. 
1  that  of  1  to  a :  it  follows,  by  Compofition,  that  the  Areas  of  the  Curve* 

1  which  have  nxn~l  and  nax*-1  for  their  Ordinates,  and  x  for  their  com- 

!  mon  Abfcifs,  will  be  in  the  lame  given  Ratio.:  but  when  y=nx"-1,  it 

1  is  z  =  x9  (as  has  been  (hewn)  therefore  when  y  =  nax*~l9  it  will  be 

1  z—ax*.    Wherefore  alfo  converfely,   if  zz=axn%  it  follows  that  ^= 

•  nax11-1.    The  lame  Thing  may  be  eafily  detnonftrated  by  the  Help  *  Of  th* 

of  Art.  38,  39,40*  ■  *** 

I  53.  After  our  Author  has  obferved  in  this  Article,  that  by  like  ways  Art.  12. 

i  of  reafoning,    in  the  Method  of  prime  and  ultimate  Ratio's,    tne?[  **}c 

Fluxions  of  right  and  curve  Lines  in  all  Cafes  whatfoever;  the  Fluxions  uJc  0f 
likewife  of  Surfaces,  Angles  and  other  Quantities  may  be  inveftigated ;  Curvet. 
he  defires  it  may  be  remarked,  that  the  manner  of  proceeding  in  the 
Dodtrine  of  Fluxions,  by  means  of  prime  and  ultimate  Ratio's,  is  per* 
fe£Hy  agreeable  to  the  Analyfis  of  the  Ancients:  and  that  there  is  not 
any  neceflity  of  introducing  into  Geometry,  by  the  Method  of  Fluxions, 
Figures  infinitely  fmall. 

This  is  carefully  to  be  obferved :  and  the  Truth  of  it  will  appear  by 
confidering,  that  the  Method  which  he  takes  in  the  feveral  Examples, 
,  contained  in  this  Introduction  to  his  Treatife  of  the  Quadrature  of 

Curves,  is  this:  firft  he  determines  the  Ratio's  of  the  cotemporaneous 
!  or  fynchronal  Increments,  by  fuch  general  Expreflions,  as  are  capable1 

of  being  applied  to  thefe  Increments  whether  taken  great  or  fmall; 
or  whether  generated  in  a  greater  or  left,  only  the  lame  Time :  then, 
from  thefe  general  Expreffions,  he  finds  in  particular,  what  muft  be 
the  prime  or  ultimate  Ratio's  of  thefe  Increments,  confidered  as  juft 
arifing  or  vanilhing.  Which  is  certainly  a  juft  and  geometrical  way 
of  proceeding;  to  give  an  univerlal  Solution  of  a  Problem,  applicable 
to  all  poflible  Cafes,  and  then  apply  it  to  one  particular  determinate 
Cafe.  This  Method  of  Solution  is  the  moft  elegant;  as  well  as  moft 
ufeful  of  any  other,  and  what  is  commonly  made  ufe  of  both  in  the 
Analyfis  of  the  Ancients ;  and  that  of  the  Moderns.     Thus  in  deter- 

x  See  oar  Author's  admirable  Treatife,  Analyfis  by  Equations  of  an- infinite  Number  of  Terms, 
Rule  firft,  and  it's  Demonstration  towards  the  End  of  that  Treatife :  likewife  his  Method  of 
Fluxions  and  infinite  Series,  Prob.  9. 

I  z  mining 


60  The  Quadrature  ^/"Curves  explained. 

mining  the  Fluxion  of  x»f  or  rather  the  Ratio  of  the  Fluxion  of  x»  to 
the  Fluxion  of  x:  he  firft  (hews  that  the  Ratio  of  their  fynchronal  In* 
crements,  whether  thefe  Increments  be  great  or  fmall,  or,  which  is 
the  feme,  whatever  the  Time  be,  wherein  thefe  cotemporaneous  Incre- 
ments are  generated,  is  thatof  nx*~l  -f-  "%  7  ***~2o4"  *'~~3** +  *"**" ,po 
4-  &c.  to  i.  Which  expreffes  the  Ratio  of  thefe  Increments  at  all 
Times  and  in  every  Cafe:  and  therefore  alfo,  when  thefe  Increments 
are  juft  arifing;  or  juft  vanithing,  as  well  as  at  any  other  Time;  and 
then  he  (hews  that  the  forefaid  Ratio,  in  that  particular  Cafe,  when 
the  Increments  are  juft  arifing  or  vanishing,  becomes  the  fame  with 
npcP*1  :  i  \  The  fame  way  of  reafoning  may  be  obferved,  in  the  other 
*  Examples  propofed  in  this  Introduction :  thus  in  the  Example  at  Art.  9, 
in  which  our  Author  propofes  to  determine  the  Ratio  of  the  Fluxions 
of  the  flowing  Lines  AB  and  AE :  he  firft  demonftratps,  ^hat  their  fyn- 
chronal Increments  B£  and  E<%  in  all  Cafes,  whether,; the fe  Iijpfiements 
be  great  or  fmall,  are  as  Ab  x  PB  to  he x  PE:  thai  he  (hews  what 
that  variable  Ratio,  ftill  cxprefled  by  finite  Lines,  will  be,  in  that  par- 
ticular Cafe,  when  the  Augments  are  juft  arifing;  or  juft  vanishing: 
and  he  demonftrates  that  it  will,  in  that  Cafe,  become  the  feme  with 
the  Ratio  of  AB  x  PB  to  AE  X  PE,  and  therefore  he  infers,  in  confe- 
quence  of  what  was  formerly  demonftrated,  that  the  fame  is  the  Ratio 
of  the  Fluxions  of  the  Lines  AB  and  AE.  And  thus  it  is  evident,  by 
this  way  of  proceeding,  as  our  Author  obferves,  that  the  Analyfis  is 
carried  on,  and  the  Fluxions  of  flowing  or  variable  Quantities  are  ex- 
pounded by  finite  Quantities:  and  although,  as  he  obferves,  the  Ana- 
lyfis may  be  performed  by  means  of  Figures  either  finite  or  infinitely 
fmall,  which  arefuppofed,  fimilar  to  the  evanefcent  Figures;  or  yet 
by  Figures,  which,  by  the  Method  of  Indivifibles,  are  accounted  as  in* 
finitely  fmall;  yet  fince  the  Method  of  Indivifibles  is  reckoned  not  fo 
agreeable  to  the  Principles  of  drift  Geometry;  and  our  Ideas  of  infinite- 

1  Hence  it  appears  that  there  is  no  Fallacy  or  Paralogifm  in  this  Method  of  Reafoning, 
made  ufe  of  by  the  ingenious  In  venter,  for  finding  the  Fluxion  of  x*,  as  is  alledged  by  the 
Attthor  of  the  Anttlyji.    See  Art.  13, 14, 15,  16  of  that  Piece.    For  k  is  moft  evident  that 

nxn~x  -f-  —^-x*~*o  +$tc:  1,  expreffes  the  Ratio  of  the  fynchronal  increments  of  x*  and 

x  in  every  Cafe  :  but  when  thefe  Increments  are  fuppofed  to  he  diminifhed  continually  until 
they  vanifh,  there  nruft  be  fome  laft  Ratio,  with  which  they  vanifh,  otherwife  they  never  could 
vaniih :  and  fince  it  is  demonftrated  that  the  ultimate  Ratio  with  which  the  Augments  vanifh. 

can  neither  be  lefs  nor  greater  than  the  Ratio  of  nxn~  to  1,  it  follows  that  the  ultimate  Ra- 
tio of  the  evanefcent  Increments  of  x*  and  x,  and  confeqoently  the  Ratio  of  their  Fluxions  is 

that  of***""1  to  1.  For  a  further  Anfwcr,  fee  a  Letter  to  the  Author  of  the  Amaiyft  by 
Fbilalctha  Cantabrigit*fu>  fag.  54. 
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Iy  little  Quantities  are  lefs  clear  and  diftinft,  therefore  I  think  thefe 
infinitely  little  Quantities;  or  fuch  as  are  efteemed  fo,  are  not  fo  proper 
to  be  introduced  into  Geometry,  when  we  can  obtain  our  End  without 
them.  And  Sir  Ifaac  feems  to  be  of  the  fame  Mind,  when  he  fub-, 
joins  at  the  End  of  this  Art.  Provided  one  proceed  cautioufly. 

54.  The  whole  Dottrine  of  Fluxions,  as  was  obferved  already,  is 
reduced  to  two  Problems:  viz.  From  the  Fluents  to  find  the  Fluxions: 
and  converfely,  From  the  Fluxions  to  find  the  Fluents.  The  laft  is  by 
far  the  moft  difficult  Problem :  in  the  Solution  of  which  there  are  dif- 
ferent Steps  and  Cafes,  according  to  the  different  Suppofitions  made  in 
the  State  of  the  Problem;  and  the  Number  of  flowing  Quantities,  and 
Fluxions,  which  enter  into  it.  The  firft  Step  of  the  Solution  is  equi- 
valent to  the  Quadrature  of  Curves :  and  is  in  effect  the  fame  with  tins. 
An  Equation  being  given  including  one  flowing  Quantity,  and  the 
Flufyon  of  another  uniformly  flowing  Quantity \  to  find  this  ether  in 
Terms  made  up  of  the  firft  mentioned  fiowing  Quantity  and  known 
Quantities,  where  fucn  Value  catn  be  found  in  finite  Terms,  the 
Curve  is  geometrically  quadrable,  /.  e.  it's  Area  may  be  compared  with 
a  right-lined  Figure :  fuch  as  the  Parabola.  But  where  fuch  Value  can- 
not be  had  in  finite  Terms,  the  Curve  cannot  be  fquared  geometrically  : 
fuch  are  the  Circle  and  Hyperbola.  What  our  incomparable  Author 
hath  done  in  this  Affair  will  appear  from  what  follows. 

Notes  on  the  Quadrature  of  Curves. 

SECT.    II. 
Containing  Notes  on  Articles  13  and  14. 

55.  /^\-U  R  Author  in  thefc  two  Articles  gives  us  a  fhort  Account  of 
V_y  the  Origin  and  Notation  of  Fluxions ;  and  of  their  Grada- 
tion or  different  Orders.  The  firft  two  Things  ftand  in  no  need  of 
any  further  IUuftration :  but  in  regard  the  Dodrine  of  fecond,  third 
and  fuperior  Orders  of  Fluxions  is  represented  as  altogether  chimerical 
by  a  late  Author '  already  mentioned,  without  any  fufficient  Founda- 
tion, I  judge  it  will  be  neceffary,  especially  for  the  fake  of  fuch  as  have 
been  lels  converfant  about  thefe  abftradt  Ideas,  for  whom  thefe  Notes 
are  principally  defigned,  to  explain  and  illuftrate  at  fome  Length  the 
different  Orders  of  Fluxions,  mentioned  but  flightly  by  our  Author  in 
this  Place. 

>  See  the  Anal/ft,  Art.  36-48. 

56.  If 
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r&  If  a  variable  or  flowing  Quantity  flow  uniformly,  fo  a*  to  ac- 
quire equal  Increments  in  equal  Times,  then  it  is  evident  it's  Fluxtonr 
or  Celerity  of  flowing  being  conftant  and  invariable,  that  Fluxion. 
muft  be  the  fame  in  every  Place,  and  at  every  Time :  wherefore  it  can* 
have  no  Fluxion  or  Mutation:  Fluxion  being  only  applicable  to  that 
which  is  variable,  or  flows  from  one  Value  to  another.  So  that  in  this 
Cafe  there  is  no  Fluxion  of  the  Fluxion,  or  no  fecond  Fluxion  of  the 
flowing  Quantity. 

$j.  But  if  tne  flowing  Quantity  don't  flow  equably  or  u/uformly  5 
but  be  either  continually  accelerated  or  retarded,  then  it  is  evident  that 
it's  Fluxion,,  or  Celerity  of  flowing,  being  different  at  different  Times, 
is  itfelf  a  variable,  indeterminate  or  flowing  Quantity;  and  therefore 
admits  of  a  Fluxion :  and  this  is  called  the  Fluxion  of  the  Fluxion,  or 
the  fecond  Fluxion  of  the  firft  flowing  Quantity. 

58.  Again  if  this  laft  or  fecond  Fluxion  be  conftant  and  invariable, 
there  is  no  third  Fluxion:  but  if  it  be  variable  and  inconftant,  then 
that  variable  Fluxion  or  Celerity,  may  be  itfelf  conlidered  as  a  flowing 
Quantity:  and  therefore  does  admit  of  a  Fluxion,  as  well  as  any  other 
variable  Quantity,  which  is  alfo  palled,  the  fecond  Fluxion  of  the  firft 
Fluxion;  and  tne  third  Fluxion  of  the  firft  flowing  Quantity.  And  fo 
we  may  proceed  to  fuperbr  Orders  of  Fluxions,  and  mat  without  end. 
For  the  Fluxion  of  any  flowing  Quantity,  being  nothing  elfc  but  it's 
Celerity  of  flowing:  and  Celerity  being  itfelf  a  Quantity,  there  is  no 
Reafon  why,  when  it  is  variable,  it  fhould  not  be  confidered  in  the 
fame  Light  with  any  other  flowing  Quantity,  in  this  Refped :  /'.  e.  why 
it  may  not  be  confidered  as  having  a  Fluxion,  which  exprefles  the 
fwifter  or  flower  Mutation,  with  which  that  Celerity  flows  or  changes : 
and  that  notwithftanding  of  what  has  been,  faid,  by  the  Author  of  the 
Analyft,  of  the  Abfurdity  of  fuppofihg  a  Celerity  of' a  Celerity.  But 
becaufe  it  is  fo  ftrenuoufly  infifted  upon,  that  the  Conception  of  any 
Fluxion,  particularly  of  a  fecond,  third  or  any  fubfequent  Fluxion,  is 
altogether  impoffiblc,  I  fhall  endeavour  fully  to  explain  this  Aflair,  in 
what  follows. 

59.  The  Fluxion  of  any  variable  or  flowipg:  Quantity,  being  the 
Velocity  or  Swiftncfs  with  which  it  flows  or  changes/By  Increafe  or  Dfc- 
creafe,  according  as  it  is  fuppofed  either  to  be  continually  increafing  or 
diminifhing,  the  moft  natural  artd»eafyway  of  reprefenting  and  ex- 
plaining a  Fluxion,  will  be  by  fuch  Quantities  as  Space  may  be  proper- 
ly applied  to,  or  predicated  of :  fuch  are  geometrical  Quantities,  other- 
wife  called  Magnitudes,  viz.  Lines,  Surfaces  and  Solids,  to  which  one 
or  more  Dimenfions  are  applicable. 

60.  Now 
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60.  Now  as  the  Velocity  with  which  any  geometrical  Quantity 
flows,  by  augmenting  or  dimintfhing,  includes  Time  and  Space  in  the 
Notion  of  it,  whereby  it  may  he  foeafured  and  determined;  it  will  be 
proper  to  obferve,  that,  when  the  variable  or  flowing  Magnitude  is  a 
Line,  it  is  fuppofed  to  be  generated  or  produced  by  the  continual  Mo- 
tion or  Flowing  of  a  Point:  and  then,  the  Fluxion  of  the  flowing  Line* 
at  any  Time,  is  mod  naturally  meafured  by  the  Length  which  the 
moving  Point  would  run  over  in  a  certain  given  Time,  fuppofing  the 
Velocity,  with  which  the  Point  moves,  continued  invariably  the  feme, 
during  the  given  Time,  that  it  was  at  that  Inftant,  or  at  that  particular 
Place,  when  and  where  it's  Fluxion  is  fpoke  of  and  enquired  after.  If 
the  flowing  Quantity  be  a  Superficies,  it  is  fuppofed  to  be  generated  dr 
produced  by  the  continual  Motion  of  a  Line:  and  the  Fluxion  of  the 
flowing  fuperficial  Space  at  any  Place,  or  Inftant  of  Time,  during  the 
flowing,  is  naturally  meafured  by  the  Quantity  of  fuperficial  Space, 
that  would  be  defcribed  in  a  certain  given  Time,  by  fuppofing  the  ge- 
nerating Line,  continuing  invariably  the  fame,  to  be  carried  along  an- 
other Line,  with  an  uniform  Motion,  and  thereby  defcribe  a  Space, 
which  increafcs  equably,  and  juft  as  fail  through  the  whole  given  Time, 
as  the  flowing  fuperficial  Space  increafed  at  that  Place  or  Inftant  of 
Time.  Laftly,  if  the  flowing. Quantity  be  a  Solid,  it  is  fuppofed  to  be 
generated  by  the  Motion  of  a  plain  Figure:  and  the  Fluxion  of  the 
Solid  at  any  Time  or  Place,  is  naturally  meafured  by  the  Quantity  of 
iblid  Space  that  would  be  defcribed  by  the  generating  plain  Figure  con* 
tinuing  invariably  the  fame,  and  drawn  along  a  right  Line,  with  an 
uniform  Motion,  fo  as  to  make  the  folid  Space  increafe,  through. the 
whole  given  Time,  juft  as  faft  as  the  flowing  Quantity  increafes  at  that 
particular  Place  or  Inftant  of  Time:  when  it's  Fluxion  fe  foiight. 

6 1.  This  is  the  moft  eafy  and  natural  Way  to  conceive  the  Meafure 
of  the  Fluxion  of  flowing  Magnitudes:  but  notwithftanding  of  this, 
the  Fluxion  of  any  Magnitude  may  be  reprefented  or  expounded,  by  a 
Magnitude  of  any  kind,  provided  it  be  always  proportional  to  that 
Fluxion :  thus  the  Fluxions  of  Superficies's  and  Solids ;  as  well  as  of 
Lines,  may  be  expounded  by  Lines,  which  are  the  moft  fimple  kind 
of  Magnitudes,  provided  thefe  Lines,  by  which  they  are  expounded 
and  reprefented,  be  always  proportional  to  thefe  Fluxions :  juft  as  Euclid 
-has  reprefented  all  Magnitudes  by  right  Lines,  in  the  5th  Book  of  the 
Elements.  Thus,  as  has  been  (hewn  already,  when  a  plain  Figure  is 
generated  by  the  uniform  Motibn  of  thfe  Ordiriate  along  the  Abfeifs, 
the  Fluxion  of  the  plain  Figure  is  always  as  the  Ordinate :  and  there- 
fore may  be  expounded  thereby. 

62.  When 
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62.  When  Fluxion  or  Velocity  of  flowing  is  applied  to  other  Quan- 
tities, it  muft  be  underftood  in  an  analogical  Senfe,  it  being  applied 
to  them,  becaufe  of  the  Similitude  there  is  betwixt  the  increafing  and 
diminifhing  of  any  Quantity  whatsoever,  which  is  fuppofed  to  be  con- 
tinually patting  from  one  State  or  Value  to  another;  and  the  increafing 
and  diminishing  of  flowing  or  variable  Magnitudes. 

Now  the  whole  Bufinefs  of  the  different  Orders  of  Fluxions  may  be 
explained  in  the  following  manner. 

63.  Let  ABC  be  a  plain  Figure  generated  or  defcribed,  by  the  uni- 
form or  equable  Motion  of  it's  Ordinate  BC,  along  the  Bafe  or  Abfcifs 
AB,  always  at  right  Angles  to  each  other:  and  putting  the  Abfci& 
AB=#,  let  the  Nature  of  the  Figure  be  fuch,  that  it's  Area  ABC — ax9  * 
where  a  is  any  given  or  invariable  Quantity  5  and  n  any  indefinite  Index 
to  x :  and  let  AG = 1 .  Now  fuppofe  the  Fluxion  or  the  Abfciis  AB, 
u  e.  the  Velocity  with  which  the  Point  B  moves,  which  is  equable  and 
uniform,  to  be  fuch  that  in  a  given  Time,  fuppofe  a  Second  of  Time, 
it  moves  through  a  Space  equal  to  AG=  1 .  Draw  AH  perpendicular 
to  AG  and  equal  to  it:  and  let  the  Reftangle  HB  be  defcribed,  at  the 
fame  Time  with  ABC,  by  it's  invariable  Ordinate  equal  to  AH  or 
Unity.  Then  'tis  evident,  that  in  the  fame  Time,  the  Point  B  moves 
through  a  linear  Space  equal  to  AG  or  1,  the  Ordinate  of  the  ReOangle 
BH  will  move  through  or  defcribe  a  fuperficial  Space  equal  to  AG  x  AH 
or  the  Square  of  1 :  that  is,  it  will  do  it  in  a  Second  of  Time.  But, 
if  the  Velocity  with  which  the  Area  ABC  increafes,  were  continued 

*fthiili'  *nvar^y  *kc  &&&*  f°r  a  fecond  of  Time,  or  which  is  the  fame  *, 

^Ucation  "if  the  Ordinate  BC  continued  invariably  the  lame,  moving  along  AB, 

the  fuperficial  Space  defcribed  by  BC,  in  a  Second  of  Time,  would  be 

BC  x  AG  =  BC  x  1.    Therefore  AG  X  AH  or  a  fuperficial  Unite,  be- 

ing  theMeafure  of  the  Fluxion  of  the  Rectangle  HB=AB  x  1 ;  BC 

X  AG=BCx  1  will  be  theMeafure  of  the  Fluxion  of  the  flowing 

Area  ABC*     But  fince  ABC  =  *#*,  it  appears  from  what  was  for- 

•An-  47-  mcrly  demonstrated *,  that  the  Ordinate  BC=znaxnmmlJ  therefore  the 

piiwt£  fuperficial  Space,  which  is  the  Meafure  of  the  Fluxion  of  ABC,  may 

Jikewife  be  exprefled  by  tun?*1  x  1  Or  naxn-\ 

64.  Now  the  Expreflion  naxn~\  when  AB  =  x  flows,  denotes  a 
yariable  or  flowing  Quantity,  unlefe  when  n=  j :   and  a  Quantity 

rid*  Ex'  flowing  by  Increafe,  when  n  —  r  is  pofitive  *,  and  x  increafes :  there- 
plication,  fore  the  Fluxion  of  ABC  is  itfelf  a  yariable  or  flowing  Quantity,  /.  e. 
the  Celerity  with  which  ABC  Aqws,  is  continually  flowing  or  varying 
as  to  it's  Value,  which,  in  this  Cafe,  grows  ftill  grpatcr  and  greater.  Sup- 

1  pofe 
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pofe  then  another  plain  Figure  ABD,  whofc  Area  ABD=BCx 

AG  or  natf"1  X  i  =  ««"'.  Qj 
defcribed  by  it's  Ordinate  BD, 
moving  along  AB,  at  the  fame 
Time  ABC  is  defcribed  by  it's 
Ordinate  BC:  then  the  Fluxi- 
on of  ABC  is  meafured  and 
expounded  by  ABD,  which 
continually  flows  bylncreafe. 
But  the  Fluxion  of  ABD,  or 
the  Velocity  with  which  it  en- 
creates,  is  fucb,  as  would  be 
fufficient  to  defcribe  a  fuper- 
ficial Space  equal  to  BD  X 
AG  =  BD  x  i,  in  the  fame 
Time  the  Point  B  defcribes  the 
linear  Unite;  the  Ordinate  of 
the  Reftangle  HB  defcribes  the 
fuperficial  Unite ;  or  the  Or- 
dinate BC  of  the  Figure  ABC, 
continuing  invariably  the  fame, 
would  defcribe  the  fuperficial 
Space  BC  X  i  ;  viz.  in  a  Se- 
cond of  Time  }  as  eafily  ap- 
pears from  what  has  been  laid 
with  refpecT:  to  the  flowing  of 
ABC:  therefore  BD  x  i=BD 
X  AG  is  the  Meafure  of  the 
Velocity,  with  which  ABD  flows  or  increafes :  confequently  BD  xAG 
or  BD  X  i,  is  proportional  to,  and  therefore  may  be  the  Exponent  of 
the  Celerity,  with  which  the  Fluxion  of  ABC  changes,  i.e.  it  is  pro- 
portional to,  or  the  Exponent  of  the  Fluxion  of  the  Fluxion  of  ABC, 
which  is  called  the  fecond  Fluxion  of  ABC.  But,  fince  the  Area 
ABD=«gx"~'  X  i  or  nax"1,  the  Ordinate  BD=«x»— i  X<wc*~2 
or  n* — n  x  *x"-2  *,  therefore  n* — n  x  at?-2  x  i  =  «*— »  X  a x*~z 

the  Exponent  of  the  fecond  Fluxion  of  ABC.     

6  c.  Again  if  n 


6S 


_„.      G  2,  then**  —  »x***~2  =  4  —  2X*x°  =  2tf  is  a 

conftant  or  invariable  Quantity:  in  which  Cafe  the  Fluxion  of  ABD, 
or  the  fecond  Fluxion  of  ABC  is  conftant  and  invariable,  fince  it's  Ex- 
ponent b  fo :  confequendy  ABC  will  have  no  third  Fluxion,  which 

K  denotes 


IS  *  Art.  52. 
of  this  Ex- 
plication* 
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denotes  the  Celerity  of  the  Mutation  of  the  fecond  Fluxion.  This  wilB 
happen,  when  ABC  is  a  right  angled  Triangle,,  having  it's  Bafe  equal 
to  zax:  and  then  ABD  is  a  Re&angle,  having  the  Abfcifs  AB  for  it's 
variable  Altitude,  and  the  invariable  Line  denoted  by  za  for  it's  Bafe*. 
But  if  n  be  not  equal  to  2,  the  Expreffion  nx — n  X  ax?~2  is  variable  r 

*  Art.  *i.  and  if  n  z?  2,  it  is  always  increafing,  as  x  increafes  *»    In  which  Cafe,. 

JuSta?"  fuPP°fe  ABE  another  plain  Figure,  having  it's  Area  equal  to  BD  X  Aa 
or  BD  x  i  =»*  —  n  x  ax*~2  X  i  or  n%  — n  x  **""•*  i  and  let  it  be.  dc- 
fcribed  by  the  Motion  of  it's  Ordinate  BE  along  the  common  Ab- 
fcifs AB,  at  the  fame  Time  ABC  and  ABD  an  described  by  their 
Ordinates  BC  and  BD.  Then  it  appears,  by  the  fame  way  of  rea- 
foning  as  before,  that  the  Area  ABE  is  always  proportional  to*  or 
the  Exponent  of  the  fecond  Fluxion  of  ABC:  and  further,,  that  the 
Velocity  with  which  the  flowing  Area  ABE  increafes  is  meafurcd  by 
BE  x  AG=BE  x  i :  Therefore  the  Velocity  with  which  ABE  in- 
creafes or  it's  Fluxion  will  be  always  proportional  to*  or  the  Exponcat 
of  the  fecond  Fluxion  of  ABD  j  and  of  the  third  Fluxion  of  ARC* 
or,  which  is  the  fame  thing  BE  x  AG=BE  x  *  is  always  proportional 
to  and  confequently  the  Exponent  of  the  third  Fluxion  of  ABC,  More- 
over fince  ABEj=j£— *nX4U?~\  the  Ordinate  BE=n%  —  *x*  —  & 

oft£s£l  x"**~3  *  =»f—  $n* -\- 2*Xax*~h  therefore  n*~  &*-\-zn x 

plication.  axn~*  is  Kkcwife  the  Exponent  of  Ac  firft  Fluxion  of  ABE;  of  the  fe- 
cond Fluxion  of  ABD ;  and.  of  the  third  Fluxion  of  the  firft  flowing; 
Area  ABC.  Now  ifx  in  the  Expreffion  ao£y  which  is  the  Value  of  the; 
Area  ABC,  we  fbppofe  tf  =  T|Tan<*  *=*>  we  flull  have  EE  = 
(»* — 3/**+2*  X  ^,"3=)  x*  t  which  fhews  that  ABE  is  the  Apollonian, 
or  common  Parabola*  having  AG  =  i  for  the  Parameter  of  the  Axis.. 
Again  if  ABFa  be  a  plain  Figure,  defcribed  by  the  uniform  Motion- 
of  it's  Ordinate  BF  along  AB,  together  with  the  other  plain  Figures  $, 
fochr  that  irt  Area  ABF* .=  BE  x  AG  =  BE  x  i  =;»*—  3**4-  zn  x 
*x*~3  X^  then  the  Area  ABF**  will  alfo  be  proportiooaL  to*  or  the 
Exponent  of  the  firft  Fluxion  of  ABE ;  of  the  feooiw  Fkuooa  of  ABD  r> 
and  of  the  third  Fluxion  of  the  fixft  flowing  Area  ABC. 

66.  And  thus  we  might  proceed  to  fubfequent  Orders  of  Fluxions  ^ 
which  will  run  on  infinitely,  if  the  indefinite  Index  of  xy  viz..  n  being 
pofitive,  be  not  an  Integer;  or  whatever  it  be,,  if  negative:  becaufe  in 
every  fiich  Gtfe,,  the  Exponent  of  x-  in  the  Expreffion  of.  any  of  the: 
flowing  Areas,  in  th*£eries  of  plain  Figures,  can  never  become  no- 
thing :  and  therefore  the  Exponents  of  their  Fluxions  will  always  be 
variable :  and  confequently  no.  Fluxion  of  any  Order*  in  that  Cafe,  can: 

ever 
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«ver  be  tconftant  Quantity.    Only  it  may  be  obferved,  that  when  the 
Exponent  of  the  Power  of  #,  in  the  Expreffion  of  the  Area  of  any 
Curve   intheProgreffionof  Curvilinear  Areas,  becomes  negative,  the 
Fluxion  of  that  Area  mnft  likewife  be  negative*:  for  that  Area  di-  *  Artyt. 
minifhes  as  *  increafcs ;  and  therefore  is  pofited  below  die  Ordinate ;  jJJ-Jj 
confequently  it  is  fo  far  from  having  any  Velocity  of  Increafc,  that*" 
noon  the  contrary,  it  decreafcs  or  diminishes,  and  fo  the  Velocity  with 
Jhich  it  dUminiflre,  is  call'd  a  negative  Fluxion.    Thus,  if  we  fuppofe 
.  __  _•_  and  n = h  as  formerly,  and  confequently  ABE  a  Parabola, 
then  the  Curve  «F  will  be  of  the  hyperbolical  Kind,  approaching  the 
Affymptc^AB  ami  AH  continually:  and  it's  Area  ABF«  being  equal 

to  BExi=**xi=**,  *•  °rdinate  BF=**~*  or^*»  and^£; 
therefore  it's  Fluxion  will  be  expounded  by  a  Curvilinear  Area  lying  pu<atiom 
below  the  Ordinate,  for  according  to  the  Order  of  the  Prqgreffion,  that 
Area  muft  be  r^  X 1  or  £*-*,  the  Fluxion  of  which  muft-be  negative. 

67  The  Progreffion  of  Curvilinear  Areas,  as  Exponents  of  the  various 
Orders  of  Fluxions  and  Fluents,  may  be  fuppofed  to  be  carried  on  like- 
wife  the  contrary  way.  Thus  if  ABA  be.a  Curvilinear  Figure,  having 
it'sOrdinate  BA  equal  to  the  Area  ABC  applied  to  AG  or  Unity:  and  if 
there  were  another  Curve,  whofe  Ordinate  is  equal  to  ABA  applied  to  AG, 
and  fo  on ;  that  would  conftitute  a  Series  of  Curves  running  the  contrary 
wav  fuch  that  every  Curvilinear  Area  in  this  Series  will  be  a  Fluent,  of 
which  the  immediately  preceding  is  the  Exponent  of  it's  Fluxion;  that 
two  Stepsbeforeit,  is  the  Exponent  of  it's  fecond  Fluxion,^.  And  thus 
the  Progreffion  of  Curves,  reckoning  from  ABC,  may  be  fuppofed  to 
be  carried  on  both  ways  in  inf. 

68.  And  thus,  I  have  endeavoured  to  explain  and  llluftrate  the 
whole  Affiur  of  the  different  Orders  of  Fluxions,  fo  as  to  fliew  and  de- 
monftrate  that  they  have  a  real  Foundation  in  Nature;  and  may  be 

60  Smce  the  Curvilinear  Areas  AM),  ABE,  ABF«,  &c.  are  equal 
totheOrdinatesBC,  BD,.BE,©:.  multiplied  by  AG  or  1  refpejtiye- 
lv  therefore  the  Ordinates  BC,  BD,  BE,  &c.  will  alfo  be  the  Expo- 
nents of  theftft,  fccond,  third,  ®c.  Fluxions  of  the  flowing  Area 

ABC 

70   But  it  may  be  proper  here  to  caution  the  Beginner,  that  he  don't 
TOOerftand  me,  as  if  I  faid,  that  >  the  Areas  ABD,  ABE,  ABF«,,  Gfr.      . 
or  the  Ordinat»BC,  BD,  BE,  &c.  were  really  the  firft    fecond, 
third  8c.  Fluxions  of  the  flowing  Area  ABC    They  are  only  Expo- 
nents of  tbofeFUwioos,  a*  being  proportional  to  them :  for  a  Fluxion, 

K  2  which 
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which  denotes  the  Celerity  of  Flowing  or  Mutation,  is  one  thing ;  and 
a  Surface,  or  a  Line  is  another:  although  a  Surface  or  a  Line  may  be 
proportional  toy  and  therefore  the  Exponent  of  a  Celerity.  So  that 
the  true  Meaning  of  the  thing  is  this:  Suppofe  BCFDE,  and  bfcde,  tQ 
be  two  different  Pofitions  of  the  Ordinates  of  the  Curves  already  men- 
tioned, generated  and  related  to  one  another  as  above,  the  firft  Fluxiog 
of  ABC  is  to  the  firft  Fluxion  of  Abe  as  ABD  to  Abd;  or  asBC  to  be  : 
the  fecond,  third,  &e.  Fluxions  of  ABC  are  to  the  fecond,  third,  Gfc 
Fluxions  of  Abe  refpedtively,  as  ABE,  ABF«,  &e.  to  Abe,  Abf*>  (3<u 
or  as  BD,  &E,  &e.  to  bd,  be,  &c.  refpe€tively. 

71.  From  what  has  been  (aid,  the  Truth  of  what  our  Author  ad- 

vances  in  Art.  14.  will  eafily  appear,  viz.  If  z.  z.  z.  z.  z.  z.  6Tc. 
*Jaz  —  zz.  ^az  —  zz.  ^az  —  zz.  ^az  —  zz.  ^az  —  zz±  &e. 
^^,^^.a^±^^+^^f^9&c.  be  Series^s  of  Quantities,  fo 

related  to  each  other*  that  every  fubfequent  Quantity  in  any  of  thefe  Se- 
ries's* is  the  Fluxion  of  the  preceding  Quantity ;  and  converfely  every  pre* 
ceding  Quantity  being  coniidered  as  Fluent  have  the  fucceeding  one  it's 
Fluxion :  I  fay.  if  this  be  the  Relation  of  the  Quantities  to  each  other,  then. 
every  preceding  Quantity  is  as  the  Area  of  a  Curvilinear  Figure,  whereof 
the  immediately  following  is  the  rectangular  Ordinate  and  z  the  Abfcilk 
*  Art.  29,  For  it  has  been  demonftrated  *  that  the  Fluxion  of  any  plain  Figure; 
oftht3Ex-as  ^^  (^  ^c  preceding  Fig.)  is  fuch,,  that  when  it  is  compared 
plication,  with  the  Fluxion  of  AB  the  Abfcifs;  or  rather  with  the  Fluxion  of  the 
Reftangle  AB  x  1,  there  arifcs  this  Analogy  F:AB  x  r  :  F-ABC  :  r  1  i 
BC.  Wherefore  if  the  Fluxion  of  AB  x  1  or  AB  be  denoted  by  t 
(which  is  fuppofed)  then  the  Fluxion  of  ABC  will  be  denoted  by  BC;, 
i.  e.  the  redtangular  Ordinate.  Confequently  if  any  Quantity  fuch  as 
da z  —  zz  exprefs  the  Area  of  a  Curve*  whofe  Abfcifs  is  z  1  and  z  =  t± 
as  is^  fuppofed,  then  Fdaz — zz  i.e.  ^az — *£?  =  the  rectangular 
Ordinate,  as  our  Author  affirms^  and  fo  of  others. 

SECT.     IIL 

Containing  .Notes  on  Art.  1 5 24* 

Explication  of  Prop.  L 
72.    ANY  Difficulty  there  is  in  our  Author's  Demonftration  of  this 
±\^  Propofition,  arifes  fromafliiming  oxy  oy  and  oz  for  the  fyn- 
ehronal  Increments  of  the  flowing  Quantities  *,  y  and  z :  and  neglect- 
ing thefe  Tfcrms,  which  involve  o-  at  the  Reiult  of  the  .Operation. 

a  73.  I£ 
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73*  If  the  fynchronal  Increments  of  #,  y  and  z,  be  fuppofed  to  have 
already  acquired  any  finite  Magnitude,  it  muft  be  acknowledged  that 
ox,  oy  and  oz  cannot  exprefs  fuch  Increments :  becaufe  ox,  oy  and  oz  are 
proportional  to  xy  y  and  z>  viz.  to  the  Fluxions  of  a:,  y  and  z\  or  the 
Velocities  with  which  they  flow  or  increafe,  juft  as  the  Increments  are 
beginning  to  arife:  but  finite  Increments  are  not  always  proportional  to 
the  Fluxions  of  the  flowing  Quantities,  fince  the  Velocities,  with  which 
thefe  finite  Increments  are  generated,  may  vary  during  the  Time  they 
are  generated :  therefore  ox,  oy>  oz  cannot  properly  exprefs  finite  Incre- 
ments.    But  it  was  fhewn  formerly  *,  that  the  lefs  the  fynchronal  In-  *  Art  27, 
crements  of  flowing  Quantities  are  5  or  the  lefs  the  Time  be,  in  which  of  this  E*- 
they  are  produced,  the  nearer  will  their  Ratio  approach  to  the  Ratio  of  P"**0011' 
the  Fluxions :  fo  as  that,  by  diminishing  thefe  Increments  y  or  the 
Time  in  which  they  are  generated,  continually  more  and  more,  the 
Ratio  of  the  Increments,   (hall  approach  nearer  to  the  Ratio  of  the 
Fluxions,  than  by  any  given  Difference 5  and  confequcrttly  their  ulti- 
mate Ratio  be  the  fame  with  the  Ratio  of  the  Fluxions.     Therefore  by 
ox,  oy,oz  we  muft  underftand  fynchronal  Increments  in  this  Senfe,  viz. 
fuch  as  are  indefinitely  fmall,  called  by  our  Author  Moment's  or  fynchro- 
nal momentaneous  Increments.    And  finely,  if  there  can  be  no  Increments 
how  fmall  fbever  afligned,  but  there  are  Increments  yet  lefs  and  lefs, 
aflign  as  fmall  ones  as  you  pleafe ;  he  may  be  allowed  to  aflume  a  No* 
tation  denoting  nafcent  or  evanefcent  Increments,  which  are  indefinitely 
fmall,  although  we  have  no  pofitive  adequate  Idea  of  fuch  Increments, 
or  Moments,     For  a  negative  Idea  is  fufficient,  in  many  Cafes,  for  de- 
termining the  Properties  .and  Proportions  of  Quantities.     What  other 
than  a  negative  Idea  have  I  of  the  infinite  Decimal  ,6666,  &c.  Yet 
I  can  demonftrate  that  it  is  exa&ly  equal  to  ~.     What  other  than  a 
negative  and  very  imperfect  Idea  has  any  one  of  Ji  ?  Yet  it  can  be 
{hewn  that  it  is  a  mean  Proportional  betwixt  1  and  2.     And  although 
all  Surds  are  negative  Ideas;  and  involve  ibme  kind  of  Infinity  in  them, 
yet  they  admit  of  arithmetical  Operations :  and  can  be  compared  with 
one  another.    Thus  though  none  can  tell  how  much  V2  and  V8  are 
feparatety :  yet  we  know  that  their  Produdt  is  4;  and  that  the  latter  is 
double  the  former.     After  the  fame  toanner,  though  the  momentaneous 
Increments  of  flowing  Quantities  cannot  be  diftindtly  and  adequately 
conceived  by  the  Mind,  yet  we  may  make  ufe  of  fome  kind  of  Nota- 
tion, by  way  of  Symbol  or  Reprefentation  of  them:  and  their  Relations* 
pi^y  be  determined  and  exprefs'd  by  finite  Quantities,  which  are  di- 
ftin&ly  conceived :  and  this  is  all  this  Proportion  requires  or  propofes.. 

74.  Thr 
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74.  The  other  thing  I  mentioned,  as  having  any  Difficulty,  in  the 
Demonftration  given  by  Sir  Ifaac  of  this  ift  Prop,  is  the  negle&ing  the 
Terms  of  the  Equation,  at  the  Refult  of  the  Operation,  wherein  the 
Quantity  o  is  found.  The  Reafon  of  it  is  affigned  briefly  by  himfelf  : 
'viz.  becaufe  the  Quantity  o  is  infinitely  diminifhed  and  vanishes.  For 
the  Equation,  expreffing  the  Relation  of  the  fynchronal  Augments,  will 
only  then  exprefs  the  Relation  of  the  Fluxions,  when  the  Quantity  o  is 
juft  vanishing:  but  when  that  Quantity  vanifties,  all  the  Terms  where- 
in it  is  found  mud:  vanifli  like  wife;  which  is  the  Reafon  of  their  being 
iiegle&ed  and  thrown  out. 

75*  But  in  regard  this  Propofition  lis  a  fundamental  one  5  and  con- 
tains the  Subftance  of  this  direct  Method  of  Fluxions,  I  (hall  (hew  how 
it  may  be  demonftrated  at  fuller  Length.  In  order  to  which,  it  will 
be  neceflary  to  (hew  how  the  Fluxion  of  any  (imple  Quantity ,  which 
contains  the  Produd  of  any  Number  of  flowing  Quantities  may  be  ia- 
veftigated. 

76.  Cafe  1.  When  the  flowing  Quantify  istheRe&angleorProduft 
of  two  flowing  Quantities,  as  xyi  fuppofe  x  and  jf  to  denote&e  Fluxions 
of  the  Fa&ors  x  and  y9  I  (ay  Fjcy = xy  ^yx.  ***" 

Put  z=zxy-y  and  let  x,  y9  z  denote  any  fynchftftial  Increments, 
great  or  fmall  of  the  flowing  Quantities  #,  y,z:(o  that  in  the  fame 
Time  that  x  becomes  x  -\~x>  y  and  z  may  become  y-\-y  and  z-\-z 
refpe&ively.  Then  becaufe'the  Equation  xy  =3  exhibits  the  Relation 
of  the  flawing  Quantities  #,  y  and  z  indifferently,  or  at  all  times,  into 
whatever  new  Values  they  pafi,  therefore  z-\-z=:x-\-x xy+y=z 

*9r+'57+*7  +  ?f:  take  away  *  fix>m  the  one  Kde  of  tte  Eqpaticm 
and  xy  equal  to  itj  from  the  other;  and  we  hare  z=xy  -\-xy  -f.  xy 
an  Equation  defining  the  Relation  of  the  Increments  generated  in  the 

<ame  Time,  great  or  fmall:  and  by  dividing  by  #,  it  is  ;p==)4-—  x 
+  y,  Now  fuppofe  the  Increments  a:,  y  and  z  to  be  diminifhed  in- 
finitely, foa&  to  be  juft  vanishing,  and  "in  their  uitimitc  Ratio :  in  that 
Cafe  the  Ratio  of  the  evanefcent  Increments,  is  the  fame  with  the 

*  Art.  28.  Ratio  of  the  Fluxions  *,  i.e.  ^-^4-and  ^-tt4- :  which  Values  he- 

»f  this  Ex-  *  *  *  * 

1*  *  *  •  *  • 

f  «tion,  j^  infcfjajtfc  Equation  becomes  Z-sszy  + j*  «f  ^jwhewtheTenn 
y,  being  infinitely  diminifhed,  vanifhes  and  goes  out:  consequently  we 
have  J  ==  y  4.  4-  x,  for  the  Relation  of  theFkurions,  /.  e.  z=xy+xy. 

•f^'S-  Batfince  2:=^^  »=F^*  therefore  F.xyszxy  4-  xy. 

*&**>+  z  77.Q0C. 
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77.  Cor.  1.  F.*x=:*x.  For  fuppofc  «x=z:  then  by  what  has 
been  faid  <*  xx+x  or  ax-\-ax=zz-\-z:  fubtraft<wc=z,  there  re- 
mains <**=?  or  «=^:  therefore  the  Increments  of  z  and  x  are  in  a 

given  Ratio :  confequently  their  Fluxions  are  in  the  fame  given  Ratio  *,  **£;££ 
i.e.  tf=j»  whence  tfx=«:  therefore  F*x=az.    The  fame  thing  plication 

eafUy  appears  from  Art  40*      .....  .  ^L^ 

78.  Cor.  2.  Fjcx = 2xx :  for  it  is  xx  -+-  xx  =  2xx.  {g^10*- 

79.  Cafe  2.  When  the  Fluent  is  the  Product  of  three  flowing  Quan- 
tities as  xyz,  I  %  Fjxyz = xy*  -f  xy«  4"  *?«•    For  put  xy = «,  tKcn 

xyz  =  *«,  therefore  fjyz  =  F.«2  *  =  uz-\-uz  * :  but  fince  xy=»,  *  Art.  40, 
&y^-xy=zu*  Wherefore  if  we  infer*  xy-f  xy  for  «  and  reftore  xy  of^£r 
for  *,  ia  the  Equation  F.xy« = »jc  -f"  «£,  we  have  F.xy« = xyz  -f  plication. 
xfe-j-xys. 

80.  Cor.  Fuixz^^axz-^axz.  Fmx*-=.tmxx.  For  the  flowing 
Quantities  xz,  axz\  and  x*,  ax*,  are  in  a  given  or  conftant Ratio,  viz. 

that  of  1  to  ax  therefore  their  Fluxions  are  in  the  fame  given  Ratio  * :  ^^^. 
but  F.xz=:*z  -|"  **»  ^  F***  ^  2**»  therefore  F.ox« = 0x2  -}-  .<*x«  plication*. 
and  F.*x*  =  2*xx.    Likewife  Fjc*=z2xx*t  for  h  is  xxx + xxx -\* 
*xx=3xx*. 

81.  Cafe  3.  When  the  Fluent  ia  the  Product  of  any  Number  of 
flowing  Quantities,  the  general  Rule  for  finding  the  Fluxion  in  every 
Cafe  is  this*  Multiply  the  Fluent  by  the  Index  of  the  Power  of  every 
flowing  Quantity  it  involves  j  and  in  every  Multiplication,,  change  the 
Root  of  the  Power  into  it's  Fluxion:  and  the  Aggregate  of  all  thefe 
Produ&s  is  the  Fluxion  required. 

For  when  the  Fluent  confifts  of  four  Dimenfions,  and  as  many  dif- 
ferent Letters,  as  xyzut  it's  Fluxion  is  xyzu  -{•  xyzu  -f-xyia  -^xyzu  z 
which  is  demonftrated  by  reducing  it  to  three,  viz.  by  putting  /=xy„ 
i.  e.  making  /  a  4th  Proportional  to  1,  x  and  y:  and  then  xyzu,z=.tzur 
thue£ottFjcyzit=F.fzuz=istu-\-txzu-\-zu*.    But  fince  t-=.xyy*kxvny.. 
* = iy  +  xy  *   therefore by  Reftitution,.  F.xyzu z=zxy-\-xy%zu  4-xy  JjjjJjjJ^" 
X  zu-\-zu = xyzu -\-  xyzu-\-  xyzu  -f-  xyzu-    And  thu*  by  means  of  'J^l?' 
a  Quantity  of  four  Dimenfions,  you  may  difcover  the  Fluxion  of  a  plication." 
Fluent  of  five  Dimenfions,  and  fo  on  1  in  fuch  manner,  that  he  who 
rightly  confiders  ~the  Procefs,  will  fee  this  Truth  demonftrated,.  viz.. 
That  the  Fluxion  of  any  Fluent,  which,  is  itfelf  a  fimple  Quantity,  i.e. 
a  Quantity  of  one  Term,,  be  it's  Dimenfions  what  they  will,  is  found 
by  fetting  down  the  Quantity  as  often  as  there  are  flowing  prime  Pivifors 

in* 
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in  it,  only  changing  each  prime  Divifor  into  it's  Fluxion,  in  ordfer, 
one  after  another,  and  taking  the  Sum  of  all,  after  the  Manner  of  the 
preceding  Examples.  Which  is  coincident  with  the  general  Rule  pre- 
ferred under  this  3d  Cafe :  or  at  leaft  manifeftly  included  in  it. 

However  that  the  general  Rule  may  be  more  clearly  demonstrated, 
take  the  Quantity  x'fz*  with  indefinite  Exponents :  and  I  lay  F#»ymz? 
=  nxxn-Yzp  +  mx"^-lz?-\-p>ffz2?-1..  For  let  it  be  1 :  x*:r  -::, 
iifzs  ::,  and  i:^:*~,  or  #*=:r,  /f  =  ^and  z?  =  t:  then 
F  .#*/**' = F.rst  =  rst  +  rst  4-  rst :  but  becaufe  #*  =  r  j  f = s  and 
rf=zt,  therefore  F.x*=wc*-f*=r : V.f=mgr^ly=isi  and  ¥x? 
=pz?-lz  =  i.  Substitute  for  r,  i  and  /  thefe  their  Values,  and  re- 
place **,  f  and  zf,  Jot  r9  s  and  /  in  the  Equation  FjcyV==rtf 
_|.rrf  4.  rsi,  and  we  have  F.x*/V  =  ntf^kfz*  -f  tnx"f-ly  -f 
pxnymzf~yz>  according  to  the  general  Rule. 

If  the  Fluent  have  any  conftant  or  invariable  Quantity  among  it's 

Fa&ors,  as  a%xy*z+  the  general  Rule  ftili  holds.    For  F.**xy*s*= 

azxy*z*  -f-  $a*xyy%z+  +  ^a%xy^zz^y  as  appears  from  what  has  been  faid 

already,  fince  xy*zfi  and  a%xy*&  are  in  a  given  Ratio,  and  therefore 

*  Art. 40.  their  Fluxions  in  that  fame  given  Ratio*:  But  that  likewife  is  the 

of  this  Ex-  Fluxion  of  a%xy*%*  according  to  the  general  Rule  above,  fince  a  =  o, 

plication.  an(j  therefore  the  Term  which  involves  a  equal  to  nothing  likewife, 

being  zaaxy^z*.  ■* 

82.  And  now  thefe  things  being  underftood,  the  Solution  of  our 
Author's  firft  Prop,  will  be  very  plain  and  eafy,  viz*  thus :  An  Equa- 
tion being  given  involving  any  number  of  flowing  Quantities,  tranfpofe 
all  the  negative  Terms  to  the  oppofite  Side,  that  all  may  become  pofitive, 
then  find  the  Fluxions  of  both  Sides,  by  taking  the  Aggregate  of  the 
Fluxions  of  all  the  Terms,  found  by  the  general  Rule  above :  put  the 
Fluxions  of  both  Sides  equal  to  each  other :  and  fo  you  (hall  nave  an 
Equation  exhibiting  the  Relation  of  the  Fluxions.  Thus  if  the  firft 
Equation  mentioned  in  this  Prop,  were  given,  viz.  x*—xy*-\-d*z — to 
=  o,  make  it  by  Tranfpofition  ftand  thus  #3  *\-a%z  =  xy%  +  b*.  Then 
take  the  Fluxions  of  both  Sides,  which,  being  the  Sum  of  the  Fluxions 
of  all  the  Terms,  I  do,  by  taking  the  Fluxion  of  each  Term,  and  add- 
ing them  together:  whereby  we  will  have  $xx% -\-azzz=ixy%  -f-  2xw; 
or  by  tranfpofing  all  to  one  Side,  3 wr*  —  xy%  —  2xyy  -J-  a%z  =  o,  tor 
the  Fluxion  of  b*  is  nothing.  Which  is  the  fame  with  that  difcovered 
by  our  Author :  and  defines  the  Relation  of  the  Fluxions,  in  as  far  as 
that  Relation  can  be  determined  from  one  Equation  only  including  the 
Rowing  Quantities. 
>  The 
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TheDcmonftration  of  this  Solution  is  founded  upon  Art.  40  #.  Where  *  Of  this 
it  was  fticwn  that  the  Fluxions  of  equal  Quantities  are  equal.  tfSf  ^ 

83.  It  is  evident  that  the  Solution  will  be  the  fame,  if  all  the  Quan- 
tities being  brought  to  one  Side,  and  made  equal  to  nothing,  the 
Fluxion  of  the  whole  be  taken  and  put  equal  to  nothing,  it  being  un» 
derftood  that  every  Part  of  the  Fluxion  of  a  negative  Term,  muft  have 
an  oppofite  Sign  to  what  it  would  have,  if  the  Term  were  pofitivel 
And  fo  the  Solution  will  be  the  fame  with  our  Author's. 

84.  But  becaufe  fractional  and  furd  Quantities  may  often  occur  in 

the  fluential  *  Equation  propofed,  as  in  our  Author's  2d Example*,  »Art.  \%. 
it  will  be  proper  to  fhew  more  particularly  how  the  Fluxions  of  fuch  of  ^ 
Quantities  are  to  be  found.     And  firft  with  Refpedt  to  fractional  Quan-  ^^Z 

titics.    Let  —  reprefent  any  fractional  Quantity,  having  both  Numr. CunrM- 

and  Denf.  flowing  Quantities.     Put  y:  x  : :  1  :  v;  or  —  =zv  or  yet 

x = vy :    then  x = vy  +  vy  *  •    and  by  Tranfpofition  and  Divifion  •  Art.  40. 

£  _  j^_  a  of  this  Ex*- 

^^=:v.    Reftore  —  for  v,  and  it  is  __jl_=2^2=t;,  i.e.  (be-  plication. 


y  » 


caufe  v  =  —*-)  -y- = S^2.  If  either  Numerator  or  Denominator 
was  a  conftant  Quantity,  it  is  only  putting  x  or  y  equal  to  nothing, 
and  the  Fluxion  will  be  inveftigated  the  fame  way.  By  which  way  of 
reafoning,  we  deduce  this  general  Rule  for  finding  the  Fluxion  of  a 
Fraction,  viz.  Multiply  the  Fluxion  of  the  Numerator  into  the  Deno- 
minator; fubtraCt  from  that  ProduCt  the  Fluxion  of  the  Denominator 
multiplied  into  the  Numerator :  and  divide  the  Difference  by  the  Square 

of  the  Denominator.     Thus  — *xT-z=z°~~K  **  — —  ~£-  or  —  ~ 

or  —  $a*xx-*.  Which  Expreflions  of  the  Fluxion  are  all  the  fame  in 
effect :  the  firft  being  the  Notation  arifing  from  the  Rule  for  finding 
the  Fluxion  of  a  Fraction ;  the  lafl  Notation  arifes  immediately  from  the 


«* 


Application  of  the  general  Rule  above  * :  for  -^zruPx^i  Likewife  *  Art.  Su 
^^^"^^^ffP^^tt^f-  By  the  lame  fSEZ 
way  of  reafoning  -'-=zi!LZ!5=— »x-»-'jf  which  is  a  further  De- 

X** 

monftration  of  Art.  51  *.  •  Of  thi» 

'  By  a  JLtntiat Equation  is  meant  an  Equation  containing  flowing  Quantities,  whereby  their  ^P1**- 
Rdation  is  determined  :  the  Equation  thence  deduced  according  to  this  firft  Prop. ;  or  even  tlon* 
any  other  propofed,  which  contains  Fluxions,  and  thereby  determines  the  Relation  of  the 
Fluxions,  is  called  a  fluxional  Equation. 

L  85.  Now 
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85.  Now  with  refped  to  the  Fluxions  of  Sunk:  let  4ax — x*  or 

ax — x2l »  be  aSurd  with  an  indefinite  Index.  In  order  to  findit's  Fluxion, 
1 

fuppofe  ax  —  **  *  =s=v  or  **—*■=  t^»  Take  the  Fluxions  of  both,  and 
we  have  ax  —  zxxz=zmnP-1 :  or,  by  dividing  both  by  W-1,       n_  t 
*i    Whence,   by  infcrting  the  Value  of  a;  in  place  of  it,  we  have 
*= — MX~2XX    t   ot±xax — xx*7~lxa* — zxx.    Which  is  in 

*  y.ax—xx  \   ""  * 

eflfedt  the  fame  with  what  it  ought  to  be,  according  to  the  Rule  for  find- 
•  Of  this  ing  the  Fluxion  of  any Tower  of  a  flowing  Quantity,  Art.  49  and  co  *r 

tion.       Gr  by  the  general  Rule  at  Art.  8 1  *.  Likewife  F.  x  *  =  —  xm     x.     For 


StL?"   x*=:j?r,  whofe  Fluxion,  by  what  has  been  now  faid,  is  ~ ^? 


t» 


.Xwr^'xss:  ^xm     xnx*-lx  =  — *•     *v     And  F.x    •  =  ,_ 
— x    •     x.    For*    *  =  "i,  whofe  Fluxion^  by  the  laft  ArUandby 


xM 

*    JL     .  • 


what  has  been  juft  now  fhewnx  k  ■  m      — =:—.— *-?-«, 


Wherefore  univerfally  the  Rule  for  finding  the  Fluxion  of  any  Power 
of  a  flowing  Quantity,  be  it's  Exponent  pofitive  or  negative;  integral 
6r  fra&ional,  and  whether  the  Quantity  atteded  by  the  Exponent  be 
fimple  or  compound,  is  this,  multiply  the  flowing  Quantity  by  the 
Exponent  of  the  Power,  diminish  the  Exponent  by  a  Unity,  and 
multiply  further  by  the  Fluxion  of  the  Quantity  or  Root :  agreeably  to 

*  Of  this  Art.  5a  and  51  *. 

Jfcpfoar        gg   Suppofe  now  the  Equation  x*  -r-  xf  +  wfax f b* =0 


the&mething,  3***  —  *y»  —  zxyy+  ^z^=0#   Which  exhibits 
the  Relation  of  x  and  jr..    And  fo  of  others. 

87.  Schol.  When  Fra&ions  and  Radicals,    involving  the  flowing. 
Quantities,  enter  the  fluential  Equation,  you  may  investigate  the  Equa- 
tion exhibiting  the  Relation  of  the  Fluxions,  by* Substitution  5  thus* 
let  the  Equation  x*—tf  +  ^y-xxJy^=zo  exprefi  the  Rela- 
tion 
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thmofxandjr:  put  ^^=sand  #W*y4-*»=«:  and  fbyou  will 

have  three  Equations,  viz.   xt  —  ay*  -f-  z  —  v  =  o,   <bs  -\-yz 4y» 

= o,  and  ax*y  -f-  #*  —  V  =  o :  the  firft  6f  which  gives  3***  —  zayy 
-J-  z  —  v=  o,  the  fecond  gives  az+zy-\-zy— 3%*=o,  and  the  third, 
4***^4-  tf#^y-4-6x*s—  2w=o,  for  the  Relations  of  x,  y,  z,  v. 
Now  by  Reduction  of  Equations  from  the  two  laft,  you  may  find  z  == 
2^  ^  v=  ^y±^y±^l,  whkh  Values  of  z  and  *  being 
fubftituted  in  place  of  them,  in  the  firft  of  the  three  fluxionary  Equa- 
tions, there  arifes  3**»  -  zayy  4-  ^^—  4*^+^+6*?  =0>  U 
by  reftoring  the  Values  of  z  and  vt  jry* — ^rgy  |  ff?T+att,i 

**Zy  +  t^  '  which  expreffes  the  Relation  of*  and  j.  And  after 
the  fame  manner  you  may  proceed,  when  there  are  other  more  com- 
plicate Terms,  in  the  fluential  Equation  propofed. 

88.  The  Fluxions  we  have  been  (peaking  of  hitherto,  under  this 
firft  Prop,  are  firft  Fluxions.    But  our  Author  proceeds  at  Art.  19.  *  to  *  Of  the 
(hew  how  fecond,  third  and  following  Fluxions  may  be  investigated.  °<sadn- 
And  he  tells  us,  it  is  only  by  repeating  the  fame  Operation,  by  which  Cunra. 
the  firft  Fluxions  are  found. 

Thus  if  we  take  the  fluential  Equation  zy*-—z}-\-a+=o  of  Art  19.  *:  *  Of  the 
from  it  we  deduce  this  fluxional  Equation  zyi  4-  3%yy*  —  4*%*  ~  o*  Op***- 
for  the  Relation  of  the  firft  Fluxions  z  and  y.    Which  Equation  may  cwf 
be  reduced  to  an  Analogy  4-  =  ^;^  or  z:y  ::  $zy* :  43*  _^ 
Again  from  the  Equation  zy*  +  $zyy%  —  4»s3=o,  by  confidering 
z  &ndy  as  flowing  Quantities  at  well  as  *  and  yt  we  deduce  this  other 
Equation  zy*  +  3%*  4.  $zyy*  4.  3zyy*  4.  bzyyy  --  4^1  —  t2zz»% 
=  o,  or  zyi  4-  tzyf  -\-  $zyf  4-  6zy*y  —  4ZZ*  —  ia«*a*=o,  con- 
taining the  fecond  Fluxions  of  z  and  y.    After  the  fame  manner,  by 
considering  z  and y,  as  well  as  a,  jr,  *  and/,  as  flowing  Quantities; 
and  applying  the  general  Rule  contained  in  this  Prop,  we  (hall  have 
4*3  4.  3%»  4. 6z^  4-  tzyy*  4-  ia^  4.  3%»  4. Szjy*  4.  6s#y 
+  *>%yy  +  I2zy»  4-  6a^y — 4zz*  •—  I2»«a*  —  2^zzz%  —  242?^ 
=0,  or,  by  adding  fimilar  Terms  zy* -\- gzyy* -\- gzyy* -±.  \Zzy*y 

4-  ytfy*  4.  j  %Zy*yy  4.  fo^J  _.  ^.j  _  tfz&Z*  —  S^Sf  =  O,    an  E- 

quation  containing  the  third  Fluxions  of  the  flowing  Quantities  *  and/. 
And  fo  we  might  proceed  to  Equations  containing  the Tubfequent  Orders 
of  Fluxions.    The  Reafon  of  which  Operations  is  plainly  contained  in 

La  what 
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what  has  been  faid  already,  with  refpedt  to  the  finding  an  Equation 
containing  the  Relation  of  the  firft  Fluxions  from  a  fluential  Equation 
propofed.  For  although  the  fluential  Equation  contain  three  or  more 
flowing  Quantities,  a  fluxional  Equation,  may  notwithftanding,  be  de- 
duced from  it,  exhibiting  the  Relation  of  the  Fluxions :  by  proceeding 
according  to  the  general  Rule. 

89.  If  we  refume  the  fluential  Equation  at  the  Beginning  of  the  laft 
Art.  viz.  zy*  —  z*  -f-  a*  =  o,  and  the  Relation  of  z  and  y  thence  de- 
rived, viz.  4=    **'  ?,  the  firft  exprefles  the  Relation  of  the  flowing 

Quantities  x  and  y  at  all  Times,  or  in  every  State;  and  the  other,  the 
Relation  of  their  Fluxions,  at  all  Times,  in  Terms  made  up  of  z  and  y. 
Wherefore  if  wc  affumc  a  particular  determinate  Value  for  z  ory,  the 
corresponding  Value  of  the  other  may  be  found,  from  the  firft  Equa- 
tion and  thereby  the  Ratio  of  z  andjp  or  4  will  be  wholly  known. 

Thus  fuppofe  that  at  any  Time  z  =  2a :  then  by  fubftituting  lza  for  ar, 
in  the  Equation  zy*  —  z+  -j-  at  —  o,    wc  have  2ay*  —  15a4  =:  o, 

whence  ^=:iij3  or  jf=W-^.  Subftitute  thefe  Values  of  sand  j 
in  the  Exprcflion  of  the  Ratio  of  z  and  y,  and  it  becomes  ~  = 

6*VUI       12^/iii      4/97*00      -    lt       f  _         .       „- .  ,  „ 
7^7=    49  *  ="j wholly  a  known  Quantity.  Which fhews 

32*J— 7-  \/1!7649 

that,  at  what  Time  or  Place,  the  variable  Quantity  z  becomes  equal 
to  the  known  determinate  Quantity  za,  the  Velocity  with  which  2; 
flows,  at  that  Time,  is  to  the  Velocity  with  which  y  flows  at  the  fame 
Time,  in  the  fubtriplicate  Ratio  of  97200  to  1 17649;  or  as  the  Cube 
Roots  of  thefe  Numbers.  And  if  z  be  taken  of  any  other  Value,  an- 
other known  Relation  of  z  and  y  will  arife. 

90.  Hence  it  appears,  that  when  a  fluential  Equation  is  propofed, 
containing  two  variable  or  flowing  Quantities  only>  the  Relation  of  the 
firft  Fluxions  of  thefe  two  flowing  Quantities,  may  always  be  had  in 
Terms  containing  the  two  variable  Quantities  and  known  Quantities 
only :  and  therefore  by  afluming  one  of  the  flowing  Quantities  at  plea- 
lure,  the  fluential  Equation,  by  the  Rules  of  Algebra,  will  give  a  cor- 
refponding  known  Value  of  the  other  flowing  Quantity:  wherefore  the 
Relation  which  the  Fluxions  of  thefe  two  Quantities,  bear  to  one  another 
at  that  Time,  will  be  fully  known,  and  determined,  by  fubftituting  the 
particular  determined  Values  of  the  flowing  Quantities,  in  place  of  then^ 
in  the  fluxionary  Equation. 

91.  Take 
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91.  Take  another  Example.  JLet  the  fluential  Equation  px— -j*==0 
be  propofed:  which  belongs  to  the  common  Parabola:  x  being  the 
Abfcifs ;  y,  the  Ordinate ;  and  p,  the  Parameter  of  the  Diameter.  The 
fluxionary  Equation  thence  arifing,  ispx . —  zyy  =  o,  whence  x  :  y  : : 
2y  :  p.  i.  e.  the  variable  Ratio  of  x  and  jj,  will  be  at  all  Times,  and  in 
every  Place  as  twice  the  Ordinate  in  that  Place  to  the  Parameter.  Now 
fuppofe  I  would  know,  what  that  Ratio  would  be  when  *=/,  I  in- 
fert^  for  x,  in  the  Equation  px — y*=o9  and  it  becomes/2  — jy*  =  o 
ox pz=.y\  fo  that  when  the  Abfcifs  is  equal  to  the  Parameter;  fo  is  the 
Ordinate  alfo.  Wherefore  infert/  for^,  in  the  Value  of  the  Ratio  of 
x  toy,  and  it  is  x  :y  : :  zp  :  p  : :  2  :  1,  fo  that,  at  that  Time,  the 
Velocity,  with  which  the  Abfcifs  increafes,  is  double  the  Velocity  with 
which  the  Ordinate  increafes.  And  fo  by  affuming  other  Values  of 
X;  or  ofy,  other  known  Relations  of  x  andy  will  arife. 

92.  But  if  there  be  three  variable  or  flowing  Quantities  in  a  fluential 
Equation  propofed,  another  Equation  including  at  leaft  two  of  them, 
ought  alfo  to  be  given,  that  the  Relation  of  their  Fluxions  may  be  fully 
determined ;  and  alfo  their  Relation  among  themfelves.  Thus  let  the 
fluential  Equation  ax-\-by%  —  cxz'=.o  including  three  flowing  Quan- 
tities x,  y  and  z  be  given.  The  fluxional  Equation  thence  deduced  is 
ax  +  zbjry  —  cxz  —  cxzz=.  o,  which  gives  the  Relation  of  the  Fluxions 
xy  y  and  z,  as  far  as  that  Relation  can  be  determined  from  one  fluential 
Equation  only.  But  the  Relation  of  the  Fluents  iti  the  fluential  Equa- 
tion, and  of  their  Fluxions  in  the  fluxionary  Equation,  will  not  be 
fully  determined,  unlefs  another  fluential  Equation  be  given.  As  if  it 
were  fuppofed  that  x  —  ay  -J-  z  =  o.  From  whence  we  deduce  x — ay 
+  £  =  0,  for  another  Relation  of  the  Fluxions,  befides  the  former. 
Therefore  by  comparing  the  two  fluential  Equations  together;  and  the' 
two  fluxional  Equations,  thence  deduced,  together,  you  may  extermi- 
nate any  one  of  the  flowing  Quantities;  and  alfo  any  one  of  the  Fluxions, 
and  thereby  you  may  obtain  an  Equation,  which  will  entirely  determine 
the  Relation  of  the  other  two,  whether  flowing  Quantities  or  Fluxions* 
Thus  if  I  wanted  to  have  the  Relation  of  x  and  y,  fully  determined : 

The  firft  fluxional  Equation  gives  £  =  — — ^y -<•**.  the  other,  which 

is  deduced  from  the  2d  fluential  Equation,  &c.  either  given ;  or  atiumed, 
if  not  given,  will  give  z = ay  —  x :  therefore,  by  equating  thefc  Values 
of  z,  we  have  «*  +  ^ - f *,*  ==^  —  ^  Affm  by  means  of  one  of 
the  fluential  Equations,  as  of  x  —  ay  -f-  z  =  o  take  a  Value  of  z>  viz. 
z^zay  —  x,  and  put  that  in  place  of  z  in  the  Equation  ?L&fyzf2L 


a? 
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~ay  —  x9  and  it  becomes  ax -\-  2byy  —  acxy  —  acxy  +  2cxx=zoy  or 
x  :  y  : :  acx  —  zby  :  a  —  acy  -J-  ^**  Where  if  you  take  x  at  pleafure* 
the  flaential  Equations  will  give  y ,  and  fo  the  Relation  ofx  and  y  will 
be  entirely  determined. 

More  fhortly  thus.  From  the  fluential  Equation  ax-\-bf  —  cxz=  o9 
propofedi  and  the  other  x—*y-|-;&  =  o,  either  given  or  afiumed* 
find  another  Equation  freeof  .z;  which  will  beax-\-&y%=iacxy  — cx*z 
and  from  that  you'll  have  ax  +  2&yy  —  acxy  —  acxy  —  2cxxy  as 
formerly. 

93.  It  may  be  obferved  here,  that,  when  there  are  three  flowing 
Quantities,  and  but  one  Equation  to  determine  their  Relation,  the 
Fluxions,  as  well  as  the  Quantities  themfelves*  admit  of  an  infinite 
Variety  of  different  Relations :  and  therefore  when  in  that  Cafe,  I  aflame 
another  Equation,  as  above,  I  only  thereby  determine  one  of  thefe 
Relations:  which,  from  the  Nature  of  the  Thing*  are  indefinitely 
many. 

94.  If  there  are  four,  five  or  any  other  Number  of  flowing  Quanti- 
ties, there  ought  to  be  given  as  many  Equations  fave  one,  as  there  are 
Quantities,  in  order  to  die  full  Determination  of  the  Relations  of  the 
fim  Fluxions  of  thefe  flowing  Quantities :  as  plainly  appears  from  what 
has  been  faid. 

*•  Art.  6.  95,  It  was  obferved  formerly  *,  that  the  Fluxions  of  homogeneous 
pH^don!  Qs^tftfe*  arc  ftill  to  be  confidered  in  relation  to  one  another:  for 
9  without  fuch  a  Confideration,  we  can  make  nothing  of  the  Do&rine  of 
Fluxions.  And  therefore,  fince  every  fluxionary  Equation  contains  the 
Fluxions  of  two  flowing  Quantities  at  leaft,  either  exprcfi'd  or  under- 
flood ;  and  thereby  determines  only  the  Relation  of  thefe  Fluxions,  it 
is  left  at  liberty,  to  fuppofe  one  of  thefe  flowing  Quantities  to  flow  or 
change  at  any  rate,  either  equably  and  uniformly;  or  according  to  any 
Law  of  Acceleration  or  Retardation,  we  think  fit  to  frame  or  fuppofe  : 
becaufe  fuch  a  Suppofition  never  alters  the  Relation  of  the  Fluxions  or 
Velocities  of  flowing..  Hence  it  appears,  that  our  Conception  of  the 
Relation  of  the  Fluxions,  will  then  be  moll  clear  and  diftiod,  when 
we  fuppofe  one  of  the  flowing  Quantities,  to  flow  with  an  uniform 
and  invariable  Velocity,  and  call  itUnity.  For  thereby  that  uniform 
Fknkm  is  made  a  common  Standard,  by  which  to  meafure  the  reft. 
Thu*  in  the  Equation  px*-y%=zo,  mentioned  above,  to  a  Parabola, 
from  which  the  fluxionary  Equation/*  —  zyy^zo  is  deduced,  I  fup- 
pofe the  Abfcifs  x  to  flow  uniformly,  and  put  it's  Fluxion  x^zi.  By 
which  means  the  fluxional  Equation  becomes  p  —  2yy=zo3    /.  e. 

>  =  ~:  fo  that  the  Fluxion  of  the  Abfcifs  being  always  i-,  the  Fluxion 

of 
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of  the  Ordinate,  will  always  be  exprefs'd  by  the  Quantity  ■*-.    I  might 

have  likewife  fupoofed  the  Parabola  to  be  £o  defcribed,  by  the  Motion 
of  the  Ordinate  along  the  Axis,  that  the  Velocity >  with  which  the  On- 
dinate  increafes,  is  always  invariably  the  fame,  and  call  it  Unity :  then 
/*  — .2jrjr  =  o  becomes  /*  — *y  =  o,  or#:x=^:  Le.  in  fuchaCafer 
the  Velocity,  with  which  the  Abfcift  flows  will  be  always  exprefs'd  by 

—     And  fo  of  others. 

p  • 

96.  This  Suppofition  is  of  further  Uie,  when  we  have  occafion  to 
proceed  to  2d,  3  and  other  fuperior  Orders  of  Fluxions.  For  in  all  the 
Equations,  for  determining  the  Relations  of  thefe  fuperior  Orders  of 
Fluxions,  the  Symbol,  for  expreffing  the  firft  Fluxion  of  the  uniformly 
flowing  Quantity,  may  be  dafhed  out,  wherever  it  is  found,  being 
Unity;  and  all  thefe  Terms  thrown  out,  in  which. a  fecond„  third  or 
any  fubfequent  Fluxion  of  the  uniformly  flowing  Quantity,  would  be 
involved :  for  fincc  it's  firft  Fluxion  is  Unity,  a  conftant  and  invariable 
Quantity  v  every  one  of  the  fubfequent  Fluxions  is  nothing.    Which, 

our  Author  obferves  in  Art.  20.  *  and  by  this  means  the  Equations,  foe  *  Of  the 
determining  the  Relations  of  the  Fluxions,  are  confiderahly  ahridg'd,  xas  £^£ " 
is  there  to  be  feen.  ^  Curves, 

97.  But  hence  it  muft  happen,  that  a  fluxionary  Equation,,  will 
fometimes  appear  not  to  have  the  Symbols  of  the  Fluxions  of  the  fame 
Dimenfions,  through  all  the  Terms  t  which  yet  it  ought  to  have,  if 
we  confidcr  the  Manner  of  forming  any  fluxional  Equation  from  it's- 
fluentkl.  Fluxions  of  the  fame  Order,  or  whofe  Symbols  are  of  the 
fame  Dknenfions,  are  fuch  as  thefe,  x.  y.  z  of  one  Dimenflon ;  x.&.xy^ 
of  two»Dimenfioos;  x.  xy.  x*.  x*y.  xy%  of  three  Dimenfk>n9, ,{&.  That* 
the  Symbols  of  the  Fluxions,  in  each  Term  of  any  fluxionary  Equation, 
as  it  is  formed  from  the  correfpondingFluential,  whether  it  be  a  fluxio- 
nary Equation  of  the  ift,  2d,  3*,  or  any  other  Order,,  muft  always  be 
of  the  fame  Dimenfions,  will  eafily  appear  to  any  one  that  confidcrs, 

how  the  feverai  Orders  of  fiuxional  Equations  are  formed  above*.  And  *  Art.  m. 
it  15  neceflary  it  fhould  be  for  fince  Fluxion&are  Qgantijics  of  a  dififfent^^^" 
kind  from  the  Quantities,  whereof  they  are  the  Fluxions.     Thus  takjng.aad  Art? 
the  preceding  Example  px — jjy=?=o:  lreneearifb/tf^ajyzsz:©,  where 'J3?*1 9* 
the  Symbols  of  the  Fluxions,  in  both  Times,  arc  of  the  fame  Mroen-Q^,!^ 
fion.    But  if  we  put  x  =  i,  it  becomes^—  2jy  =  0,  where  ooeTewnturc  of 
contains  no  Symbol  of  a  Fluxion  at  alL    Thus  alio,  when  we  have  the. Curvcs; 
Equation  zyi  — z4  4" 4*  =0  mentioned  Art.  88  *,  the  third  flt»oronal>  of  thi** 
Equation,  thence  deduced,  was  fhewn  to  be  ^^J^W  +  ^^.SS0*"" 
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+  i8iy*y  4-  3^*  +  rtzyyy  +  6^y3  —  428?  —  3622B*  —  242^5? 
=  0:  where  all  the  Terms  contain  Symbols  of  Fluxions  of  three  Di- 
menfions.    Bat  if  we  fuppofe  £=  i,  it  appears  in  another  Form,  thus 

W*  +  lfy*y  +"  3*i?m  +  18*37/  +  fiay1  _  24*=.  o. 

98.  Therefore,  whenever  a  fluxionary  Equation  is  propofed,  where 
the  Symbols  of  the  Fluxions,  in  all  the  Terms,  are  not  of  the  fame 
Dimenfions,  thefe  Dimenfions  muft  be  completed,  or  fuppofed  to  be 
completed,  by  multiplying  the  lower  Terms,  by  the  Fluxion  of  lome 
flowing  Quantity,  whofe  Fluxion  is  underftood  to  be  Unity,  until  the 
6ymbols  oT  the  Fluxions  arifc  to  the  fame  Number  of  Dimenfions,  in 
all  the  Terms.  Thus  the  fluxionary  Equation,  juft  now  mentioned,  is 
to  be  completed,  by  multiplying  the  two  firft  Terms  gyy%  and  1 8y*jr 
by  z\  and  the  laft  Terra  —  242,  by  £}:  z  being  fuppofed  equal  to 
Unity,  And  fo  the  Equation  will  appear  thus  Qzjjf  4"  l%*yzy  +  3*£y* 
«+•  \%zyyy  -f-  bzy*  —  z^Zfiz  =  o.  Where  the  Dimenfions  are  com- 
pleted, by  multiplying  the  lower  Terms  as  often  as  is  neceflary  by  z, 
which  is  the  Fluxion  of  a  flowing  Quantity  z,  viz.  fuch  a  one  as  is 
found  in  the  given  fluxional  Equation,  while  in  the  mean  Time,  it's 
Fluxion  is  not  found. 

99.  But  if  there  be  no  variable  or  flowing  Quantity  in  the  given 
fluxionary  Equation,  but  what  has  it's  Fluxion  in  it  likewife,  then  the 
Order  of  the  Fluxions  in  the  lower  Terms,  muft  be  completed,  by  fiip- 
pofing  fome  other  variable  or  flowing  Quantity,  which  flows  uniform- 
ly, whofe  Fluxion  muft  be  underftood  to  be  Unity,  and  multiplying 
me  lower  Terms  by  that  Fluxion,  fo  often,  until  the  Dimenfions  of 
the  fluxionary  Symbols  be  the  fame  through  all  the  Terms.  Thus  if 
the  Equation  x  -J-  xyx  —  ax%  =  0  were  propofed,  we  are  to  foppofe 
feme  third  Quantity  as  z>  which  flows  uniformly,  having  it's  Fluxion 
z  =  1 :  and  then  multiply  the  firft  Term  by  z,  and  the  laft  Term  by 
zz.     And  fo  we  muft  conceive  of  the  given  fluxional  Equation  x-\-xyx 

—  ax  =  o,  as  if  it  had  been  derived  from  this  one  xz  -j-  *y#  —  azzx* 
=  o>  by  putting  z  =  1.  Likewife  if  aav  -^-fw=:o  were  given, 
I  complete  the  Dimenfions,  by  fuppofing  another  flowing  Quantity  z% 
whofe  Fluxion  £=  1.     As  if  the  Equation  had  been  originally  aav 

—  avz  —  v*z = o.     And  fo  of  others. 

100.  This  firft  Prop,  of  our  Author's,  which  I  have  been  explaining*, 
Jays  the  Foundation  of  the  whole  Dodrine  of  Fluxions :  particularly  it 
contains  the  Solution  of  the  firft  of  the  two  general  Problems  mentioned 

•  Art.  2.   at  the  Beginning  *,  viz.  the  Length  of  the  Space  defer  ibedt  being  conti- 

of  this  Ex-  nualfy  or  at  all  Times  given ,  to  determine  the  Velocity  of  the  Motion  at 

phcauon.  ^  Zj*^  propofed:  which  in  effeft  amounts  to  the  fame  thing,  with 
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the  Propofition  as  here  exprefs'd :  and  is  called  the  dirtB  Method  of 
Fluxions.  The  Application  of  thefe  two  general  Problems  is  very  ex- 
tenfive :  particularly  by  them  we  are  enabled  to  folve  the  following 
ufefeii  Problems,  viz. 

i°.  To  determine  the  Maxima  and  Minima  of  Quantities. 

2°.  To  draw  Tangents  to  all  Sorts  of  Curves,  whether  geometrical 
or  mechanical. 

30.  To  determine  the  Points  of  contrary  Flexure,  and  Retrogreffion 
in  Curves, 

4°.  To  determine  the  Quantity  of  Curvature  at  a  given  Point  of  a 
given  Curve:  i.e.  to  find  the  Length  of  the  Radius  of  an  equicurve 
Circle. 

Under  this  may  be  comprehended  the  finding  the  Points,  where  a 
Curve  has  any  given  Degree  of  Curvature :  where  it  has  the  greateft  or 
leaft  Curvature :  and  the  Determination  of  the  Locus  of  the  Center  of 
Curvature. 

5°.  To  determine  the  Quality  of  Curvature  at  a  given  Point  of  a 
given  Curve:  i.e.  it's  Form,  as  it  is  more  or  lefs  inequable;  or  as  it 
varies  more  or  lefs  in  it's  Progrcfs  through  different  Parts  of  the  Curve. 

6°.  To  find  as  many  Curves  as  we  pleafe,  which  may  be  fquared : 
i .  e.  to  find  the  Nature  and  Property  of  all  fuch  Curves,  whofe  Areas 
are  exhibited  by  finite  Equations  *.  *  P^p.  Zm 

7°.  To  find  as  many  Curves  as  we  pleafe,  the  Relation  of  whofe 
Areas  to  the  Area  of  any  given  Curve  is  aflignable  by  finite  Equations. 

8°.  To  find  as  many  Curves  as  we  pleafe,  whofe  Lengths  may  be  ex- 
prefs'd  by  finite  Equations.  To  this  Problem  and  the  4th  belongs  the 
determining  the  Evolutes  of  Curves. 

90.  To  find  as  many  Curves  as  you  pleafe,  whofe  Lengths  may  be 
compared  with  the  Length  of  any  Curve  propofed ;  or  with  it's  Area  ap- 
plied to  a  given  Line. 

io°.  To  find  the  Cauftics  to  all  Sorts  of  Curves,  whether  by  Reflec- 
tion orRcfra&ion. 

ii°.  The  Quadrature  of  Curves  5  or  finding  their  Areas. 

120.  The  Rectification  of  Curve-lines;  or  finding  their  Lengths; 

130.  The  Plaining  of  Curve-fiirfaces;  or  reducing  them  to  plain 
Surfaces. 

140.  The  Cubature  of  Solids;  or  finding  their  fblid  Contents. 

1 50.  The  finding  the  Centers  of  Gravity :  and  of  Ofcillation  or  Per- 
cujjion  of  all  Sorts  of  Lines,  Superficies's  and  Bodies. 

10 1.  Thefe  Problems  for  moft  part  belong  immediately  to  the  Geo- 
metry of  Curves j  but  by  their  means,  ferve  to  other  excellent  Purpofes 
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in  Mathematics  and  natural  Philofophy :  witnefi  that  inimitable  Work, 
the  mathematical  Principles  of  natural  Philofophy:  a  great  Part  o£ 
which  k  founded  upon  the  Geometry  of  Curves:  and  Principles  of  the 
£rne  or  like  Nature  with  thofe  of  Fluxions. 

102.  To  go  through  all  thefe  Problems  would  take  up  a  great  deal 
of  Time;  and  be  foreign  to  our  Defign:  however  fome  of  them  that 
come  in  mod  naturally,  (hall  be  explained  and  refolved  in  the  Progrefi 
of  this  Work:  particularly  the  ift,  z\  3d,  6th,  7th,  8th,  12th,  13th, 
14th.  The  1  ith  is  that  whofe  Explication  and  Solution  takes  up  the 
great  Part  of  this  Work. 

103.  Among  geometrical  Problems,  one  of  the  moft  noble  and 
ufeful  is  the  Quadrature  of  Curves:  and  accordingly  the  greateft  Geo- 
metricians, in  all  Ages,  have  laboured  this  Point  with  all  the  Force  of 
Invention;  and  exerted  themfelves  to  the  utmoft  upon  this  Head.  Yet 
there  was  very  little  done  in  that  way,  till  after  the  Middle  of  the 
laft  Century,  that  the  Doctrine  of  infinite  Series  was  introduced  5  found- 
ed upon  the  Arithmetic  of  Infinites,  made  ufe  of  by  Dr.  Wallis*  Wbicb 
Method  of  infinite  Series  was  improved  and  perfected  by  the  DUcovery 
of  the  Method  of  Fluxions  by  our  celebrated  Author  about  the  Year 
1666 * :  whereby  the  Quadrature  of  Curves  is  rendered  universal. 

104.  This  is  a  new  kind  of  Analyfis:  by  means  of  which  the  Areas 
of  all  Sorts  of  Curves  are  inveftigated  and  determined,  either  to  a  per- 
fect Exaftnefi ;  or,  when  the  Nature  of  the  Curve  will  not  admit  of  that,, 
to  any  Degree  of  Exadtnefs,  one  can  poffibly  require.  And  fuch  is  the 
Subject  of  this  Treatife. 

105.  But  if  any  one  (hould  think  that  the  Quadrature  of  Carves^ 
being  accounted  but  one  Branch  of  the  Application  of  the  Dodrine  of 
Fluxions,  Scarcely  deferves  to  be  infifted  upon  at  fo  great  length  1  it 
muft  be  known,  that,  the  Quadrature  of  Curves,  is  not  only  among 
the  moft  fublime  and  ufeful  Difcoverks  in  Geometry*  confidead  in  h- 
felf :  but  in  effeft  includes  under  it,  the  finding  the  Length  of  Curve- 
lines;  the  Solidity  of  Bodies,  the  Contents  of  their  Surfaces,  and  Innu- 
merable other  Problems.    Add  to  this  that  the  original  Principles,  and 

.  x  See  Dr.  JPWfr's  Treati/p  of  Jlfce&r*,  Chap.  82,  85,  9*,  and  tfct  Cbmmtrcium  EfJJb&'ntm 
it  <varia  re  Mathematical  particularly  a  Letter  from  Sir  /.  Newton  to  Mr.  Oldenburg,  dated 
Qfiofrtr  24,  1676.  Some  time  after  Sir  /.  Newton  had  discovered  his  Do8riw  of  infinite  Series 
and  Fluxions,  Mr.  garnet  Grerory  Profeflbr  of  Mathematics  at  St.  Andrew*,  ahtut  the  End  of 
the.  Year  1670,.  fell  upon  a  like  general  Method*  ferving  fat  the  fame  Purpofes ;  having  dif- 
covered  many  particular  Series's  long  before  that  Time :  as  appears  from  the  Commercium  Bpift. 
See  Mr.  Gregory*  s  ^ett<ys  to  Mr.  Coliniy,  dated  Sept.,  5.  Nov.  23.  Die.  24.  Anna  1670.  Feb.  15. 
Afeno  167-?,  likewife  Mr.  Colics  Letter  to.Di^JM&if  Gregtry  ;  and  Sir  L  Newton**  fecond 
tetW  *>  Mr.  QUenfivrz  already  menUQiwdK 
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jufteft  Conceptions  of  the  Method  of  Fluxions,  are  deduced  from  the 
Consideration  of  the  Defcription  of  curvilinear  Areas,  after  the  Manner 
already  explained.  Upon  which  account,  the  Quadrature  of  Curves, 
here  laid  down  by  our  Author,  ought  to  be  fully  underftood  by  all  fuch 
as  would  have  a  juft  and  comprehenfive  Notion  of  Fluxions, 

Explication  of  Prop.  2. 

106.  By  this  Propofition,  the  Relation  betwixt  the  Area  of  any 
Curve  and  it's  Abfcils  or  rather  the  Redtangle  contain'd  under  the  Ab- 
fcifs  and  an  invariable  right  Line,  fuppofed  to  be  Unity,  being  exhibit- 
ed,  you  can  always  determine  the  Nature  of  the  Curve,  i.e.  the  Rela- 
tion betwixt  the  Abfcifs  and  Ordinate:  or  you  may  aflume  or  feiga 
any  Relation  you  pleafe,  betwixt  the  curvilinear  and  re&ilinear  Areas 
ABC  and  ABED  ',  and  thence  determine  the  Relation  of  the  cor- 
refponding  Ordinates  AB  and  BC.     . 

107.  Although  the  two  following  Prop,  be  Examples  of  this>  yet, 
for  the  lake  of  a.  further  lUitftration  of  this  Prop.  I  (hall  {hew  it's  Ap- 
plication, in  fome  Examples,  which  are  mqre  fimple  and  eafy:  by 
which,  at  the  lame  Time,  the  Demonftration  of  it  will  be  made  more 
evident 

Ex.  1.  Calling  the  Abfcifs  AB= z\  the  Area  ABC  :=/;  the  Ordi- 
nate BC  =  y,  and  the  Ordinate  BE=(AD=)  1:  and  confequently 
the  Re&angle  ABED = z  X  1  =* :  Let  the  Relation  of  the  two  Area* 
ABC  and  ABED,  *.  e.  of  t-  and  z,  be  exprefa'd  by  this  Equation 
z% = / :  then  taking  the  Fluxions  by  Prop.  1,  we  have  zzz=i  * :  i.  e.  •  Art  40. 
by  reducing  to  an  Analogy,  1 :  zz  ::  z :  /:  but  z :  /  ::  EB  :  BC*:  of  this' Ex- 
therefore  bv  Equality,  1 :  zz  : :  (EB  :  BC : :)  i:y:  whence  zz  my :  f^t 
Which  defines  the  Relation  of  the  Abfcifs  and  Ordinate  of  the  Figure  ofthwEx- 
ABC  :  and  fhews  it  to  be  a  right-angled  Triangle,  having  the  Bafe  BE  &&**• 
double  the  Altitude  AB. 

Ex.  2,  Suppofe  we  afftjrjie  \z>Jaz=z  tf  or  ±<Fzt  =  /,  for  the 
Relation  of  the  Areas  ABED  and  ABC :  then,  by  taking  the  Fluxions, 
we  have  a*zz*  =  *,  i. e.  1  :  a*z* : :  (z:i  : :)  EB ■  =  1  :  BC  =zy : 
Whence  Voz  =  j  or  az  =  ya :  which  fhews  the  Curve  to  be  the  com- 
mon Parabola. 

Ex.  3.  Let  az*  =  ^bH  4-  ibczH  exhibit  the  Relation  of  the  Areas ; 

thence,   by  taking,  the  Fluxions,  we  have  $az2?  =  $bbi-\- gbczzH 

4-3&flg**;,  or,   by  dividing  by  3  an4  tranfpofing  az%—^^bcz%tycz 

=*^4-&»ix^  i.e.  t?  -\*bcz*:az%  —  ibczxt  ::(£;*::  )  1  iy: 

;  See  the  Hg.  belonging  to  this  Kop. 
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whence,  by  multiplying  the  Extremes  and  Means,  we  have  by+bc&y 
=zaz%  —  $bcz%t  for  the  Relation  of  z,  y  and  /.  Now  that  t  may  be 
exterminated :  from  the  Equation  expreffing  the  Relation  of  the  Areas, 

viz.  az*  =  2^t  +  3&*3'>  find  the  Value  of  /,  which  is  /  = — 2L^— . 

fubftitute  this  Value  in  the  Equation  juft  now  found,  viz.  b*y-\-bcziy 

=zazz  —  $bcz%tj  and  it  becomes  b%y  -\-bcziyz=zaz%  —  $bcz%  x  ^T'* 

i.  g.  by  Reduction,  .y = ^  +  z),cxl  +  ,tg* ;  which  (hews  the  Relation  of 
z  and  y  or  AB  and  BC,  and  fo  determines  the  Nature  of  the  Curve 
ABC  fought. 

Ex.4.  Let  the  Equation  za%t —  ^zt — a*=ft  be  affumed  for  the 
Relation  of  z  and/:  by  taking  the  Fluxions,  we  have  2*2/— 4^ 
—  4s/  =  2//j    or  **/— zzi—*  it=zzt,   i.e.   a* — zz — tiztn 

(£:/::)  1  :,y,  whence y  =  a% LMmmi •  and  in  order  to  exterminate  tp 
let  it's  Value  be  found  from  the  Equation  za%t  —  4s/  —  a*  =  //,  ex- 
preffing  the  Relation  of  the  Areas:  which  will  be  t=a%  —  2*4. 
z*Jz%  —  a*z:  infert  this  Value  of  /  in  place  of  it,  in  the  Equation 
y  =  ^!—    and  we  fhall  have  y=(  a  ^-^*/*-~ 

— +7^,^    =)±^^~2  for  dcfimns thc  Naturc  rf  Ac 

Curve..  

Ex.  5.  Let  the  Equation  ~2  J***  */b  +  cz*=zt  be  given  or  affiim- 
ed  for  expreffing  the  Relation  of  z  and  / :  then  by  taking  the  Fluxions, 
we  have  ^  *Jb\cz%  4-  -^j=jf=  *  ""^j"***  =r  j  or  by  ducReduaion 

•i|b=':   whence  it  is  1:^—2:  (i:/::)    1  :/>   orjr  = 

*  Art.  29,      108.  Schol.  Since  we  have  always  /  :  z  :  :y :  1  *,  thence  %  =  /,  is 

Ew)ScI- "  an  Equation  expreffing  the  Relation  of  z  and  /  in  every  Cafe :  in  which 

tion.        Equation,  if  we  fuppofe  i=i,  as  we  may  do*,  it  becomes  y  =  ?. 

tfttoEx  Whence  the  Solution  of  this  Problem  may  be  a  little  more  expeditious, 

plication,  thus:  From  the  Equation  proposed  or  affum'd,  expreffing  the  Relation 

of  /  and  zy  find  the  Equation  expreffing  the  Relation  of  the  Fluxions 

i  and  z:  in  which  Equation,  out  1  for  ij  or  dafti  out  z  every  where, 

and  then  the  refulting  Value  or  f ,  will  be  the  Value  alfo  of  y :  therefore 

fubftitute  y  for  / :  and  fo  you  fhall  have  an  Equation  expreffing  the 

Nature  of  the  Curve.    Thus  in  the  2a  Ex.  ftf***=/,  the  Relation  of 

the 
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the  Fluxions  is  tfi«s*  =  /,  i.e.  by  fubftituting  1  for  z  and y  for  i, 
*/az=y.  Likewife  in  the  4th  Ex„  viz.  za%t  —  +zt  —  a*  =  //,  the 
Relation  of  the  Fluxions  is  a*}  —  zzt  —  2zi  =  tf ,  /.  e.*y  —  zt—2sy 
=  y/,  by  means  of  which  Equation,  and  the  propofed  Equation,  /  be- 
ing exterminated,  we  obtain,  as  formerly  y  =  +-"~~  ~  2  for  de" 

fining  the  Nature  of  the  Curve.    And  fo  in  all  other  Cafes. 

Our  Author's  3d  Prop,  is  an  Example  of  the  fame  thing:  and  is  fo 
plainly  demonftrated  by  himfelf,  that,  if  what  hath  been  faid  in  the 
foregoing  Schol.  be  confidered,  there  cannot  remain  any  Difficulty  in  it: 
and  therefore  I  &all  pais  on  to  the  next  Proportion. 

Demonftration  of  Prop.  4. 

100.  The  Demonftration  of  this  Prop,  is  omitted  by  our  Author, 
becaufe  it  may  be  eafily  fupplied :  if  the  Demonftration  of  Prop.  3d 
be  duly  confidered :  and  it  is  thus.  Let  us  fuppofe  the  Area  a^R^S** 
—v.  then  by  taking  the  Fluxions  according  to  Prop.  1,  we  have 
6zz*-*K>& + a^RR^-S^  -f  ^R^SS*-1  =  v. 

Inftead  of  Rx&*,  in  the  firft  Term  of  the  Equation,  fubftitute  RRx_l 
SS**"' }  inftead  of  z9S>*,  in  the  fecond  term,  zz^'SS^-1 :  and  inftead 
ofs'RN  in  the  third  Term,  fubftitute  ^-'RR*-1:  which  Expreffion* 
are  evidently  equal  to  the  others:  and  it  becomes 
ftssft-iRRx-iSy-1  -r-Agze-'RR*-'SS'*-1  -f  ^zz»-«RR*-'SSf*-1  =« 
Or  6zRS  +  *«RS + /**RS X  ^-R^-'S*-1 = v. 

But,  by  Hyp.  R=*  -\-fz*  +gzu  +  ®c»  and  S=*-f  &r»  -\-mz^ 

From  which  two  laft  Equations,  find  the  Relations  of  the  Fluxions 
by  Prop.  1,  and  you'll  have  R=ij/5kz''-1  +  2ig£w5*»-«  -f  &c.   And 

SrrrV^""1  4"  Sif/was2"-1  4"  &C. 

Subftitute  thefe  Values  of  R  and  S^  in  place  of  them  in  the  preced- 
ing fluxional  Equation  $  and  likewife  the  Values  of  R  and  S  in  place  of 
them:  and  put  *= 1.    And  fo  you'l  have  6  x e  -\-fz*  -\-gzz*  4»  &c„ 

x  k  4-  fe"  4-  mz**  4-  &c.  4  Agx^z"-1  4-  ing^2"-1  4-  Sfo  x 
k  4-  iz*  4-  ««2'  -4  &c.  +  I**  x e  4-  /b"  4-  tf*2*  4-^«    x' 

j,&n-i  4-  anBKB2'^-^  Gfc.  into    Z«»-iRX-lSf*-»  =  V  =  "  (jf  =  )  BC  *  Mrt.ie*. 

That  is,  if  you  actually  multiply  the  feveral  Favors  j  and  obferve  to  °™j*  Ex- 
rank  the  Terms  according  to  the  Dimenfions  of  the  variable  Quantity  a, p    tM** 

1  j  ii  foppofcd  to  food  for  the  Ordinate  of  the  Curve. 
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no.  Con  i .  Since  0  and  A,  the  Exponents  of  the  Powers  of  z  and  R, 
in  the  3d  Prop,  and  0,  x,  /a,  the  Exponents  of  the  Powers  of  2?,  R  and  S, 
in  the  4th  Prop,  may  be  any  Numbers  pofitive  or  negative;  integral  or 
fra&ionai :  for  the  reafoning  is  the  fame*  whatever  they  be :  hence  it 
follows,  that,  when  any  of  thefij  Exponents  is  negative,  in  the  Ex* 
predion  of  the  Area  of  the  Curve,  all  the  Change  that  it  brings  upon 
the  Expreffion  of  the  corresponding  Ordinate,  is  this,  that,  wherever 
that  negative  Exponent,  or  thefe  negative  Exponents  occur,  it,  or  they 
muft  be  affcAed  with  the  negative  Sign.  Thus  in  the  3d  Prop,  the 
following  Areas  and  Ordinates  correfpond. 

Areas.  Ordinates. 


,».*-*> fc-^x>^^,x^er,.x^.R-. 


112.  «»R-* 


•■•  A1J  mmmm  2A1J 

113.  2HR-* fe-a  xA-""'     x*>>*-<ft«s-Mfr+-» 

And  the  like  are  the  Changes  that  will  arife,  in  the  Expreffion  of  the 
Ordinate  in  Prop.  4. 

Moreover  it  is  evident  that,  if  the  Exponent  of  the  Power  of  z  with- 
out the  Vinculum,  in  the  Expreffion  of  the  Areas  of  the  Curves  belong- 
ing to  thefe  two  Prop,  were  madefl  +  yr;  fb  that  the  Area  in  Prop.  3, 
flood  thus  z*±"R*:  and  that  in  Prop.  4.  flood  thus  d±?W9*9  where 
c  is  fuppofed  to  denote  any  integer  Number:  all. the  Change,,  thereby 
brought,  upon  the  Form  of  the  Expreffion  of  the  correfponqihg.  Ordi- 
nates, is  this,  that  0 + *r  muft  be  fubftituted  in  place  of  0,  wherever  it 
is  found.    So  that  the  following  Areas  and  Ordinates  will  correfpond. 

Areas. 
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Ana*.  Ordinate. 
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And  it  is  farther  evident  that,  if  any  of  the  Signs  of  the  Letters  enter- 
ing the  Values  of  R  or  S,  in  the  Expreffion  of  the  Areas,  be  negative, 
there  moft  be  a  correfponding  Change  made  upon  the  Signs  in  the  Ex- 
preffion of  the  Ordinate* :  which  is  cafily  known  from  the  common 
Rules  of  Algebra.    Which  will  be  clear  by  applying  the  general  Ex- 

$a*x  —  3*? 

preffions  to  a  particular  Example.    Wherefore,  let  «  be  the 

Area  of  a  Cutre  whofe  Abfciis  is  x :  that  it  may  be  compared  with  the 
general  Form  of  Areas  in  Prop,  4,  I  bring  it  to  ftand  thus  x** 
fa  +  c*x  —  dx**—i  x  30*  *  — 3#2  :  by  comparing  which  with  the 
general  Expreffion  ^R*&%  we  have  z  =  x.  R = fa  +  c*x — dx*,  S = 
$a*—ix\  6=1.  a=— f,p=i.  e=l>\f=c\g=—  d.  kz=z^a\ 
/==  o,  m =  —  3 .  Infert  thefe  particular  Values  in  the  general  Form  of  the 
Ordinate  in  Prop.4,  and  you'll  have  3*1*6*  ~\-za2c*x— <?dx%— Kfx^'jdx* 

X&+c** — dx\~*  for  the  Ordinate  of  the  fcurve  whofe  Area  k 

$qlX  —  3*» 


fa+CCX-&x 

The  kft  Fadtor,,  correfponcEng  to  S,  is  reprefented  as  wanting  the 
z*  Tcrm>  viz.  thus  yP  ♦  ^—3^%  becaufe,  fince  the  Pawers  of  z  be* 

longing 
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longing  to  R  and  S,  in  the  general  Form,  are  fuppos'd  to  have  their 
Indexes  going  on  by  the  fame  Differences,  being  *,  2*,  3*,  &c.  and 
fince  the  Value  of  1,  in  this  particular  Cafe,  muft  be  Unity:  therefore 
it  is  evident  why  the  fecond  Term  of  the  Value  of  S  muft  be  nothing, 
and  therefore /=o. 

And  moreover  by  the  fame  way  of  reafoning  it  appears  that,  if  it  be 
R =*  -\-fz-*  +  gz~z*  +  bzri*  4"  Gfo  ln  Prop.  3 :  and  R  =e  -\-fiz-* 
-\-gz~2fi-\-  &c.  and  likewife  S  z=i  4-  Iz~*  +  mz~2*  +  nz-i*  +  G?r. 
in  Prop.  4 :  where  the  Indexes  of  the  Powers  of  z  under  the  Vinculums 
are  all  negative:  then  the  Sign  of  4  muft  be  chang'd  every  where  into 
it's  Oppofite  in  the  Expreflions  of  the  Ordinatesof  the  Curves,  belong- 
ing to  thefe  Prop,  refpe&ively. 

1 1 5.  It  may  likewiie  be  obferved  that,  if  the  general  Forms  of  the  Areas 
viz.  seRx  and  s*R*S*  be  multiplied  by  any  conftant  or  given  Quantity) 
as  A,  and  fo  become  A#9R*  and  A^R^S**,  the  correfponding  Ordinates 
of  the  Curves  muft  be  multiplied  by  the  fame  given  Quantity  A    For 
the  Fluents  being  increafed  or  diminiihed  in  a  given  Ratio,  the  Fluxions 

•  Art.  40.  are  increafed  or  diminifhed  in  the  fame  given  Ratio  * :  and  the  Areas 
°Jfa22B"  t*"^  the  Fluents,  the  Ordinates  are  as  the  Fluxions  in  this  die  *,  be- 

*  An.  32.  caufe  the  Fluxions  of  the  Abfciffes  are  the  fame. 

of  this  Ex-      1  j  6.  By  the  fame  way  of  reafoning  as  that  made  ufe  of  in  thefe  two 
pication.  p^  .t  appcars  t^  jf  ^  Arca  Qf  a  Qm^  ^  afltofrjy9  wjlcrc  r  -s 

any  given  Number,  and  T  =/  -|-  qz*  -f-  r*Zn  +  &c.  and  the  other 
Symbols  ftand  for  the  fame  things  as  before,  the  Ordinate  of  fuch  Curve 
may  be  found :  and  fo  for  other  Areas  more  complex.  - 

1  ly.  It  follows  from  Prop.  3,  and  what  has  been  laid  that  if 

be  the  Ordinate  of  a  Curve,  the  Area  of  the  Curve  is  A*£b"»RA :  for 
if  not,  the  Area  Asfi±**  R*  would  belong  to  a  Curve  having  a  diffe- 
rent Ordinate,  contrary  to  what  has  been  demonftrated.  And  the  like 
is  to  be  underftood  with  refpeft  to  the  Area  and  Ordinate  contain'd  in 
the  general  Expreflions  in  Prop.  4. 


SECT. 
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SECT.    IV. 
Containing  Notes  on  Art.  27 31, 

Some  Lemmas  ferving  to  demon/irate  feveral  Tilings  contain' d  in  the 
Author's  Remarks  upon  Prop.  5. 

LEMMA.    I. 

119,  A  N  infinite  Series  of  Powers  of  a  proper  Fra&ion,  whole 
jfX.  Indexes  conftitute  an  arithmetical  Progreffion  afcending, 
having  finite  Coefficients  *,  will  converge :  i.  e.  a  finite  Number  of 
Terms  of  the  Series,  will  differ  from  the  Sum  of  the  whole  Scries  by 
lefs  than  any  given  Difference.  _ 

Let  -5  reprcfent  any  proper  Fraction,  ^1.-51        - -jjl  -5I 

&c.  in  inf.  an  infinite  Series  of  Powers  of  that  Fradion,  whofe  Expo- 
nents are  n  .  n -\-p  *n-\-2p.n-\- $p,  &c.  then  it  is  cvident,_the Series 

is  an  infinite  geometrical  Progreffion  defending,  having  jfi  for  the 
common  Multiplier:  wherefore,  according  to  the  Nature  of  fuch  a 

N> 


Progreffion,  the  Sam  of  the  whole  is «■—.    Let  q  be  any  given 

Quantity  how  finall  foever;  and  T  a  Term  of  the  Series  Ids  than 
qxi  —  s\  (for,  it  is  evident,  fuch  a  Term  may  be  found)  fo  that 

X  ^  q  x  1 — -51  •    Now,  the  Sum  of  all  the  Terms  after  T  inclufive, 
from  the  Property  of  a  geometrical  Progreffion,  is  — 2=-:  therefore 

that  Sum  is  lefs  than  _    =y.  Now,  fuppofingthe  feveral  Terms 

to  have  any  finite  Coefficients  prefix'd,  fo  that  none  of  them  be  greater 
than  A :  then  you  need  only  affiime  any  Term  of  the  Series,  which 

1  By  finite  Coefficients  in  th»  Lent  I  mean  fuch  as  the  greateft  of  them  is  not  greater  than 
any  affignabk  Quantity.  .    - 

N  without 
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without  it's  Coefficient,  13  lefs  than  {xi —  -5)  :  and  then  all  the 
fubfequent  Terms  from  that  Term  inclufive,  without  the  Coefficients, 

q       "         Tft 
x  1  —  —  j 

will  be  lefs  than  — ■ — ^— =:  -£,  as  has  beenfliewn :  wherefore,  fincc 

no  Coefficient  is  greater  than  A,  the  Sum  of  all  thefe  Terms  with 
their  Coefficients  prefixt,  cannot  be  fo  great  as  -|-£  A  =  y,  u  e.  the 

Sum  of  them  all  is  lefs  than  any  given  Quantity. 

120.  Schol.  Hence  it  appears  that  an  infinite  Series  of  Powers 
of  any  Quantity  greater  than  Unity,  whofe  Indexes  decreafe  in  an 
arithmetical  Progfeflion,  without  Coefficients,  or  with  finke  Coeffi- 
cients, will  converge.  For  if  A  x  N* .  B  X  N*-* .  C  X  N"~2t  &c.  m 
inf.  reprefent  fuch  .a  Series :   it  is  equivalent  to  this  other  AN*  x 

1j|  .fiN*x  jj|  .CN^Xjjl    &c.  wbioh  converges  by  the  foregoiog 
Lemma. 

LEMMA.    IL 

xai.  An  infinite  Series,  fpch  a*  theft  jaft  jiow  mentioned,  which 
converges  when  all  the  Terms  are  afFedled  with  the  fame  Sign,  will 
alfo  converge  when  the  Terras  are  .affedjted  with  different  Signs, 

For  fince  a  Term  may  be  found,  when  all  are  pofitive,  or  all  nega- 
tive, fuch,  as  that  the  Sum  of  it  with  all  that  follow  (hall  be  lefs  than 
any  given  Quantity;  much  more  will  the  Amount  of  thatTwm  with  all 
that  follow  be  lefs  than  any  given  Quantity,  when  the  Terms  arc  affed- 
ed  with  different  Signs:  and  therefore  the  Series  converges:  (ince  the 
Amount  of  the  whole  Series  is  fuppofed  not  to  be  lefs  than  a  finite 
Quantity.     Q^E.  D. 

LEMMA,    m. 

122.  If  any  rational  integral  Fluent,  including  only  one  indetermi- 
nate or  flowing  Quantity  #:  and  it's  Fluxion,  have  any  common  prime 
Divifor,  which  includes  x :  I  fay  the  Fluent  fliall  contain  fuch  com- 
mon prime  Divifor  oftener  by  once  and  no  more,  than  it's  Fluxion 
doth. 

Let  a  +  A**  +  car*  +  dx*  +  & c .  be  a  Fluent,  where  the  Quan- 
tities a>  by  cy  dy  &c.  are  conftant  or  inv^riahle  j  and  any  of  them  may 
be  equal  to  nothing*    It's  Fluxion  is  nbxtf**1  +  2ncxxVi~l  +  yidkx***1 
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4-  &c*.  Now  it  is  detoonftrated  by  Writers  upon  Algebra  x,  that,  *^?-|*- 
if  the  fevcrai  Terms  of  the  Quantity  a  4-  bxn  4-  cxZtt  -j-  dx*1  -f  &c>  JkUIoiT 
be  multiplied  by  the  Exponents  of  die  Powers  of  x  in  thefe  Terms 
refpeftiveiy,  and  the  Produ<fts  thence  arifing  be  divided  by  x :  and  if 
the  Quantity  which  refults,  viz.  nbxn~x  -f-  zncx2*"1  -}-  ytdx*n~l  + 
Gfc.  have  any  common  prime  Divifor  with  the  Quantity  propofed 
a  4*  he1  -\-  cx2n  -|-  &&*  +  &c.  that  prime  Divifor  (hall  be  contained 
juft  once  oftener  in  the  Quantity  a  4~  bxn  -f-  cxzn  -f  dx~>n  4-  &c.  than 
in  the  Quantity  nbxn"1  +  zncx2*"1  +  ^fidx**"1  ^  ^r;  therefore  if 
the  flowing  Quantity  propofed  a  +  bxn  -f-  cv2*  4"  d*1"  4"  G?^.  and 
it's  Fluxion  nbxof*1  4-  2ncxxzn~l  -|-  ytdxx*"-1  +  Gfr.  have  any  com- 
mon prime  Divifor,  including  the  variable  Quantity  at,  fuch  Divifor  muft 
be  contain'd  juft  once  oftener  in  the  Fluent  than  in  the  Fluxion.  QJ2.D . 

Explication  of  Prop^  5,  and  of  the  Author's  Remarks  upon  it. 

Although  our  Author's  Demonftration  of  this  Propofition  may  be 
evident  enough  to  any  one  that  carefully  coftfiders  it,  and  underftands 
what  hath  been  already  taught :  yet  for  the  fake  of  a  farther  libera- 
tion; and  fome  Obfervations  to  be  made  upon  itx  I  (hall  exhibit  the 
Demonftration  at  fome  further  Length. 

123.  Wherefore,  fuppofing  the  fame  things  as  are  fuppofed  by 
Sir  Ifaac  5  and  moreover  that  the  Factor  a  4-  bz*  4-  cz2n  -|-  <&*  &c. 
continued  one  Term  further,  is  a  4-  bz"  -f-  cz2n  4"  dz^  4~  is4*  4- 
&c,    fo  that   the    Ordinate  of  the  Carve  may   be    zfi—  'R*—  1  x 

a  4.  fe«  4.  cz2*  -f  dz*  +  iz«  4-  &c ;  likewife  that  R=  e  +fz*+ 
gz2" -\- bz*' -\- iz*  +  &c -,  as  alfo  that  *4-x  =  * :  then  by  what 
has  been  demonftrated  *,  the  following  Ordinates  and  Areas  fet  oppo-  *  Art. 
fite  to  them,  will  belong  to  the  fame  Curves.  of  thfcEx- 

Ordinates.  Areas,      plication. 


l>I&vi^xiAx*''  +  Scc.    ' 


+*n 


+«w 


+3* 


x 


$•• *»T^x^2^2%/c*3t{5r^c^»+&c^--; 


4". 


•  e^x«D*3^+3*x/D*4n.f  &,.. 
*  l+^x*E^"+  &c. 


See  Reyiuau't  Analjft  dmtutru,  B.  4.  Seft.  4. 
N  2 


Bs6+"R'W 
.Es*+4*R* 

Therefore 
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Therefore  if  the  Sum  of  thefc  Ordinates  be  fuppos'd  equal  to  the 
given  Ordinate  a+hP+czn+dzin+aP+&c.  xs^'R*"',  the  Sum 

6f  the  correfponding  Areas,  viz.  A+Bz*-\-Czl,,-\-Dz*+Ez*n  -f-  &c. 
xziR*  fliaH  be  equal  to  the  Area  of  the  Curve,  whereof  the  Ordi- 
nate propos'd,  is  the  Ordinate. 

Wherefore  that  the  Values  of  A,  B,  C,  D,  E,  &c.  which  are  deter- 
minate Quantities,  may  be  difcovered,  let  the  correfponding  Terms  of 
the  two'Ordinates  be  compared,  by  putting  them  equal:  and  thence 
arife  the  following  Equations. 

J°.  teA  =  ,a 

3°,  f+2X,xgA-H4-,,.f  Mix/B4^T2,x«C  =  f 

5».  e+^xiA^-^.^y^xbB^+2,r^2^xgC.^^l%+^x/I>+^^  x  A  =t. 

From  which,  by  Reduction  of  Equations,  we  obtain  the  following 
Equations,  expreffing  the  Values  of  A,  B,  C,  &c.  viz, 

i°.  A  =4- 

6e 

2°.  b  =  ir'+x'*>* 

3  •  ^ — r ■!      ; 


2DXI 


j0    n        ^fi+3^xtt-lf,  +  2M  x^B  — b+21,  +  x,  x/C 
A.  •  LJ  rrs  — — — ,    ■  ■   ■   — . 

0  +  3*x< 


s°- 


« «  -04- 'to  x  >A-  fr-fr  n+  it*  x  ^B-.  fcf n+zhf,  xgC  -0-f  3,,+ x»,  x/I* 

fr+4*  x  # 

Gfc.  /»  inf 

Hence  it  appears,  that,  if  the  given  Ordinate 
a  4.  few  4-  «*  4.  <&3*  4.  I2,4*  4.  #,.  x  ^-iRx-i  be  fuppos'd  equal 
to  the  Sum  of  the  Ordinates  above;  and  confequently  the  Area  of  the 
Curve,  whofe  Ordinate  is  given,  equal  to  the  Sum  of  the  correfpond- 
ing Areas,  the  Values  of  A,  B,  C,  &c.  muft  be  thofe  exprefs'd  by  the 
laft  Equations  juft  now  mentioned.    But  the  Sum  of  the  Areas  is 

A  4.  Bs*  +  Cz2*  -f  D***  4.  Ez*  -4  &c.  x  *°R\    Wherefore,  by 
inferring  the  Values  of  A,  Ba  C,  Gfc.  found  above,  we  fliall  have 
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t       *tt*x+£ 

-4-  -    •~""«'1 


c-t-f  2M.X/A—  »+»  -t->m  x/B   t<| 

"*~  9  +  an  x « 

i—%  +  3X»  x AA  —  6  +  «  +  a*»  x^B— 64-2,4*,  X/C 
+  . - === : Zl* 

,  _  SCx*"  x  /A  -  »+i»+3*>  x  AB  -  8+2,+ax,  x  jC-  H-3*4**  x  /D 
1  •  +  4n  x  # 

for  the  Value  of  the  Area  of  the  Curve,  having  the  propos'd  Ordinate 

124.  Which  Area,  by  putting  i-=  r  or  6 =m,  r  +  x  =  ;J<  + 

x  — /,  r+T  =  v,  v4-x=^i  ^  inverting  the  Order  of  all  the 
Terms  &ve  the  firft,  in  the  feveral  Numerators/  Hands  thus 


a9Rx 

I 

X  +  JL 

re 

r+i 

+  ** 

r"Hp2*x  e 

-*A 

4"     ' 

»7^p2  > 

:/C- 

'  *-F"«  x  *B  - 

mVbA 

I. 


F"» 


23« 


x/ 


— 1-/+3  x/D-f  +  2  x^C-o;-{-i  xbB-uiA 

r+4  xe 
+  flfr. 

The  fame  with  the  Expreflion  of  the  Area  delivered  by  our  Author ; 
fave  only  that  he  hath  not  fet  down  the  firft  and  laft  Terms  of  the  laft 

Numerator,  viz.  —t  and  — »/A;  which  I  have  inferted. 

And  the  Law  of  Progreflion  of  the  Series  is  manifeft. 
125.  But  that  the  Properties  of  it ;  and  the  Laws  or  Conditions,  ac- 
cording to  which  it  either  terminates;  or  is  continued  infinitely,  may 

the 
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the  more  evidently  appear :  and  that  the  Expreffion  of  die  Area  may  be 
wholly  in  known  Terms,  let  us  infert  inftead  of  the  Capitals  A,  B,  C,D, 
&c.  their  Values  at  length,  which  are  eafily  deduced  from  the  foregoing 
•Art. 1 23.  Equations*.    Which  done,  the  Series  expanded  at  full  Length,  is 

of  this  Ex-  , 

plication.  —a  < 

*fiR*  x  -f  —  z°  =  A. 

re 

1  j  ,    l 

J! Z*  =  Bs* 


r+ixe  rxr-fix** 


1  1  .  I  I 

— c  s+ixfx-t  s+ixsf*x-~a  '&*Ta 

-±-    "  zZn ?—Z**A *      Z** -a— fe Z2* 

r+zxe  r-f  ixr+2xe*  rxr-fixr+2x*l  rxr+Zxe* 

^d  >f7x/x-*f  ,      7+z  xT+Txf1  x  —  b 

r+$xe  r+axr+jxf*  rf  1  xr  +  axff  3x^1 

rxr-|-ix;-f2x/^f-3x^  >-xrf  4"x  ^+3  x  ** 

- ,   '     3**+ __JL_*3i— , 


T> 


r-f-ixr+3x*x  rxr+i  xr+3x#*  rxr-j-3  x  e* 

—Vz* 


z 


3< 


3i 


—1  ^Fljx/x-*/  J+3  X. /+2  x/*  x  — < 

»  -4«—  *       -,4,-f.       *"       7  ,  »        r** 

r-fM-x'  r+3  x  r-f-  4  x  **  r|ur-fjx  r  +  4  x  ** 

-4-3x/+*x*4-ix./"*x— £  J+3x-r4-iXJ+ix//+x— « 

— *  ««'+     ^   ^ '     z* 

r-\-txr+2xr+$xr+4xe+  rxr-flxr-|-2xr+3xr-f-4x/S 

^3  xi^Ix^x—  a  .       j+3  x  /4-i  x#  x  — * 

rxr-f-axr+3xr4"4xr*  r+i  x  r  +  3  x  r+4  x  e* 


j+3x/+ix//1^x— «  i+3  x  */*  x  —  a 

n .-z*M- —       -  ■    -  V — 2+* 


rxf+ixr+3xr-j-4x^  rxr+3   x  r -{- 4  x  ** 

TTIxjx-—  c  i+z  x  j+i  xj£  x  —  b 


r+2  x  r+4  x  **  r-f-ixr-J-2xr  +  4x*l 

/4-2  X  J+1  *  5f%Z  x  — *  .         /+*  x  tg%  x  — * 

r  x  r-f-«  x  H»a  x  r-f-4  x  *+  r  x  r-f*  *  x  r  +  4  x  «« 

1*4-1  x*x— *  .    <v+ixtfbx-*a  nix—* 


»4-ixr-4-4x«^  r  xr»+-i  x»H-x<»  *■  x  n^-4  x  i» 

=Ez4,, 

+  Sff.  The 
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The  lame  with  the  former  Series,  by  inferring  the  Values  of  the 
Capitals  Ay&,Cj  &c.  And  that  it  ma_y  be  reduced  to  regular  Series's, 


1 


begin  at  the  firft  Term  —3%  and  running  through  all  the  reft  in 

order,  fet  down  in  one  Series,  all  thefe  Parts  of  each  complex  Term, 
which  will  conftitute  a  Series  of  geometrical  Proportionals  going  on  by 

the  common  Multiplier  — ^  with  their  proper  Coefficients:  then  begin- 


1 


ing  with  the  firft  Part  of  the  fecond  complex  Term,  viz.  -V-  X  — »  and 

°  •  x  r-|-  1         e 

running  through  all  the  fubfequent  Terms  in  order,  fetting  down  in 
another  Series,  all  thofe  Parts  of  each  complex  Term  that  will  conftitute 
a  fecond  geometrical  Progreffion,  going  on  by  the  fame  common  Multi- 
plier as  before  y ,  with  their  proper  Coefficients  prefix'd :  then  beginning 


1 

"C  21 


with  the  firft  Part  of  the  third  complex  Term,  viz.    *    x  —  take  out  of 

the  fubfequent  Terms,  as  before,  iuch  Parts  as  conftitute  a  thkd  geome- 
trical Progreffion  proceeding  by  the  fame  common  Multiplier  ftill,  viz. 

y  with  their  proper  Coefficients  :  and  fo  do  continually.     And  thence 

the  Area  of  the  Curve,    having   the  proposal  Ordinate  ^-"R*-*  x 

a  +  bz*  +  czz*  4-  dz*  +  $z»  -f  &c.  (hall  be  expiefs'd  as  follows, 


"  <        rxr+i        «lTr  x  r+i  xr  +  J        "  ~     ""■ —  * 


/+3x/+2xi+ix*/»x-«        4, 
+     —  —---'     X  ^—  &C. 


r+i        €        ^fl  x  f^  j^z        Hhix  7+1  x  HF3  *3        7+\x7^x7^lx7+\  *+ 

i+Zxtfgx~a  T+ixl+zxtf*gx—a 

if.  T 


W>"       «U-"     i 

r  x  r  4-  2  J 


r  x  r  +  2  x  r^p§  r  x  i+z  x  r+3  x  r+4 


1 


'+1  x  5/g  x—a  '+3  *  '-f  1  x  {/*£  x— a 

4-  ■  -2—         -p. »_ 

r  x  r  +  1  x  ^+3  r  *  r-h*  x  r+3  x^Fi 

/+2  xT+T  xjf*gx— a 

•    **^  ■   1 ■  ■ 

rxr+ixr+2xr+4 


+ 
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+  ^x~~^Tx^7+qf^ 

+: 


i 


r+i  x  f+3  ^p  x  T^fl  x  r+4 

. *  1.    ■  •        n 

— «-r=  n^ — ■'— — 

r  *  '+3  r  x  r+3  x  r-f  4 

/+2x7+Tx^X-* 

r-f-i  x>-f-2  xr+4 
Z+Tx/^x^ 
r  x  *-f-2  x  r-f-4 

+ -^i- 

r  x  r^pi  x  r+4 

r+2  x  r-+-4 

v+ixwS 

rvp  x  r+4 

1 

*ix— * 

_  o 

rx^f4 
— •  4* 

(Sc.ininf. 

Which  Series  exhibits  the  Value  of  the  Area  5  and  is  the  fame  with 
the  immediately  preceding  one;  only  that  it  is  reduced  into  Order; 
and  divided  into  fo  many  diftindt  Series's:  the  Progreffion  of  which,  when 
duly  confidered,  will  be  manifeft.  For  the  Coefficients  of  the  firft 
Terms  of  each  diftinft  Series,  conftituting  the  firft  perpendicular  Row, 

are  jl!,    JL. .  JL. .  _*_  &c.  then  the  Coefficients  of  the  fubfcqucnt 

r        r+i       r+z      r+3 

perpendicular  Rows,  are  all  formed  from  the  preceding  in  order  :  the 

fecond 
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fecond  perpendicular  Row  from  the  firft;  the  third  from  the  fccond ; 
the  fourth  from  the  third,  &c.  after  fuch  an  eafy  and  natural  way, 
as  will  eafily  appear  to  any  one  that  confiders  it.  Moreover  the  Pro- 
greffion  of  the  uppermoft  horizontal  Rows,  in  each  particular  Series 
is  evident. 

126.  And  now  by  confideringthefe  two  Forms  of  the  Expreffion  of 
the  Area,  viz.  that  exhibited  by  our  Author;  and  the  immediately 
preceding  one,  we  (hall  be  enabled  to  difcover  feveral  Properties,  and 
Laws  or  Conditions,  according  to  which,  the  Series  will  terminate  or 
flop,  after  a  certain  Number  of  Terms  from  the  Beginning;  and  when 
it  will  run  out  infinitely:  and  in  what  Cafes  it  may  or  may  not  con* 
verge.    Of  all  which  by  and  by. 

127.  Our  Author  obferves  *  that  every  Ordinate  of  a  Curve  is  ca-  •Art.  28. 
pable  of  being  refolv'd  into  a  Series  two  different  Ways :  viz.  by  mak-  q  J*£^ 
ing  the  Index  n  either  pofitive,  or  negative.     Thus  let  the  Ordinate  ture  of" 
—  3  ~  gl     -  be  propofed :  it  is  reduced  to  the  general  Form  men-  Cttrvci* 

tioned  in  this  Prop.  i°.  by  bringing  the  Quantity  zWkz  —  Iz*  +  mz* 
or  s*xte-—  Iz*  4-  fnz&*  out  of  the  Denominator  into  the  Nume- 
rator :  which  is  done  by  changing  the  Signs  of  the  Indexes  of  the 
Factors  z%  and  kz  —  b&  -f"  mz+\*  into  their  Oppofites;  by  which 
the  Ordinate  is  exprefs'd  thus  z~%  xte  —  Iz*  +  «**17*X  $k  — -&\ 
2°.  By  purging  the  radical  Expreffion  of  z~*:  which  is  done  by  di- 
viding it  by  #-*,  and  multiplying  the  other  Fa&or  z~2  by  z~*9 
which  two  Operations  compenfate  each  other :  for  the  radical  Ex- 
preffion mull  be  made  as  fimple  as  may  be :  and  fo  the  whole  Expref- 
fion of  foe  Ordinate  propos'd,  is  reduc'd  to  this  z^^A— Jz*+mz*1~* 
•X3*  —  lz%i  or  rather  z~l~ l  x k  —  lz%-\-mzi\* - f  x  3*— fz\  capa- 
ble    of  being   compared    with    the    general    Form    z*—  IRX— »  *! 

a+bz^+cz^+dz^+bc.  i.ez*-1  x e+fz*  +gzz*+bz» +6cc) *~E 
%a  +  t>z*-\-czi'>-\-  dz^Jr  &c.  This  is  one  Form  of  the  Ordinate, 
where  the  Indexes  of  z,  in  the  two  Faftors  k — te  +  mz*)-*  and 
3*— •  lz%  are  pofitive.  But  it  may  be  brought  to  another  Form,  in 
which  thefc  Indexes  are  negative,  viz.  thus:  divide  the  radical  or  furd 
Factor  k  —  lz%  -f-  mz^  by  £3—*,  and  multiply  the  other  Fadtor 
*~*  by  the  fame  z^-i  or  g— *,  and  then  the  Ordinate  ftands  thus 
s-4  x  m — lz-1  -f-  kz-*\-*  x  3*  —  /**:  further,  divide  the  Fadtor 
3*!T^*  by  *\  and  multiply  *-*  f>y  the  fame  z%,  and  fo  you'll 

O  have 
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have  g— » X  m  —  /ar-g  +  Isr1^*  X  /  —  3&s~%  or,   which  is   the 

fame,  zr-1-1  x  m  —  /*-x  •+-  fe—3|*~*  x/—  3**-1,  where  the  In- 
dexes of  the  Powers  of  z  in  the  two  laft  Factors,  which  were  for- 
merly pofitive,  are  made  negative.  And  after  the  like  manner,  every 
Ordinate  of  a  Curve  may  be  exprefs'd  after  thefe  two  different  ways. 
Accordingly,  when  any  Ordinate  is  propofed,  it  is  to  be  reduced  to 
thefe  two  different  Forms :  and  both  Cafes  are  to  be  tried.  Which 
is  done  by  applying  the  general  Form  of  the  Area,  exhibited  in 
this  Prop,  to  the  particular  Cafe  propofed,  in  fuch  manner  as  our  Au- 
thor (hews,  viz.  by  fubftituting  the  particular  Values  inftead  of  the 
correfponding  general  Expreffions.  By  doing  of  which,  the  Series  ex* 
preffing  the  Area,  puts  on  two  different  Forms :  one  or  both  of  which 
will  terminate  or  become  finite,  by  the  Terms  vanifliing  at  length ;  or 
elfe  both  of  them  will  run  out  into  infinite  Series's.  If  one  or  both  of 
the  Expreffions  of  the  Area  terminate,  you  have  the  Area  exadtiy,  and 
fo  the  Curve  is  quadrable:  but  if  both  the  Expreffions  of  the  Area  run 
out  infinitely,  one.  of  them  will  converge,  and  give  the  Area  by  Ap- 
proximation, when  the  Curve  is  not  quadrable. 

128.  Let  DC«  be  a  Curve,  deftrib'd  by  the  Ordinate  BC  moving 
*  D     perpendicularly  along  the  Abfcifs  AB. 

At  *     Let  AB  =  s,    BC=j,  and  *,    a 

given  Line :  and  let  the  Equation  to 


•Art.  1 27. 
of  this  Ex. 
plication-. 


the  Curve  be  y  = 


This  Or- 


dinate  brought  to  du«  Form  is  2? 

x  1  «+■**""*  x  a  or  zlm^1  x  I+SH-1 
X*,  or  yet,  by  the  Method  Jhcwp 
above*,  zr~z  x  i+ar-'l^x*,  i  e. 
ar-1-1  X  I  -f  s-iV-1-1  x*.  By 
comparing  the  firft  Form  of  the  Or- 
dinate, viz.  zl~l  x  i+*Y~I— x  xa 
with  the  general  Form  s^R*-1  X  a  -{-  bz*  +'  &c.  we  find  *=i, 
^  =  1  .x  =  —  1  .r=(— =)  i,j  =  (r  +  x=)o^=i  ./=i. 
g=zo=zb, &c.  a  =za  .  4= 0  =  cy  &c.    Whence,  by  Subftitotion, 

—a         — t£  —  s/A 

&e  general  Expreffion  for  the  Area,  s*R*  x  —  +  *         V  4-  &*• 

w  r *  r-f*i  x  t 

becomes  z  x  7+z~l  X  a  or  ^ :  All  the  Terms  excq>t  the  firft  va- 

xrifhing* 
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nifliing.    But  the  other  Form  of  the  Ordinate  propofed  is  z— «— !  x 
1  4-2T- 0""1-1  x*  ;  which  compar'd  with  the  general  Form,  gives 


0 


o, 


tf  =  — !.»=— i.X  =  — x.r=(— ==)  1  .j=(r-f-X=) 
the  reft  as  formerly.     Whence  the  Area,  correfponding  to  this  Form 
Of  the  Ordinate,  will  be  found,  by  a  due  Subftitution  of  Values,  in  the 

general  Expreflion  for  the  Area,  z— x  x  1  -i-^-1^"1  x  —  a,  or  j^ : 

all  the  Terms  fave  the  firft  vanifliing  in  this  Cafe  alfo. 

129.  Hence  it  appears  that  we  obtain  two  different  Areas,  both  be- 
longing to  one  and  the  fame  Curve  DC«.     But  the  firft  -^f-  is  the 

Area  ABCD  lying  above  the  Ordinate  BC,  and  comprehended  betwixt 
it  and  the  fame  Line  AD  drawn  parallel  to  BC  through  the  Beginning 

of  the  Abfcifs  A :  whereas  the  other  Area,  viz.  j^  is  reprefented  by 

the  Space  *BC,  lying  below  the  Ordinate  BC,  and  adjacent  to  the 
Abfcifs  infinitely  produced  towards  a.  Now  that  there  is  nothing 
ftrange  in  this;  but  on  the  contrary,  that  it  is  what  ought  naturally  to 
happen,  will  appear,  if  we  confider  that  the  two  Areas  ABCD  and 
«BC  have  one  and  the  fame  common  Fluxion :  becaufe  the  Velocity 
with  which  the  one  flow9  by  Increafe,  is  the  fame  with  that  whereby 
the  other  flows  by  Decreafe:  or  the  pofitive  Fluxion  of  the  one  is  the 
negative  Fluxion  of  the  other;  accordingly  while  the  one  increafes,  the 
other  decreafes,  and  contrarily.  And  fince  a  pofitive  Fluxion  produces 
a  pofitive  Fluent ;  and  a  negative  Fluxion,  a  negative  Fluent,  hence 
AB  (==s)  and  confequehtly  the  Area  ABCD,  being  both  fuppofed  to 

flow  by  Increafe,  that  Area  is  reprefented  pofitive,  being  ^r^ ;  but 

the  other  aBC  is  reprefented  negative,  being  —^    And  fo  it  always 

happens,  that  two  Areas,  terminating  at  the  fame  Ordinate  of  a  Curve, 
and  fituate  upon  different  Sides  of  that  Ordinate ;  but  upon  the  fame 
Side  of  the  Abfcifs  or  Bafe,  are  affedted  with  oppofite  Signs.  And 
therefore  fince  the  Area  above  the  Ordinate,  becaufe  of  it's  pofitive 
Fluxion  is  pofitive;  the  Area  below  the  Ordinate,  if  it  lie  upon  the 
fame  Side  of  the  Abfcifs  produe'd,  muft  be  negative. 

130.  There  are  fcveral  other  Things  refpedting  thePofition  and  true 
Values  of  curvilinear  Areas,  of  which  more  afterwards.  Let  it  fuffice 
juft  now  to  fhew  how  one  may  determine  the  initial  Limit  of  any  Area, 
or  the  Term  whence  it  commences.  To  do  this,  all  that  is  neceffary, 
is  to  fuppofe  the  Expreflion  of  the  Area  equal  to  nothing,  and  the  V^lue 
of  the  Abfcifs  zt  agreeing  to  that  Suppofition,  will  (hew  the  initial/ 

O  2  Limit. 
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Limit.    Thus  in  the  Example  above,  the  firft  of  the  two  Areas  was 
^f- :  wherefore  put  -j^  =  o :  hence  az  =  o,  t.  e.  z  =  o,  fince  a 

is  a  given  Quantity :  therefore,  when  the  Area  -**^  is  nothing,  the  Ab- 

fcifs  z  is  nothing;  and  in  no  other  Circumftances  can  the  Expreffion 

■j^  be  nothing,  but  when  the  Abfcifs  z  vanifhes.     And  this  (hews  that 

the  initial  Limit  of  the  Area  is  at  the  Beginning  of  the  Abfcifs,  or  is  to 
be  computed  from  the  Line  AD,  drawn  through  A,  parallel  to  BC: 
whence  it  follows  that  it  is  the  Area  ABCD.     Again  put  the  other 

Expreffion  of  the  Area,  viz.  £^=0:  and  in  that  Cafe,  z  muft  be 

infinitely  great,  fince  otherwife  the  Expreffion  —^  could  not  be  equal 
to  nothing :  which  fhews  that  the  Area  defigned  thereby,  lies  along  the 
Abfcifs  infinitely  produced  below  the  Ordinate  BC:  and  therefore  de- 
notes the  Area  *BC,  as  was  faid. 

131.  Now,  although  the  initial  Limit,  from  whence  any  curvilinear 
Area  commences,  may  be  different  from  either  of  thefe;  and  fall  in 
iny  other  Place  -,  yet  wherever  it  falls,  it  may  be  determined  the  fame 

way.  Thus  taking  the  Area  —  z\/izzJ!*l±J22L,  which  is  fhewnby  our 
Author  to  belong  to  the  Curve,  whofe  Ordinate  is  — -========?:  put 

—2V  ~  g,  "*'  =  o,  and  thence  you'll  have  this  Equation  k  —  lz%  -f-" 

tnz>=oy  by  the  Conftru&ion  of  which  cubical  Equation  the  Length  of 
z  the  Abfcifs  is  determined,  through  the  Extremity  of  which  an  Ordi- 
nate being  drawn  gives  the  initial  Limit  of  the  Area.  And  thus  far 
with  refpeft  to  the  Efledfc  of  the  two-fold  Expreffion  or  Form  of  the 
Ordinate,  in  determining  the  initial  Limit  ana  Pofition  of  the  Area  of 
the  Curve,  in  order  to  explain  and  illuftrate  what  is  faid  by  our  Author 
*  Of  the   in  Art.  28  *. 

Quadra-  l^2.  Therefore  when  an  Ordinate  of  any  Curve  is  propofed,  both 
Curves.  Expreffions  or  Forms  of  the  Ordinate  muft  be  tried :  and  fometimes> 
both  the  correfponding  Areas  will  be  finite,  and  exactly  determined,  as 
•Art.  1 28.  in  *he  Example  above  *:  fometimes,  one  of  them  only  can  be  exactly 
of  this  Ex-  found,  as  in  the  Example  adduced  by  Sir  Ifaac  *.  One  or  other  of  thefe 
*hATt°28.  w*^  happen,  if  the  Curve  be  quadrable,  i.  e.  admit  of  a  geometrical  Com- 
of  the  parifon  with  a  redtilinear  Figure.  But  if  the  Curve  be  not  quadrable, 
O^ra-  both  Expreffions  of  the  Area  will  run  out  into  an  infinite  Series :  yet 
Gave*.  °n$  or  other  of  them  will  converge,  and  thereby  approximate  to  the 
3  Value 
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Value  of  the  Area,     To  which  notwithftanding  there  are  fome  Excep- 
tions.    i°.  When  the  Value  of  r  in  both  Series's  exprefling  the  Area 
is  o  or  a  negative  Integer ;  although  it  be  not  o  in  both ;  nor  a  negative 
Integer  in  both  at  the  fame  Time.     Forfincer,  r-J-i,  r  +  2,  r  +  3, 
&c.  are  Fa&ors  in  the  Denominators  of  the  Terms  of  the  Series  ex- 
prefling the  Area  of  the  Curve,  according  to  the  Author's  Form  of  it  *,  •  Art.  *6. 
hence  it  follows  that  if  r  =  o  or  a  negative  Integer,  fome  Term  muft  ^adw- 
become  infinitely  great,  the  Denominator  vanifliing:  and  therefore  if  ture  of 
this  be  the  Cafe  with  refpeft  to  both  Forms  of  the  Series,  both  that  in  Cum*- 
which  the  Powers  of  z  have  pofitive  Exponents ;  and  that  alfo  in  which 
they  have  negative  Exponents,  the  Value  of  the  Area  in  both  Cafes  is 
infinitely  great,  /.  e.  the  Area  lying  on  both  Sides  of  the  Ordinate. 
Whereas  if  r  be  o  or  a  negative  Integer  in  one  of  the  Cafes  only,  you 
conclude  from  this  that  the  Area  upon  the  one  Side  of  the  Ordinate  is 
"   infinite;  but  finite  upon  the  other:  which  muft  be  obfcrved,  left  the 
Ambiguity  in  the  Manner  it  is  exprefs'd  by  Sir  Ifaac>  fhould  lead  one 
into  a  Miftake.     Thus  taking  the  Equation  to  the  equilateral  Hyperbola 

~^z=y:  which  reduced  to  Form  is  cither  z1-1  X  i-j-st0""1  =y, 
or  s°— l  x  i+ar-1*0^1  =y ;  by  comparing  the  laft  of  which  with  the 
general  Form  of  Ordinates  z*~l  x  e  -\-Jz"  ^~l  =y,  you  have  Q=o=x, 
and  therefore  r  =  (—  =)  o :  whence  you  conclude  that  the  Area  lying 
along  the  Abfcife  infinitely  produced  beyond  the  Ordinate,  is  infinitely 
great.  Whereas,  fince  in  the  former  Cafe  it  is  0=i:=j,  hence  r=  (— =) 

i,  and  therefore  the  Area  adjacent  to  the  Abfcifs  and  terminated  at  the 
Ordinate  is  finite,  and  fo,  according  to  this  Prop,  is  thus  exprefs'd  z  X 
I —£*  +  -?-**  — £s*  +  &c;  in  inf.  or s  —  ±-Z*-\-±z*  — ~s*  &c. 
which  converges,  and  approximates  to  the  Value  of  the  Area,  if  z  do 
rot  exceed  i  j  otherwife  not.  But  it  muft  be  obferved  that  this  22x- 
ception  muft  be  taken  with  this  Limitation,  viz.  That  the  Term  whofe 
Denominator  vanifhes,  have  not  it's  Numerator  equal  to  o  at  the  fame 
Time:  for  if  that  (hould  happen,  the  whole  Term  vanifhes,  and  the 
Area  is  finite.  There  is  another  Exception  mentioned  by  our  Author 
againft  the  general  Rule  about  the  Convergency  of  the  Series  by  which 

the  Area  is  exprefs'd :  which  is  this,  ifj=zi  the  Series  does  not  con- 

verge.     In  this  Cafe  the  Powers  of  —  are  all  the  fame,  viz.  i,  and 
therefore  by  obferving  the  Form  and  Progreflion  of  the  Series  in  Art.  1 2  5  *,  •  of  thk 
where  ^  is  the  common  Multiplier,  in  producing  the  laft  Faftor  of^** 

each 
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each  Term  from  that  of  the  preceding,  it  appears  that  the  Series  can- 
not converge,  unlefs  it  be  by  means  of  the  Coefficients,  which  feldom 
happens :  but  that  this  fometimes  happens  in  the  prefent  Cafe,  we  fhall 
demonftrate  juft  now :  and  therefore  this  Exception  muft  be  taken  with 
fome  Limitation :  as  likewife  muft  that  which  follows  in  thia  Art*  viz. 

*fhat  if  —  be  left  than  i,  the  Series  will  converge  in  which  the  Index  f 

is  pofitive ;  hut  if—  be  greater  than  I,  the  other  Series  will  converge. 
For,  that  this  will  not  always  hold,  will  appear  by  the  following  Ex- 
ample. Let  there  be  given  this  Equation y = jq^rzz**--2  x  HnT*  |0~*: 
by  comparing  which  with  the  general  Expreffion  »•-»  xe*\-fz)x~\ 
you  have  0=r,   17=1   .  A  =  o  •  r=(—  — )  1,  J  =  1  :  whence 

the  Series  for  the  Area  is  £  *  i-rx^+f  ^-i^+|>c^4-Gf^«  /# 

where,  if  we  fuppofe  ^  to  be  any  thing  greater  than  Unity,  the  Series 

will  not  converge,  whatever  the  Value  of  ~  be.     Thus  fuppofey=  3, 

i  =  2,  2=  i,  and  therefore  7  =  j- :  then  the  Series  for  the  Area 

will  be  ixi  —  7X|-  +  fxT,m  —  ixTi3-l-TX^+  —  &c.  in  inf 
where,  it's  evident,  the  Value  of  the  Terms  after  the  third,  continues 
to  increafe  ftill  more  and  more,  and  therefore  the  Series  doth  not  con- 
verge although  ™  =  7  =  t  be  lefs  than  1.  20.  If  it  be  ~  =  1,  yet 
iff  be  any  thing  lefs  than  1,  the  Series  will  converge  by  Art.  119, 

*  of  this  la  I  *.  for  in  that  Cafe  —  ^  1.    And  fo  having  (hewn  by  this  Exam- 
tion.        p'e  ^at  the  Exception,  and  Rules  mentioned  by  our  Author,  with  re- 

ipeft  to  the  Value  of  —  in  determining  the  Cpnvergency  or  Non-con- 

vergency  of  the  Series,  muft  be  taken  with  fome  Limitation,  I  fhall 
Jiere  (hew  how  you  may  determine  when  the  Series  for  the  Area  of  a 
binomial  Curve  will  not  converge  -,  and  when  it  will  converge. 

133.  In  the  Series  for  the  Area  of  a  binomial  Curve,  if  -—   be 

greater  than  1,    the  Series  in  which  the  Exponents  of  the  Powers 

of  z  are  pofitive  cannot  converge,    whatever  be  the  Value    of  — . 

For   the   Series    for  binomial  Curves,  putting  A,   B,    C,  D,   GV. 

*  for  the    firft,   fecond,    third,    fourth,    &c.  Terms   (and   not   for 
their  Coefficients)  with    their   proper  Signs,    ftands  thus  x*R*  x 
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Now,  if  you  fuppofe  s  to  be  lefs  than  r  -J-  i,  then  it's  evident,  that, 
fince  the  Cofficients  r-~,  '-^,  ^],  fifr.  go  on  continually  by  the 
Addition  of  Units  to  the  Numerator  and  Denominator,  fome  Coeffi- 
cient muft  at  length  become  a  proper  pofitive  Fraction,  and  always 
continue  after  that  to  increafe,  fince  s  is  lefs  than  r  -|-  i  (  where  a 
negative  Quantity  is  confidered  as  lefs  than  o,  or  any  pofitive  Quan- 
tity, or  yet  a  lefs  negative)  becaufe  the  Difference  continuing  the  fame, 
the  Ratio  of  the  lefs  to  the  greater  will  increafe  :  therefore  it's  evident 

that  if  ^7  7  1,  the  Coefficient  multiplied  into  -7,  will  at  length  ex- 
ceed 1 ;  and  fo  the  Terms,  after  that,  muft  increafe :  but  if  s  be 
greater  than  r  -J-  1,  then  it's  evident  that  whether  —  be  greater  than 
1 ;  or  equal  to  1,  the  Value  of  the  Terms  muft  increafe  as  the  Series 
proceeds ;  and  therefore  whatever  be  the  Values  of  r  and  j,  the  Series 
in  which  the  Exponents  of  the  Powers  of  z  are  pofitive  cannot  con- 

verge,  if  it  be  —  7  1. 

134.  In  any  binomial  Curve  thus  generally  exprefs'd  azP-*  xl 

e  \-f^~l  =.y,  if  the  Quantity  —  be  lefs  than  1,  the  Series  for  the 
Area  in  which  the  Exponent  4  is  affirmative,  will  converge :  but  if 
—  be  greater  than  1,  the  other  Series,  in  which  9  is  negative.  For 
the  Series  for  the  Areas  of  Curves*  by  applying  it  to  the  Cafe  of  bino- 

mial  Curves,  may  ftand  thus  —  R* X1-T+IX7  +  ^Tx^ *  ,  I 

j r- 'V r-==?X<H  +-ir  -rr^sr^-TrX*—\  —  &*•  where,  if 

it  be  j  ^r-f-  i,  in  the  Senfe  already  mentioned,  the  Coefficients, 
after  a  certain  Number  of  Terms  from  the  Beginning,  muft  continu- 
ally diminifh  (as  is  evident)  and  therefore  the  Series,  in  this  Cafe,  will 
converge  by  Lemmas  2.  and  4.  preceding.     Again,  if  it  be  s  ^  r-J- 1, 

and  you  take  n  an  integral  Number  not  lefs  than  ^■"^"^'  x#,  the 

Terms  of  the  Scries  after  the  »  4"  2  P^ace  -h-H  continually  diminifh 
fafter  and  fafter,  or  in  a  greater  Proportion  continually ;  and  there- 
fore the  Series  (hall  converge.     For  calling  P  the  Term  which  imme- 
3  diatcly 
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diately  precedes  the  n  +  2  Term,  and  Qjhe  next:  from  the  Nature 
of  the  Series,  you'll  have  Qj=  ^^rx^  7P:  where,  by  inferring 

for  *,  the  Quantity  - — jztm — >   anc*  reducing,   you'll  have  Q  = 
/j  y«  p  _^  p^  confCqUcmiy  if  «  be  taken  greater,  Qjvill  be 

s  —  r  —  1   x  efz' 

lefs  than  P :  fo  that  hence  it  appears  that  the  Value  of  the  Terms 
after  this  conftantly  diminifhes :  and  it  is  moreover  evident  that  they 

t  «*m  ft  t  «Xm  ff  (Ja    * 

muft  diminish  ftill  in  a  greater  Ratio,  fince  jqr»"+7  ^^f^fi  •  where- 
fore, in  this  Cafe  alio,  the  Series  will  converge.  But  finally  if  it  be 
j=r-j-i,  then  the  Curve  is  quadrable :  for  A  =  1,  fince  s =r  -}-  a. 

,  Again,  if  it  be  £-  7?  i>  I  fay  the  Series  will  converge  in  which  the 
Powers  of  z  are  negative :  for  fince  CL  ^  j9  it  muft  be  ^—  <£  i,  and 

therefore,  fince  the  Powers  of  ^—  which  is  lefs  than  1,  run  through 

the  Terms  of  the  Series,  it  appears  by  Lemma  2,  and  4.  above,  and 
what  has  been  juft  now  demonftrated,  that  the  Series  muft  converge. 

Therefore  in  binomial  Curves,  which  are  not  quadrable,  whether  £L 

be  lefs  than  nothing  or  greater  than  nothing,  one  or  other  of  the  Series's 

for  the  Area  will  converge :  and  if  it  be  ^-  ^  1,  the  Convergence  will 

be  the  quicker  (cateris  paribus)  the  lefe  ^L  is;  but  if  ^-    ^    i, 

the  quicker,  the  greater  ^-  is. 

There  is  a  third  Cafe,  viz.  when  £-  =  1.    In  which  Cafe  the 

Convergency  depends  entirely  upon  the  Coefficients :  therefore  if  s  ^ 
r  4-  1,  or,  which  is  the  fame,  if  A  7?  1,  neither  of  the  Series's  for  the 
Area  will  converge,  becaufe  the  Quantity  s+"  ,  by  which  the  pre- 
ceding Term  of  the  Series  is  multiplied,  becomes  greater  than  Unity. 
But  if  s  ^  r  4-  1,  or  which  is  the  fame,  A  ^  1,  both  the  Series's  for 

the  Area  will  converge  5  for  the  Quantity    ■'  *  '~  x  ^JjjjR  ^ -, 

muft  continually  decreafe  within  a  finite  Number  of  Terms,  and  be- 
came lefs  than  any  given  Quantity,  and  that  in  both  Forms  of  the 

Series: 
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Sofof.  W»4  tfce  T*r*n6|bjfeg  effeded  ffntfe  tfe*  $gn$  -f  tad  -*  4ter- 
Xttftejy,  jtasb  Term  will  fee  greater  (fan  *ll*be  fefefeqmat  Part  -pf  the 
jfeta.  For  let  a  !**■  >  +•  c  *- V  4"*  — ■;.£  &e,  «jwefi»t  a  Series  of  w 
infinite  Number  .of  Xwws,  wfeicfc  spttwwaily  disunite,,  end  *re  alte*- 
4aie,  d»e  Amount  of  the  Secies  *s  *  ^t-^-e,  ficc.  ~-+~-d~~f,4&» 
wm  4+ 1 4-  e*te.  r  I  -\-  4  +/,&&,  fctf>4V4-/«Ve>?'f4''i 
&c.  therefore  *  5^  .<*  .»rr  b  4-  s  **-  if -f"  e*™-/,  fee.  in  w#  Laftly,  if 
x-=l,  ^Cuwjsqqedrflkle, 

13.5.  In  Art,  29.  wr  Author  defres  to  remark,  the*,  if  the  Ordi*  a*  •*- 
pate  **  a  Curse  he  §onta*»'d  j*nder  *  fx&nd  Fa&or.  which  be  de»  ^ff* 
notes  by  Q,  and  another  irredoeabls  tiicd  Fa&or,  denoted  fey  R*  $  and  ture  of 
the  Quantity  under  the  fadical  Sign,  vix.  R,  do  not  divide  therajioAii  Cunre»- 
Faftor  Q,  then  the  Egprefiion  of  *he  Ordinate,  ftmaimng  *» it  fiends s 
X  —  1,  the  Index  of  &  in  the  general  Form  of  Ordinate,  m%.  e^^"1 

yi'a^'bz*  •f-'cz**"^-  &c.)  muft  be  put  carnal  to  it  :  fo  that  R*w,=Rr. 
For  in  this  Cafe,  the  Expreflipn  of  the  given  Ordinate  cannot  be  ren- 
dered more  fimple.  And  fo  in  rhe  Application  of  the  general  Theo- 
rem^ we'll  have  A==?r  -|-  '«  But  if  C^can  be  divided  by  R,  let  It 
be  divided,  and  then  ppt  x  —  1  =?:  r  4" « ,  or  Rw*  as  R""*"*,  fo  that 


&c.  refpecTively :  or  R*"1  =  R«+*  ,  R*-'  —  R«+s?  ^ .  This  Ope- 
ration seduces  the  Expreffion  of  the  Ordinate  to  due  Form  $  bat  it  is 

evident  it  alters  not  it's  Value :  fer  (fcj<  R's=|x  R***  s=  §  X R*** 

-IkR^,  fife, 

Thus,  y  and  *  ftanding  for  the  Ordinate  and  AbfcKs,  let  k  be 
jr  =  5*^s* x a"^**!""*  j  ber<Q==#*—  «•,  R=«4"*>  *=— £ 
andllF;!**^**)***:  and  in  ragard  •*-»  **  cm  be  divided  by  a  4  * 
nnee,  I  dhride  «*■»-**  by  4  4  *,  and  it  quotet  4  —  ^_bot  then  to 
fiOflWfctc  that,  I  iacreafe  the  Index  of  the  Surd*  +  aA~"*>  by 
Upity :  and  fo  the  Expreffion y  =  <**  —  »*  x «+T|T*  »  reduced  to 

this  3^«Xtf?«  ""*=»= j»,  where  R*~«  =za+z  =a-\-z  ', 
gad  £>*=*£.  Which  Alteration  beieg  made  upon  the  Form  of  the 
Ornate,  die  Aff*  la  found  by  this  propofitiqn.  And  fo  in  other 
Cafes. 

P  136.  At 


106  "The ; Quadrature  of  Curves  explained. 

•  Of  the       j^6.  At  Art  30  *.  our  Author  puts  another  Cafe,  viz.  that  the  Or- 
two?'    dinate  of  a  Curve  propofed,  is  a  rational  irreducible  Fraftion,  having 
Curves,     ir/s  Denominator  compounded  of  two  or  more  Terms.    In  which  Cafe, 
the  Denominator  of  the  Fraction  muft  be  refolved  into  it's  prime  or  in- 
compofite  Divifors l :  this  done,  either  there  muft  be  fome  prime  E>i- 
vifor  that  has  no  Fellow,  the  fame  with  it 5  or  then  each  prime  Divifbr 
muft  have  at  leaft  one  Fellow  equal  to  it.     If  the  firft  be  the  Cafe,  it's 
an  Evidence  the  Curve  cannot  be  fquared  (the  Demonft ration  of  which 
•Art.  139.  (hall  be  given  by  and  by  *:)  but  when  the  laft  happens,  you  muft  rc- 
pw«tio^X  Je<^  one  Pr*me  Divifor  of  each  Set  or  Kind:  this  done,  the  Divifbr, 
10n<  which  remains;  or  the  Product  contained  under  all  the  remaining  Di- 
vifors, when  there  are  more  left,  is  to  be  put  for  R,  in  the  general 
Expreflion  of  the  Ordinate,  and  —2  for  x— 1  or  R"~*  for  R*~"',  and 
the  Ordinate  propofed,  muft  be  reduced  to  a  Fradion  having  Rft  for 
it's  Denominator  :  except  it  fhould  happen,  that  the  Product  contained 
under  the  remaining  prime  Divifors,  be  a  true  Square,  or  Cube,  or  Biqua- 
drate,  Gfc.  in  which  Cafe,  the  correfponding  Square-root,  or  Cube-root, 
or  Biquadratic-root,  is  to  be  put  for  R,  and  the  Indexes  made  negative, 
viz.  —2,  or  — 3,  or  — 4,  &c.  put  for  A  refpciftively  j  or  R~3  = 
Rx-«,  R-4=RA-,>  R-5  =  RX-1,  &c.  and  then  the  Ordinate  is  to 
be  reduced  to  a  Fraction  having  R*,  or  R*,  or  R*,  &c .  for  it's  Denomi- 
nator.   All  which,  with  the  Reafon  of  it  will  be  very  plain  by  the 
following  Examples. 

137.  Let  g+gL^>-7+L--4  t*  an  Ordinate  of  a  Curve,  which 
is  a  rational  irreducible  Fra&ion;  and  the  Example  propofed  by  the 
Author.  The  prime  Divifors  of  the  Denominator  are  z  —  1,  z  — ■  if 
z  7—  t ,  one  Set;  z-\-2y  z-\-2  another :  here  there  is  no  prime  Divifbr 
wanting  a  Fellow.  Now  'tis  evident  that  the  Ordinate  propofed  is 
equivalent  to  -—- i x *  ~tl!lZ  ^.L— ,  where  the  Denoraina- 

* —  IX  *4~2         * —  IX* —  I    X  *  •+-  2 

tor  of  the  firft  Fadtor  is  made  up  of  the  feveral  prime  Divifors,  which, 
according  to  the  Rule,  are  to  be  rejected  :  and  the  Denominator  of 

the  fecond  Fa&or,  viz.  z — ixz — ix#  +  2,  i.e.  z*— 32+2  is 
to  be  put  for.  R,  and  ==rr  =  '  nr  JL   for 

<  * — IX* — 1  x  *4"2  *J —  3*  +  *l*         K 

R*""1,  i.e.  z*  —  3*-f-2l~2  for  Rx~',    Wherefore, . the  propofed 
Ordinate  muft  be  reduced  to  the  Denominator  z — 1  x#— 1  x«+2' 

'  For  doing  this  fee  Arith.  Umvnfalu,  cap.    it  kvtntim  DMfo 
I 
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=  z3  —  32  -|-  2  J*.  To  do  which,  without  altering  the  Value  of 
the  Expreffion  -_ — «»+«*—>«» >  you  muft  multiply  the  Nu- 

mefatbr  *5  -}-  jk4—  8s3  by  fiich  Divifor  (or  the  Produdt  of  fuch  Di- 
vifors,  if  there  were  more  than  one)  as 'is  fupcrnumerary  in  the  De- 
nominator z  —  1  x «—  1x^  +  2  or  z*  —  32*  +  2  above  thofe 

in  the  Denominator  2—1x2+2,  which  were  to  be  rejected :  here 
there  is  only  one  fuch  fupernumerary  Divifor,  viz.  z  —  1  :  and  fo 

the  Ordinate  propofed  ftands  in  this  Form  v- 7T >   or  *3  X 

___^  ^*  * ™ ™  3^*  "i™  ^ 

a  —  32  +lz^— *  X  8  — 924-2*. 

•     —  *5  .}- ie*  _  8«J  1  ^  K<-)-!e4 — 8*1 


-zzz —  X  • 

«J+  *+—  5*J— «*+  8* — 4  *  — ixjb-Pz      S IXK—  IXX  +  * 

'        k  — i   •  a^-J-n*  —  8as»  JZT7  x  i^ne*— 8«J         «'—  o«* + 8*» 

=:Z6-  92+  +  823X23  — 32  +  2^— 2=2*  X  2~3«H-23l"~2X 

8  —  92  +  *'»  or» to  b^g  *'  exactly  to  the  general  Form  of  Ordinates, 
z*—1  x  2  —  32  -f-  «Jl_I~'  x  8  —  92  4-  z\  And  after  the  lame 
Manner,  may  any  other  Ordinate,  having  the  Properties  mentioned, 
be  reduced  to  due  Form,  and  fo  be  compared  with  the  general  Form 
of  Ordinates,  viz.  29—  'Rfc— »  x  a  -\-  bz*  -f-  cz2*  -f-  &c.  or  2*—  <  x 

'  +  A"  +  S^*"  +  &c^x_1  X a+~bz* 4- «s2« -|- &c.  and  by  a  due 
Subftitutiort  of  Values,  the  Area  found.     Particularly,  in  the  prefent 

Example,  we  will  have  0  =  4  .  j=  1 .  x  =  —  1 .  r  =  (7=)  4  .  * 

=  (r-f  X=)3./=(f  +  X=)2 ..D=(/  +  A=)l./=2  ./== 

—  3  •*  =  <>•'*=«  .*  =  8  .*  =  —  9.f  =  o.</=i.  Which 
Values  being  inferted  in  the  Series  for  finding  the  Areas  of  Curves,  viz. 

»9RXX4_  4--=== — 2*  +  5 = z*  -f  &c,  it  comes 

re  r-f-i  x  *  r*\-  z  x  * 

*  ~  -  -  _  .  

OUt   2*X2  —  32  +  Z4~l  XT+:Z1^2Z  -f-  f,2»-f  ^23  +  O 

=  2-3*+«j  :  *w  fince  the  fecond,  third  and  fourth  Terms  are  each 
equal  to  nothing,  i.e.  B=o=C=D,  and  the  Factors  2— 32+23»~1"1 
and  8—  924-2*  only  Quadrinomials,  it  will  be  evident,  by  con- 
fidering  the  Progreffion  of  the  Series,  that  all  the  fubfequent  Terms 

Pi  in 


in  mfm&wiry  msft  vanifl*,  and  dierefot*.  A?  Aft*  e£  the  Gufve  is 

AC  .ft  Ic  is*  ro  be  obftwed*  in  this  Ertrntyle-  that*  &e  Fattens 

2-— jar  +  aP*5-*  and  8'— o*--^;  Belongfrg: to' tfo*  fefbrtfflbff  of 
tfc*  O«fioa»r  a«  to  be  edMfidcred  as  Qoadriftorolafe;  an*  rJSeTtaidi. 
miais^  for.  the-  Name- of  th«  Quantity,  wider  the  VinebkMi^.  depends 
upon-the NumUr.c£Tenns»t  in-  which- die- Indexds  of  the-  Power*  of 
z,  conftitute  an  arithmetical  Progreffibn  :  and  thus  thefe  two  Factors 
are  to  be  confidfcted>a8»ftancung  in  this  Form  2  —  3J5  4I  oz*~^z3\~~z 
and  8  —  gz  4-  os»  -j-  z* :  for  the  fi^heWsofrth,e  Power*  of  Je,  v/z. 
o;.  »..a»..3fy<  gfc.  in-  the-  general-  Bbrm-  o£  thV  Ordinate-  *9*=»«  x 

eonftitutean  arithmetical  Progreffion. 

13-8.  Bat  let  u*  nexp  fuppofe  the  Ordinate  of  a"  Curve  to  be 
&F${r£^&>  **&■* irredfcete Fraetiotf :'  trie^ prfcfle-Divifors 
^  afr  wHrfe?  DttttOKAmm  at*  P-p-jrVi'.f  ■*.  j  4-^orte  fort',  and 

x^.x.x:.  *..  x*.  another,,  *«**  tfierefote- rto*  primt  Mr  wWdfiF  a 
Belbw.:  rejsfo  oa«- prime  Ctt&f  of  cachi  fort;  and-  thv  Quo8ettt-  is 
ts+*Wi^W*XXXM'x*z±x*-)L  £**-|£Va  tfUe^tiarg;  hav- 
wg  *•-+*»  ffoejrVRdc*}  therefore;  £put  '*+*«*  f&R^j?!Ef£jsV* 
ft*  »  V  b»t>  *'~H^-*forB^;  «&  b/redudng,  the*  O'rdfoate 
t^dbE^xniam  ^f^»:  TEe  Manner  of  which  Redudion 
5+S?*1         pwpofcet  Ordfette--  tiF  aWFforri;    ftfrca?  thW. 


*  +•  3*  — -nrr'-n-  .  in  «     ,       2  d"3£: 

•N*  ******  ^^^^E3y^M*^XV'^^'^W*^^SJt^J3ast 


xjc* 


i+x  X  l+x  xx  x-x-  x  *  x ■**       '-t-**x^r»     i.fnrV^-y^T^£Vi^. — ^7-^ 

ThP^  *-*• .  +*  x-*»— *  r^T^]v""  JTT^r**"5  xW*"* 

xT+^or  *-*-•  MT^^^^xiq^.wWoW^t^M^ai^ 

to  the  propofed  Ordinate  *-r-3*  .    l,,^  .  ^     ,    v 

«c        t  L.         ,%.   *»Hr3**+r3*»+a^J   ^^  brought  to-  doe 

Form;.foas  tobe  capable  of  bcing^compared  with  the  «Befta;FW 

ofordfnftt»,w«.  «^^^xJ4^4^jrar.  kW™««I; 

Itoi^nwddrrfoweciano^ffetftriff  rflfe  (^mparflgn,'^ce>''ln 

negative 


$fe  Qjffrirsmrt  ff  &v*v*ff  atftttWzd.  tot) 

ribptftHhtdgetr  for  tins'  is-  ah  EvidAce  tKaT  the  Area  irifing  from  ^ 

this  Form  of  the  Ordinate  is  infinite  *.    Wherefore  according  to  what  **t*:1P' 

•  -°  -"-_•;'      of  thisEx- 

was  {hewn-  at-  ArK  i***  f  cohvert  me©rdittaifc  tf-'i  *  r4T>?     )*  p15^0?: 

— — —  .      _*.•  -..!-'  .....       Of  thi« 

i  +  3*  ihto'the  ottitif  Form7,  in' vflildh  the  Eirp6rlfeh^  of  M  Powers  Expiica- 
ofrfunder  the  Viricufams;    afre;  negative;  jahd  it  becomes.'  yrr.?  x  tion- 

5^F?-^~Jy  ^  -f  2*"-*  *  *^'-'  *'  i/4=y-,|-*-'  X  34-f  2*-1 : 
by.  comparing!  which  with  the  general  Form,  we  have  0  =  — 6. 
A  =  —  1  .  X=^-  2  .  r=o  . sz=.±  .  /==2  .  «u  =  o.  e=  1  ./==  I* 
£>==  o;  &t.  <r= 3  .  £=  f .  * '= '6,  &c:  Hferfee',  By'  irife'ruhg  theft 
VaWeSitt  difSerie^for  Ar&s;  we'  &&'***!  +je-+-m  tf  — -f  =± — 
forthe  Area*  of  th^Curve  whbrfe  Ordinaie  was^rbpoTdi 


3f  Ih^rafe  fiveth6'  fiVftV  vaftiftiifJ^     AW  j^ou"  acre/  -tb^ft&ttFiH 
another  Cages'  of  Hit  lik*  tote: 


into  it's  conftituent  prime  Divifors  ",  if  there  be  any  of  thefe  prime  Curvet. 
61viforswimWaFeiJfore^aaI!ti).it,  life  Curve  is'ribr'qdaara'bte :  the1  £^j£_ 
Bemosftrajtion  of  which*  I'dut'  off  to  this  Place. ^  And  npw  in, order  pUcation. 


ittforitflttahW;  nV>*^ 

Wttctf  Th^are'ea^  Jmt&fMl  wTat^as^^fl'drfProjy.  ii 

Whercforfe  let  5.  be-  a  rational1  irred6ciofe:  Fra&ion  exprotfing'  the 
Area  ofa'  Curve;  wlftctf  tnrfefore  is^dVatte :  men  ^r?*    &  &g 


D» 


FtefcSofc c^thVcui^iiearApea^v  a^'Conle^eMfthe' Value  bJFtHe? 


3 


Ordinate" wherrtheFluxToh  of'tne  AblcHs  is*" tJnityV and*  murf  be'aA 
rtt5»Wf»ffleriW'Qffdhtirf.  #oWW  tn«»:E*p^fflbtt*^d^  eteryf 
prime  Divifcr  of  the  Denominator  D^muft  be  capable  of  dividing. ir 

.OTTC3J6/  - 

fome 


no  Tie  Quadrature  of  Curves  explained. 

fotrie  even  Number  of  Times,  fince  it  is  a  Square,  and  of  dividing  I> 

half  that  Number  of  Times,  and  D  juft  once  lefs  than  half  the  Num- 
ber of  Times,  by.  Lemma  third.  Let  P  reprefent  any  fuch  prime  Di- 
vifor :  then  if  P  divide  D*  but  twice,  it  won't  divide  the  Numerator 

at  alU  becaufe  P  divides  ND  the  firft  Part  of  the  Numerator,  fince 
it  divides  D  once;  hut  U  won't; divide  the  other  Part  of  the  Numera- 
tor, fince  it  can't  divide  D,  by  Lemma  3,  nor  N  by  Hyp. ;  N  and 
D  being  prime  to  each  other,  and  fo  not  ND ;  therefore  it's  plain, 

that  P  won't  divide  the  Numerator  ND  —  ND  at  all,  when  it  divides 
the  Denominator  D*  but  twice.     Again,  if  P  divide  Da  four  Times, 

it  can  divide  ND  —  ND  only  once:  for  it  divides  ND  twice  and  — 

ND  but  once,  for  the  fame  Reafon  as  before,  therefore  it  can  divide 

ND  — ND  only  once,  when  it  divided  D*  four1  Times :  and  thus  by 
the  fame. way  of  reafoning,  whatever  Number1  of  Times  any  prime 
Divifor  divides  the  Denominator  D%  it  will  divide  the  Numerator 

ND  —  N#  juft  once  lefs  than  half  that  ^uipber  of  Times.     Whence 

it  plairily  follows  that  when  -^^DSs  in  it's  lixweft  Terms,  there  can 

be  no  prime  Divifor  in  the  Denominator  withqut  a  Fellow  equal  to  it. 
Therefore  if  the  Ordinate  of  a  Curve  be  a  rational  irreducible  Frac- 
tion, whkh  contains  any  prime  Divifor  in  it's  Deiiqminator,  without 
a  Fellow  equal  to  it,  the  Curve  cannot  .be  fquared.  v  Q.E.  O. 

140.  If  the  Ordinate  of  a  Curve  be  .a  rational  irreducible  Fradion, 
whofe  Denominator,  confifting  of  feverajl  Terms,  is  not  a  true  Square; 
and  Tome  prime  Divifor  of  that  Denominator,  be  not  contain'd  at  leaft 
three,  Times  in  it,  the  Curve  is  not  quadrable :  as.  eafily  appears  from 
what  has  been  faid.  Which  is  ftiil  a  further  Limitation,  beyond  that 
mentioned  by  Sir  lfaac.  Moreover,  let  a,  i>  c>  d,  &c.  be  the  prime 
Divifob  contained  in  the  Denominator  thrice  above ;  and  let  a*y  b&9 
ey>  d^  &£•  be  the  higheft  Powers  of  a%  b,  c%d%  &c.  which  divide  the 
Denominator  of  the  Fraction  in  it's  loweft  Terms,  then  the  Curve  is 
riot  quadrable,  unlefs  when  the  Denominator  of  the  Fraftion  in  it's 

m  loweft  Terms  being  multiplied  by  a*-2lfi-2cv-2d}-2,  &*.  makes  a  com- 
plete Square :  for  the  Multiplication  of  the  Numerator  and  Denomi- 
nator by  t^iis  laft  Quantity,  muft  bring  back  the  Expreffion  of  the 

,  Ordinate  to  it's  original  Form:  as  may  eafily  appear  from  what  has 
been  faid  :  and  therefore  if  the  Curve  be  quadrable,  the  Ordinate  will 

be 
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be  brought  back  to  this  Form  N      ND :  in  which  the  Denominator  is 

:a  true  Square. 

141.  At  Art.  31*,  Sir  Ifaac  directs  how  we  are  to  manage,  when  *  Of  the 
the  Ordinate  is  an  irreducible  Fraction,  whofe  Denominator  is  made  ^STo?" 
up 'of  a  rational  Fa&or,  which  he  calls  Q,  and  an  irreducible  furd  Curm. 
Faftor,  denoted  by  R*,  that  the  propofed  Ordinate  may  be  brought 
to  due  Form.     The  Operation  contains  no  Difficulty  in  it :  and  it 
amounts  to  this.     After  you  have  thrown  by  one  prime  Divifor  of 
each  Magnitude  or  Sort,  contained  in  the  Root  R,  fee  whether  the 
Quantity  Q,  multiplied  by  the  Divifors  of  R,  which  remain,  either 
make  up  R,  or  any  pofitive  Power  of  R,  whole  Index  is  an  Integer, 
denoted  by  m :  then,  if  that  be  the  Cafe,  R*-1,  in  the  general  Ex- 
preffion  of  the  Ordinate,  becomes  R""*-"*,  viz.  by  reducing  the  pro- 
pofed fra&ional  Ordinate,  to  the  Denominator  R*+" :  and  this  Re- 
duction will  be  always  made  thus :  multiply  the  Numerator  of  the 
propofed  Fraction,  by  the  Divifors  of  the  Root  R,  which  remain, 
after  one  of  eaclv  Magnitude  or  Kind  is  thrown  by ;  and  inftead  of 

the  Denominator  QxR*,    write  Rr+*,  and  it  is  done.     That  the 

*  N 

Thing  may  be  perfectly  evident,  let -  reprefent  the  propofed  frac- 
tional Ordinate,  and  fuppofe  a.b  .c  and  a  .  a.b  .c.c  .c  to  denote 
the  component  prime  Divifors  of  Qjmd  R  refpedtively,  fo  that  the 

Ordinate  may  be  reprefented  thus ,  where,  after  throwing 

abc  x  aabece^  ° 

by  one  prime  Divifor  of  each  Sort,  of  R,  viz.  a  .b  .  r  and  multiply- 
ing Q  =  abc  by  all  the  remaining  Divifors  of  R,  viz.  a.c  .  r,  the 
Frodud  is  aabece  =  R.  Therefore,  it's  evident,  if  N  be  multi- 
plied alfo  by  the  remaining  prime  Divifors  a  .  c  .  c,  the  Fra&ion 

N    —  will  be  converted  into  this  equivalent  one       .**  *  N 


abc  x  aatoccY  aabece1  x  ** 

ace  x  N         accxN        A  ,.        -      r  .t         r  r        N 

or  -1 — -  =.— r-r.    After  the  lame  manner,  if  we  fuppofe = 

R  xR*        Kw+l  •    rr      QxRf 

N 

— —   —r-ii,  where,  after  throwing  by  a.b.c,  one  of  each  of  the 

prime  Divifors  of  R,  and  multiplying  Q==<*3£V+,  by  the  Product  of  the 
remaining  ones,  viz.  ac*t  a*6*c*  arifes,  which  is  the  Square  of  R  *  it 
will  appear  that  -£-  =  /- =  — flffxN      = 

.  -t-TT  X-r->~  =)  -C-T«jL'    And  fo  of  others. 

Thus 


i  s  a  '•&*  fyedrstar*  of  Gb***«  tm0Dmt4- 

the  prime  Divifors  of  q*  +  ?*#  —  ?**  —  *3>  are  y  -^  #  «■  <£  ^="  *  • 
q  —  x ;  after  throwing  by  ?  +  *  and  T—-Hc  m^tipjy  &e  rational 
Fajftor  y1  —  A1,  by  ihe  remaining  prime  J^h/iht  q  ^-#,  jfae  IVjd4u& 
is  ?3  -f-  ft*  —  q*z  —  *z>  therefore  you  tranafonh  the  Qf&p&p  fry 
mukiplpng  tbhe  Numerator  hy  q  ^\-  x  and  making  the  D.fi»qpM0£t9r 

£3  4.  ^y  —  ox%  — ■  *M *  + \  whereby  it  ftarid?  thus 

by  comparing  which,  with  the  general  Ordinate  sfcr1  *  Rfc-«  * 

?*  ^-  fe*  ^ftfe**l4-w»c;  and  then  ittbftituting  the  particular  Vaiacs, 
in  the*  Series  for  Areas,  the  Area  of  the  Quwc  will  ho  found  tg  be 

/*  if- j**f- £***-#*!  |" 

'  14a.  0ur  Aiithor,  in  this  Brapofition,  rchftiW  9  ggPO^l  Thep^wp 
flr  Qwqn,  fey  jjri»cb  jfrg  Ar*»  *>f  Wf  cWh  W^fe  Qftefc  **  # 

tfw  Fsfg?  ^-^-j  *  *  +  fa?  tfc  oft  :*■#»,  &f-  jw>  d#«- 

mined ;  arichthat  either  perfe&ly  true,  vis.  when  the  curvilinear  Area 
admits  of  a  geometrical  Gomparifon  with  riejtf-lined  Figures;  or  die 
(6  near  the  Tfutfi,  that  the 'QUfcmxtt  may  ftiil  lye  made  kft  and 
!$  Wtffc°4f  Epdi  fifft  wk»  *c  Curye  gafiifflt  fe  fcuaffid;  ftp  wt^- 
as,  it  may  be  of  confiderablc  Ufe,  to  know  when  a  Curve  mav  or 
ntey  not  be  fquarcd :  u  e.  when  it's  Area  may  be  expfefTcd  fy  a  finite 
Number  of  Terms,  or  cannot  be  fo  exprefled ;  thetpfote  I  figll  fern? 
lay  down  fome  general  Rules  refbe&ing  this  Matter :  and  for  that  End 
flial)  distinguish  fome  Glaflfes  of  Gurves  that  come  undef  the  general 
Epjm  mentjgnpd  id  this  Ew>p&fitio»  ;  »  my  be  «i%  redygg$  (9  it. 
And  they  are  thefe  following : 

IS.  qpfi-*=zy.    z0.a2t-\-bzq-\-czr^-dzst  &c.  =rj.      3?.  ifp*-" 

X  *4+>W  *~!  =  jr.     49-  «**  »  ^^j^^^gi^*  =rj.     5s*  «^-' 

7°.  i0-1  x  f^fr^1  x  a^aw+^^a^  =>      «.  a^1  x 

^  +^Y  +.*??11!*" ••  ¥  ^4-  ferftr  <»«  PcC.  =5  jrt    Where  the  Sym- 


bols are  to  be  under^Qtyd  ijj  the  &ffie  Senf^  they  are  tak^n  hy  our 
Author,  viz.  z  denotes  the  Abfcifs,  and  jr  tbg  porre%on^g  Qv&- 

5  natc : 
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natc :  a  .b  .c  .  J.  e  .f.g  .  9  .1 .  \  alfo  p .q  *  r  .  s  are  conftant 
Quantities ;  integral  or  fractional,  pofitive  or  negative. 

143.  All  Curves  of  this  Form  az*~l  =.y  may  be  fquared,  unlcfi 

when  it  is  9  =z  o :  and  the  Area  is  js9. 

For  if  the  Ordinate  az*-1  or  afi-1  *  i*-1  %a  be  compared  with  the  general 

Form  of  Ordinatess^R*-1  %a-\-bz\  &c.  you  find  /=  o  =zg  =£, 
&c.  b  =  o  =  c,  &c.  R=(e=)  1  .az=a9  &c.  Therefore  infert 
thefe  Values  into  the  general  Expreffion  for  the  Area,  belonging  to 
this  fifth  Propofition  :  and  it  will  eafily  appear,  that  all  the  Terms  of 

1 

the  Series  after  the  firft  IL,  vanishing,  becaufe  of  the  Letters  by  r,  d9 

re 

1 

&c.  f,  g,  h>  &c.  being  e^ual  to  nothing :  the  Area  #9RX  x  _!_  becomes 

re 

~sft.     Which  therefore  always  exhibits  the  Area  exa&ly,  and  gives  it 

finite,  unlefs  when  6  =  0  :  for  then  it  becomes  ■£  infinite.     QJ2.  O. 

See  alfo  Art.  52  *.  *  Of  thi» 

144.  By  this  Rule  all  fimple  parabolical  Curves,  and  hyperbolical  ^kar 
Spaces  lying  betwixt  the  Curve  and  Affymptotes,  unlefs  in  the  Cafe  of 

the  Apollonian  Hyperbola,  are  fquared. 

Ex.  1.  Suppofeit  bepz=y\  or/£s*=jr:  here,  becaufe  a-=njpm 
and  9  —  1  =  £  or  fl  =  £,  the  Area  is  y^*s* :  or  by  inferring  y  for 
\/pzy  jyz :  which  gives  the  Area  of  the  common  Parabola :  being  {- 
of  the  Re&angle  under  the  Abfcifs  and  Ordinate. 

Ex. 2.  Let  it  be  yz%  — a  =  0  or  az~*  —y :  here  0—  1  =  —  2 

or  9  =  —  1,  therefore  the  Area  is  —  az—1  or  —  — :  which  denotes 

an  hyperbolical  Space  lying  betwixt  the  Hyperbola  and  Aflymptote 
infinitely  produced  below  the  Ordinate.     But  if  it  had  been  zy  =  a  or 

y  =  az— *,  where  9  —  1  =  —  1  or  9  =  o,  the  Area  comes  out  *  in- 
finitely great :  which  is  the  Cafe  of  the  common  Hyperbola  :  and 
what  muft  be  done  here,  (hall  be  (hewn  afterwards*.  *Art.ioo. 

J45.  All  Curves  of  this  Form  oaf  +  bz*  +  czr  -|-  dz\  &c.  =zy,  ofthisEx- 
when  the  Number  of  Terms  of  the  Value  of  y,  is  finite,   may  pUcatum" 
be  fquared,  unlefs  fome  of  the  Exponents  p.  q  .  r,  &c.  be  —  1 : 

and  the  Area  is  ^*/+l  +  j+\z7+l  +  7£izr+l  &c# 

Q  For 


a  14  ^\%^r*A/r#^>C  urate*  sxflained.. 

sflor  -the  complex ^Ordinate  as'-f-.fef/i&c  is*  to  be  confidered  «s 
compounded  of  the  fcveral  :fimple  Ordinates -atg?,  ties9,. est,  -fcc:  -and 
therefore  the  Area  of  :the*-Gurve  .is  compounded  of  the  'fcwal  Areas 
belonging  to  the  fimple  Ordinate*,,  -which  being  aifignable  by  the  laft 
Rule,  <the  Area  .according  thewto,  will  ■}&  rij*^"1  4-  4-^+i,_l 
TjlF**1  &c-  Which  is  always  &nke,  unlefe  pat  q,  or  -r,,(&c."  be 
equal  to  -*- 1 :  for  then  the  Area  belonging  to  the  Term,  where  that 
•happens, -becomes  infinite  by  the.laftV.Rule.    Therefore,  £fc.     QJ2.-Q 

Ex.  i.  Suppofe  2  —  3z  +  qz*  ~  5*3  —y  -be  an  Equation  to  a 
Species  of  Parabola}  then,  bj  inferring  2,  —  3,  4,  — ^  for  „  4 
t,  i/  refpeaively ;  and  o,  1,  2,  3  for  pt  qy  r,  *,  the  Area  of  the  CuVve 
is  2Z  —  \&  -f-  f  JS*  —  i z+. 

•Ex.  <z.  Let  jb*^-*-* —  a-*  s=j  expwfi  >the;ftel*t«Mi  of-the  Ab- 
fcifs  and  Ordinate  of  a  Curve :  where  a  =1  .  b=zi .  c=  —  i  .  p—-2 

jgc=  ^3  .  r=— 44.:  there£oreAyAip«^jSubflttotion.of'Values  the 
Area  will  be  fas 3  — 1«— a  ^-  fz— *. 

146.  Cor.  Hence  it  follows,  if  a  -\-  iz»  -\-  czZf>  -f-  Jz3\  £;C  ^ 
inf.  be  a  converging  Series,  approaching  continually  to  the  Value  of 
the  Ordinate  ©fa  Curve,   then  az  4-  ~z*+*  4-      c     --.,<  .    1 

1^^231.+ «  &c.  m  w£  will  be  an  infinite  converging.  Series,  approach- 
■idg  contimialK/  to  the  Value  of  the  oorrefponding  Area. 

•  And  by  this  means,  the  Areas- of  «dl Sorts -e^OuTves.-tne -Relation 
of  <wbofe  Abfd&and  ©Hdinate  is  expreffed  byaay  algebraical  Equa- 
tion howfoever  affecleti,  may  be  detennineybyaTiirin^ecotrrerg- 
tng-8eries:"when  they  eannot  ©therwife  brfquared,  by  the 'Methods 
&ewn  in  this  Treatife  of- Quadratures.  For  by nneans  of-fiich  an 
Equation,  the  Value  of  the  Ordinate  may  always  be  cxprefled  by  .an 
infinite' Series  of . fimple Terms,  containing  the. Powers  of. the  Abfcife 
sand  known  Quantities  only,  when  it  cannot  be  expreffed  in  finite 
Terms  :  and  that?  by  the  Methods  taught  by«  onr  Anthor  elfewhere  *  • 
hand  thence  by.  what  .has  been  jt»ft  now  faid,  theMrea  may  be  deter- 
mined by  an  Approximation.  T4>us  ify*-\-o*y  s-j-  ^y  _2tf 3_ z$__  Q 
be  an  Equation,  expreffing  the  Relation  of  the  Abfcifs  and  Ordinate  of 
a  Curve :  by  refolving  the'  Equation  according  <to  his  Method  by  an 
mfinit*  Series*  it  ky  =*_  i  +  £  ^Jf^-te,  /„  inf.  Whence, 

by 
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by  what  has   been  juft  now  faid,   we  (hell  have  az-  -r  \z%  4* 

_fl_  _it  JiifL  &c.  an  approximate  Value  of  the  Area. 

192a   ■   2048a1 »  r* 

Lilcewiie  if  we  have  «Jrr  —zz=y,  an  Equation  to  the  Circle:  by 
extracting  the  fquare  Root  of  rr  —  zz,  according  to  his  binomial  The- 
orem, itisr-£-^-^--^7-&c.  ininf.—y:  wher* 
fore  the  circular  Area  adjacent  to  the  Abfcife  zt  which  begins  at  the 
Gutter,  is  r*_g_£7_-£__|L_&c.r  being  the  R* 

dius.  Thus  let  ADE  be  a  Quadrant  of 
a  Circle  (fee  Fig.  )  AE  =  r  .  AB=*> 
and  let  BC  be  perpendicular  ta  AB. 
Put  r  =  1 .  z  =  o,  1.   th6n.  the    Area 

AO/"»^      *  °'C01  O,OOO0I 

ABCD  is  0,1  —   -v  —  — 

0,0000001  0,000000005 

But  if  itbe  AB  =  2  =  1,  the  Area  of  the  Quadrant  is  1  —  j  —  — 

~  771 "—  H7i  nearly. 

147.  All  Curves  of  this  Form  a***1  X  e  -*h/s,,v^1  =>,  «wy  always 
be  Squared,  when  j,  that  is  —  +  X,  is  either  equal  to  nothing, 
or  a  riegative  Integer,  as  —  1,  —  a,  —  3,  &c.  unlefi  when 
r%  that  is  -,  is  either  nothing,  or  a  negative  Interger,  not  greater 
than  5,  at  the  fame  Time:   in  which  Cafe  the  Area  is  infi- 

nitely  great.     And  the  Area  of  the  Curve  is  —  x  e  -\-fz*]  x    X 

r'        rxr^t-ix*4  rxr-j-ixr-+-2x**  rxf^f1  *  /,T"J  x  '4"3  x  ** 

g  Where  the  Number  of  Terms  of  the  Series  is  one,  when  s  =  o : 
2,  when  i  ^=  —  i  :  3,    when  j  =2=  —  2,  Gfo  /\  e.  one  more 
than  the  negative  Units  contained  in  x.    In  other  Cafes  the  Curve 
is  not  quadrable.     But  it  muft  be  obferved,  that  both  Expref- 
fions  of  the  Ordinate  muft  be  tried  by  the  Rule ;  as  well  that 
which  has  the  Index  of  z  under  the  Vinculum  negative ;  as  that, 
where  it  is  pofitive. 
For  by  confidering  the  Series  for  Areas  in  general,  exhibited  by 
bur  Author  in  this  Propofition  * :  and  applying  it  to  the  Cafe  of  aoft{£2  * 
Ample  binomial   Curve,   fuch   as  we  are  now  fpeakiag  of:  where  Quadra- 
it  is  £=0  =  c  =  </,  &£•  likewHc  g  =  o  =£2=/,  &c,  in  infini-  g^ 

Qj*  turn, 
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turn,   it  will  evidently  be  reduced  tg  this  Shape  sfixe+fxeP 

r*         r-)-lx#  r+2**  '+3^  


I 

— * 


Or,  which  comes  to   the    feme,    sfi   x  e+f&V  X  r^-X  V  ~~ 

rxr+i      «*  "*"/xr+l  x  r+  x      '*  r  x  7+7  x  Hpl  x  ?+?         /t      ^r 

•  of  this  as  appears  by  Art.  125  * :  for  the  whole  Series,  in   this  Cafe,    is 

Expiica-    redue'd  to  tne  firft  horizontal  Row,    as  it   is   exprefled  towards 

**■        the  End  of  that  Art.     Which,    by  taking   the  common  Fador 

— a,  out  of  all  the  Terms,  and  prefixing  it  to  the  common  Mul- 

tiplier  z\  makes  the  Series  mentioned,  viz.   —  x  e  +  fz*Xh  x 

1  sf  ,        /xi+ix/*  /xi+ixHp2x/J  ,      M 

n      rxr+ix#*        '  rxr-j-ixr-f-ix*1  rxf+ixr«4-2xr-f-3x*+ 

From  which  Series,  expreffing  the  Area  of  a  fimple  binomial  Curve 
in  general,  it  appears  that  if  it  be  jxo,  the  fecond  and  all  die  fub- 
fequent  Terms  will  vanifh,  becaufe  of  the  common  Fadior  s  =  o 
found  in  them  all :  if  it  be  s  -f-  1  =0  or  s  =  —  1,  all  the  Terms 
after  the  fecond  muft  vanifh  5  becaufe  of  the  common  Fadtor  s  -f-  1 
=  o :  if  it  be  s  =  —  2  or  s  +  2  =  o,  all  the  Terms  after  the  third 
muft  vanifh,  and  fo  on  continually:  wherefore  if  j  be  nothing,  or  a 
negative  Integer,  the  Series  will  terminate;  and  the  Number  of  Terms, 

will  be  one  more  than  the  negative  Units  contained  in  *=—  4" A:  but 

if  r  be  equal  to  nothing,  or  any  negative  Integer  not  greater  than  x, 
the  Denominators  of  fome  one  or  more  of  the  Terms  preceding  that 
Term,  which  fhould  be  thelaft,  will  vanifh,  and  fo  make  one  or  more 
Terms  infinite  :  thus  e.  g.  if  it  were  *  =  —  2  or  j  -}"  2  =  °>  there 
would  be  three  Terms  >  but  if,  at  the  fame  Time,  it  be  r =—  2,  or 
r  =  —  1,  or  r=o,  he.  r  -|-  2  =0,  orr-|-  1  =0,  or  r=o,  one 
or  more  of  the  preceding  Denominators  muft  contain  a  Fa&or  equal 
to  nothing,  and  thereby  make  the  Term  or  Terms,  to  which  it  or 
they  belong,  infinite :  and  the  Reaibning,  from  the  Nature  and  Pro- 
greffion  of  the  Series,  is  evidently  the  fame,  whenever  r  is  nothing, 
or  a  negative  Integer  not  greater  than  s. 

Moreover,  it  is  evident,  that  in  no  other  Cafe,  except  when  s  is 
either  nothing  or  a  negative  Integer,  can  the  Series  terminate:  i.  e.  in 

no 
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no  other  Cafe  can  the  Curve  be  fquared :  thefe  things  being  fuppofed 
to  be  applied  to  both  Expreffions  of  the  Ordinate  ;  as  well  that  where- 
in the  Index  ij  is  negative ;  as  that  wherein  it  is  affirmative :  which 
will  appear  by  the  Examples.    Therefore,  &c. 

Ex   1    Let  ^     '* — r— — ?  =  y*  exprefs  the  Relation  of  the 

Abfcifs  and  Ordinate  of  a  Curve :  by  extracting  the  fquare  Root,  it  is 

.i. 

2*  ~—y :  anc*  becaufe  the  Quantity  under  the  ra- 

V^27—  108* -f-  144**  —  64*1 

dical  Sign  in  the  Denominator,  is  a  true  Cube,  whofe  cube  Root  is 
3  —  4#,  therefore  I  reduce  it  to  this  Shape  — ^-j  =^,  which  is  a  fim- 

pie  binomial  Curve.     When  it  is   brought   to  Form,    it  is  either 

2z*  ~  *  X  3  —  43 1~ *"  *  or  2zc~l  x  —  4+3s-,1~*~I.  In  this  laft 
Cafe,  by  comparing  with  the  general  Form  of  Ordinatcs  for  binomial 

Curves^-1  xr+t/&ax",>  we  have  0=o .  *  = —  i  .r  =  (-==) 

o,  whence,  without  proceeding  further,  I  conclude  the  Area,  arifing 
from  the  fecond  Form  of  the  Ordinate,  to  be  infinite :  which  is  al- 
ways the  Cafe  when  6  =  o.  But  I  cannot  thence  conclude  that  the 
propos'd  Curve  cannot  be  fquared,  until  I  apply  the  Rule  to  the  firft 

Form  of  the  Ordinate,  viz.  2z*  ~ l  x  3  —  42A ""  *""  *  :  where  we  find 
0  =  £.l=i  .  A  =  —  i.r  =  ±.s  =  2,  which  being  pofitive,  {hews 
that  die  Series  for  the  Area,  arifing  from  this  Form  of  the  Ordinate, 
runs  out  into  an  infinite  Series :  and  now  I  conclude  that  the  propofed 
Curve  cannot  be  fquared.  , 

Ex.  2d.  Suppofe  it  to  be  2aT*X3  —  4sW  =  j.*  this  Ordinate 
may,  when  brought  to  due  Form,  ftand  thus  2**-1  X3 — 43I  ~*~l 
or  22-1— l  X  —  4+3Z-1}-1—1-  From  the  firft,  we  have  0=f  # 
t  =  i.  X=  —  ~  .  r  =  -~  .  x  =  o:  whence  I  conclude  the  Curve  may 
be  fquared:  and  fince  moreover  it  is  *  =  3  .y=  —  4  .  a  =  2  j  the 

0 
Area,  which  according  to  the  Rule,  is  thus  generally  exprefied  — 

*e-\-fz»'x*^,  will  be,  by  Subftitution  of  Values,  2^x3  —  4*'— *X 

1=1%/^;^:  although,  if  you  try  the  other  Form  of  the  Ordinate 

zz-1-1  x—  4+3»-Mt*—  *,  you  would  find  the  Exprcffion  for  the 
Area  to  run  out  into  an  infinite  Series* 

Ex. 
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E£  3a.  Let  c*y  —  a*z  —  2^**  H-j«*  =  o  be  an  Equation;  con- 
taining the  Relation  of  the  Abfcifs  and  Ordinate  of  a  Curve :  by  taking 

the  Value  of  y,  it  is^y  =  ^^JIJI  .  ^ :  where  the  Denominator  being 

*  Art.     a  true  Square,    I  make  it  ftand  thus  *  -^v  og  a +z  x  c%—> g»!~2  : 

#S!£*  **  hich>  tfeJng  reduced  to  due  form,  is  either  a*z*-*  x  <*— z^w'-' 
or  yet  a*zr~ *— f  X  —  i-j-tfttz^-*!""-1—1.  From  the  firft  Manner  of  «- 
prefling,  we  have  0  =  2  .  *=  2  .  X  =  —  1  •  r=  1  .  s  ==0  :  whence 
I  conclude  the  Area  irifirig  from  this  Form  of  the  Ordinate  to  be  finite 
and  affignablt:  and  fince  it  is  ihoreover  e  =  cc.f=z —  1  .a=za+: 

the  Area  will  be  •       ^|tt    Again,  by  comparing  the  fccond  Form  of 

the  propos'd  Ordinate,  viz.  a+z-*—1  X  —  i-\-ccz-%\—1— *,  with  the 
general  Form,  we  have  0  =±=  —  2  .  *  =s —  2  .  X  ;=  —  1  .  r  =  1  , 
i=  o :  whence  it  appears  that  the  Area,  arifinj^fcoav  this  other  Form 
of  the  Ordinate,  fnay  be  feadfty  determined  liketvife  :  and  fince  it  is 
moreover  *  =  -*-  1  ,f=:cc.  u-zsi<fi%  by  a  proper  Substitution  and 

RedtfdKoh,  (he  Area  frill  come  ottt  U^ZK% :  By  this  means  we  obtain 

fwo  Areas,  perfe&Iy  affigriable/and  both  belonging  to  the  fame  Curve : 

*  Art.     Of  which  we  gave  ah  Eidmpfe  forrfierly  *. 

iSisExl      ^x-  4th-  Let  az2*-We-^J&  bfc  the  Ordinate  of  a  Curve  :  it  may 

plication,  ft^j  thUs  aj^V-i  x*"+7^*~!*  or  A118  i,*f,!"1  X/+ «-■!*-■ ». 

from  the  firft,  fc  fe  d  =  2?  >  *  =  *  .  X  ==  £ .  r  =  2  •  J  ==  £ :  trhcticft 

the  Series  for  the  Area,  arifing  from  this  Form  of  the  Ordinate  runs 

ottt  infihlttfy.  Wherefore  I  try  the  other  Form  az%*~1  xf+ez-A^1 : 
here  I  find  4=  fij.  *==  —  1 .  X  =  £.  r  z=  *—  f  .  J:rr —  1:  tvhenc* 
I  conclude  that  the  Curve  may  be  fquared  :  and  fince  it  is  morcova 
e  =zj\f=ie  .az=a9„  the  Area  by  a  proper  Subflimtion  <Jf  Values 

4»       - 
in  thfe  Series  for  the  Areas  df  binomial  Curves,  will  be  ^-  xf-\-e%-*]  1 

X  -77* —  -uk*^  =  (by  a   prop"  keduftibn)  4  x  *-}-/*"  U  x 

15y/* 

148.  Cor.  From  what  has  been  faid  it  appears,  that,  toheh  wfc 
confider  finlple  binomial  Curves  that  are  capable  of  bfeing  fquared  : 
fome  are  of  that  Nature  that  one  Area  only  can  be  exa&ly  found,  as 
in  the  fecond  and  fourth  Examples :  which  Area  is  fometimes  deduced 

from 
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tft6m ;  lhatFona  of  the  Ordinate,  twhere  j,  t^dodex  of  2?,  is.ppfi- 
*t&e,  as  in  the  fecond  Example ;  forwetimes  >frQ(P  the  other  Forip  qf 
the  Ordinate,  Where  4. is  qegative,  as  in  jtbe  fojmh  Example.     B«t 
♦there  are  other  Curves, of  faeh  a  Nature  that  {rath  Areas, may  be  e$- 
*aiy  >found,  as  in  lExample^hird.     Thb/taft  Sort  we  m&y.a*U  ^«^ 
jQuadrable.    Therefore, it  may.b&of vufe .tohave  AjRnle jre&jdy  at  fcaijd, 
whereby  we.  may  at  ,firft  View  determine,  when  any  .propos'd  bino- 
mial Curve  may,  or  may  not  be/fquared  At  all :  ^nd.whep  it  isdpubly 
Quadrable. 
Rule.    Toftnd  wh?n  a  fiojple,  binomial  Curve,  may,  pr.ipay  pot 
be  jquared  at  all :  and  when  it  is  dppbly  Quadrabie. 

149.  Having  bmught:the-Ordinate  of  the-€ttr«.pfopefed,  .jp^and 

in  due  Form,  viz.  thus ,az*~l  X  e  ^fz^-1 :  being  that  Form,  where 
^,  the  Iijdex  of  z  under,  the  Vinculum,  is  fuppos'd  to  he  affirmative  ; 
J  .and  x  being  either  affirmative  or  negative. ' 

If  — \-  A  be  nothing,  or  a  negative  Iqtfgpr  3  ^d^at^&tpe  Tjrpe 
\.  be  nothing,  nor  a  negative  Integer  as'fmall  or  fmaller  than  it ;  or  if — 
^4- i.temthiag,  9*&  WS»liY*;Jn^ger5  31^  at  tfce  f^pe.Tjme  — 
—  -J-  .1 . — A  be  not  nothing,,  nor  a  negative  Jpteger  as'fmall  or  fmaller 

...tfeaa  it : -tfren  if;either  of  thefe  happen,  fhe. Curve,  pwy  J>e  fauared: 
jjf.lWfterjof fjiefe-h^ppei?,  t^e^C^ye  qanaot  ,l?e  fquaxpdr.jif  poth  of 
;  Xhe&\\  happen,  7jthe^  Cufye  Js  4q>ibly  qpad^able,. 

'TPhe^epiw^r^opi  of Tjtjbu&  will  jbe  evident  fr$m  wl^ijas^been  for- 
riperAy.fittd^nAit.^  X  *OftWs 

e  -X+fz*\h~*  *nay  be  alio  -exptcfled  otherwife  thus  ace+*»-i-»  x  tion. 
f^hez-1*1**1  :  for  from  the  firft,  we  have  r  =  — .  j  —  — t-  A :  and 

from- the*  iecond,  r=  —  —  —  A  4"  1  .  j=— •  —  *\-  1. 

150.  Hitherto*  we  have  been  capable  of  laying  down  general  Rules, 
by  Which,  vit  may  always  determine,  when  any  Curve,  of  the  Kinds 
mentioned,  is  prppo(ed;  whether  it  jnay  be  fquared,  or  not,  and  that 
immediately  from  the  Properties  of  the  Exponents.  But  with  refpe<ft 
to  trinomial  Curves,  viz.  whofe  Ordinates  come  under  this  Form 

az*-1  X  e  -\-fzr<  -f-  gz2  Y~\  all  we  can  do  by  means  of  the  Proper* 
ties  and' Relations  of  the  Symbols  0,  ^  a,  which  belong  to  the  Ex- 
ponents, is  to  fhew  fome  Limitations,  without  which  no  fuch  Curve 
can  be  fquared.     And  whereas  there  are  infinite  different  Relatiqns, 

which 
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which  fubfifting  among  all  the  Symbols  6 .  f .  X .  e  .f.g  taken  together, 
make  the  Curve  quadrable,  we  can  (hew  how  fomc  of  thefe  Relations 
may  be  inveftigated.  Finally,  I  (hall  by  down  a  Method  or  Rule, 
by  which  we  can  find,  without  much  trouble,  whether  any  propofed 
fimple  trinomial  Curve  may,  or  may  not  be  fijuared  at  all.  In  order 
to  which  it  will  eafily  appear,  by  confidering  the  general  Series  for 
411  Art.  %6.  Areas,  exhibited  by  our  Author  in  this  Propofition  *,  and  applying  it 
Quadra-    t0  ^e  ^c  °^  a  ^mP^e  trinomial  Curve,  that  it  muft  put  on  this  Shape 

tare  of  , 

ofthisEx-                                                   "      r+ixe             r -\-  2  x#  r+3  x# 

plication.  -  ■         -  -  

^^3x/i)f/t^^t^,+4x/M:^3xlD^^  the  other 

r-f  4  xi  r-f  5  x  # 

Parts  of  the  Numerators  of  each  complex  Term,  vanUhing,  becaufe 
b  =  o  =  c  =</,  &c.  and  h  =  o  ==/',  &c.  /«  infinitum.     From  which 

we  may  deduce  what  follows.  

151,  Any  Curve  of  this  Form  azfi~l  xe  -\-f&  -^-gz2*)***  =jf 
being  propofed,  fet  down  the  ieveral  Terms  in  order,  of  which 
it's  Area  is  compofed,  by  fubftituting  the  particular  Values,  in 
.  place  of  the  Symbols,  in  the  general  Theorem  or  Series  for  the 
Area  of  trinomial  Curves,  exprefled  in  the  preceding  Article :  and 
if  you  come  to  two  Terms  \  immediately  fucceeding  one  an- 
other, both  feparately  taken,  equal  to  nothing,  the  Curve  may 
be  iquared :  And  the  Area  is  juft  equal  to  the  preceding  Part  of 
the  Series :  provided  always  that  none  of  the  preceding  Terms 
become  infinitely  great,   by  r  becoming  o  or  any  negative  In- 
teger lefs  than  the  Number  of  fignificant  Terms :  which  would 
make  the  Area  infinitely  great     If  there  be  but  two  fignifi- 
cant Terms,    it  muft  neither  be  r  =  o,   nor  r  =  —  i  ;    if 
there  be  three  Terms  preceding  the  two  Terms  which  break  off 
the  Series,  r  muft  not  be  o,  —  i  nor  —  2,  and  fo  on  :  for 
there  is  no  quadrable  Curve  of  this  Form,  which  can  have  but 
one  Term,  the  Area  being  neceflarily  infinite. 
The  Demonftration  of  this  will  be  evident,  if  it  be  confidered,  that 
there  arc  only  two  capital  Letters,  in  each  complex  Term  of  the  fore- 

1 

— « 

*  By  Terms  here  are  meant  Terms  of  the  laft  FaOor,    conftituting  the  Series  —  - 
_//iL«'  -  -^x/B  +  frA  Ac. 

going 
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I  going  Scries  for  the  Area  of  a  trinomial  Curve,  after  you  pais  the  fe- 

1  cond  Term,  in  inf.  which  two  capital  Letters  always  denote  the  Co- 

l  efficients  of  the  two  immediately  preceding  Terms :  and  thefe  Capitals 

t  arc  each  a  Factor  of  one  of  the  two  Parts  of  which  the  Numerator  of 

the  Term  confifts :  therefore,  if  any  two  Terms  immediately  fucceed- 
i  ing  one  another,  vanifh ;  and  confequently  their  Coefficients,  denoted 

1  by  the  two  capital  Letters,  contain'd  in  the  Term  immediately  fol- 

\    „        lowing  them,  that  Term  muft  alfo  vanifh :  and  fo  alfo  the  next  Term 
after  it,  for  the  like  Reafon  :  and  therefore  all  the  fubfequent  Terms 
;  in  inf.  by  the  fame  way  of  reafoning.     Whence  if  two  immediately 

"  fucceeding  *Terms  vanifh,  all  the  fubfequent  Terms  mufl  alfo  vanifh: 

and  therefore  the  Series  muft  terminate  with  the  Term  immediately 
\  preceding  them  ;  and  fo  exhibit  the  full  Area  of  the  Curve,  and  fhew 

it  to  be  quadrable :  unlefs  r  by  being  equal  to  nothing ;  or  to  any  ne- 
gative Integer,  lefs  than  the  Number  of  fignificant  Terms  do  make 
:  the  Denominator  of  fome  Term  to  vanifh  :  it's  Numerator  being  fup- 

pofed  not  to  vanifh :  for  in  fuch  a  Cafe  one  or  more  of  the  preceding 
k  Terms  muft  be  infinitely  great :  as  eafily  appears  by  confidcring  the 

;  Series,  and  what  was  formerly  faid. 

i  Moreover,  that  there  can  be  no  quadrable  Curve  of  this  Form, 


whofe  Area  confifts  of  no  more  but  the  firft  Term,  viz.  ^-X2°X 
e-\-fz'-\-gz2*\\  will  appear  thus.  When  all  the  Terms,  but  the  firft 
vanifh,  we  will  have  the  third  Term  —  HH  x/B+tgA^  _  ^  ^ 

is,  becaufe  the  fecond  Term  alfo,  and  confequently  it's  Coefficient  de- 
noted by  B,  vanifhes,  tgA>  =  o :  which  can  only  happen  here,  when 

it  is  /  =  o :  but  feeing  the  fecond  Term  —  — - — z*  =  o  :    which 

r-f-  1  x  e 

cannot  be  in  this  Cafe,  but  when  it  is  j=  o :  therefore  when  all  the 
Terms  of  the  Series  except  the  firft  vanifh,  it  muft  be  t  =  (o  =)  s  : 
but  /=  s  —  A,  therefore  it  is  alfo  x  =  o  :  again,  r  =  s  —  A,  there- 
fore it  is  r  =  o  :  confequently  the  firft  Term  of  the  Series,  and  there- 
fore the  Area  of  the  Curve  is  infinitely  great.  '  Which  Things  were  to 
be  fhewn. 

N.  B.  The  Rule  contain'd  in  thip  Article,  may  be  applied  to  both 
Series's,  which  denote  the  Areas  of  the  Curve ;  both  to  that,  where  the 
Index  if  is  affirmative ;  and  that  where  it  is  negative.  And  by  fo  doing, 
if  you  come  at  two  immediately  fucceeding  Terms,  equal  each  to  no- 
thing, in  both  Series's,  the  Curve  is  doubly  quadrable.    Moreover  it 

R  mufl 
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mpft  be  remarked  that  r  may  pofiibly  be  equal  to  a  negative  Integer 
lefc  than  the  Number  of  fignificant  Terms,  and  yet  the  Area  be  finite, 
?nd  (he  Curve  quadrable ;  if  fo  be  the  Numerator  of  that  Term  vanifh, 
whofe  Denomjnatqr  v^nifljes.  Thus  if  it  be  r  =  —  g,  the  Denomi- 
nator of  the  third  Term,  viz.  r  4*  a  xe  vanishes,  which  makes  that 
Term  and  confequently  the  Area  infinitely  great,  provided  the  Nume- 
rator j-j~i  x/B  +  tgA  don't  vanifh  at  the  fame  Time :  but  if  that 
Numerator  be  nothing,  then  the  third  Term  becomes  nothing,  and 
therefore  the  Area  is  finite,  and  the  Curve  will  be  quadrable  upon  the 
Conditions  mentioned  in  this  Art  And  it  rilufl:  be  obferved,  that  the 
like  Exception  refpedting  the  Infinity  of  Areas  arifing  from  the  Value 
of  r  being  nothing  or  a  negative  Integer,  muft  be  underftood  with  the 
like  Limitation  in  all  the  fubfequent  Rules  contained  in  this  Seftion. 

152.  In  the  preceding  Article,  I  have  demonftrated  that,  when  any 
two  immediately  fucceeding  Terms  of  either  of  the  two  Series's,  for 
the  Area  of  a  umple  trinomial  Curve,  vanifh,  and  thereby  break  off 
the  Series,  the  Curve  is  quadrable :  and  the  Area  made  up  of  all  the 
Terms  preceding  thefe.  I  fhall  next  fhew  how  one  may  inveftigate 
certain  Laws  or  Conditions,  arifing  from  the  Properties  and  Relations 
of  the  Quantities,  which  enter  the  Expreffion  of  the  Ordinate :  which 
Laws  or  Conditions  obtaining*  the  Curve  may  be  fquared. 

153*  Put  any  tw0  next  adjoining  Terms,  beginning  with  the  third 

*Art.ici.  and  fotjrth  *,  of  the  Series  expjefiing  the  Area  of  any  fimple  trinomial 

pUcationT  Curve,  each  equal  to  nothing  :  and  thence  will  arife  a  certain  Rela- 

'  tion,  or  certain  Relations  among  the  Quantities :  which  fubfifting,  the 

Curve  may  fquared. 

Suppofe  the  third  and  fourth  TeW$  equal  ta  nothing :   ue.-rr 

;Fj^+»**»  =  p  and  -  dEI^+4E^._  Q  :   then, 

K-f  2  x  e  r+  3  x  e 

becaufe  C  =  (—  '-*-*_^/B  +  <yA  ___  ^  ^   the|cfoWj  fl^  the  ^^^ 

r~\-t  X  e 
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Equation,  by  inferring  o  for  C,  and  dividing  by  ■^      we  will  have 

*  +  '  X^Br=  o  :  /.  e.  becaufe  neither  g  nor  B  is  nothing,  1 -f-  1  =0 
or  /  =  —  1  :  whence  s  =  (t  —  A  =)  —  1  —  X  and  r  =^  (s  —  X  =) 
—  1  —  2X :  infert  thefe  Values  of  s  and  t  in  place  of  them,  in  the 


firft  Equation  —  i±±^±&**%=:.o,  and  divide  it  by 


„*• 


Z  X  e  r*\-2  X  € 


and  it  becomes  r-  x/B  —  g&  =  o :  infect  for  B  it's  Yahje,  viz. 
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_      *k tUm,  „d  you  will  fcve  Hl^  _,A  = 

r  +  i  x  #  2^^# 

o :  /.  *.  by  reducing,  x  =  ji  —  i. 

ft  •  4<C 

Again  7  =  (r=)—  !*— 2X:  therefore  7=  1—  ji. 

Whence  it  follows,  that,  if  it  be  X  =  ^|  —  I,  and  ~  =  i — j%\ 
the  third  and  fourth  Terms  of  the  Series,  exprefling  the  Value  of  the 
Area,  both  vanifh:  and  therefore  the  Curve,  that  has  fuch  an  Ordi- 
nate,'as  that  X  =  f%  -  1,  and  ±  =  i  — -%  may  be  fquared  :  pro- 
vided that  1  —  j\ ,  which  is  the  Value  of  ~  or  r,  be  neither  o }  nor 
—  1 :  as  appears  by  the  laft  Article. 

Example-    Let  the  Ordinate  of  a  Curve  be  *      =r| '  »- 

duce  it  to  Form  and  it  (lands  thus,  az-*-1  X  2  -|-  33*  -j-  iz6^"1  : 
where  X=f  .0  =  —  5  .^  =  3  .  r  (  =-)  =  —  x  .*r=a./=3, 

£=3  :  therefore  x(r=7)  =  7i  — 1 :  again  r==(—f=)  f —*£: 
wherefore  the  Curve  may  be  fquared,  and  accordingly,  by  inferring 
the  particular  Values  of  the  indefinite  Symbols,  in  the  Series  which 
exprefles  the  Value  of  the  Area  of  a  Trinomial  *,  you'll  find  the  Area  #Art.iso. 

of  the  Curve  propofed,  °g  —  Sl1  k  «/»'+&*+ $*'  :  all  the  Terms  l^*0** 
after  the  firft  two,  of  the  Series  vanHhing :  for  t  =  (r+2X=r)—  1. 
154.  Now,  by  the  very  fame  way  of  reafoning,  you  may  iriveftigate 
and  difcover  other  Properties  and  Relations  of  the  feveral  Quanties  r  (= 

— ) .  X  .  €  .f.  and  g :  which  fubfifting,  a  fimple  trinomial  Curve,  whofc 

Ordinate  is  of  thisFomura9-1  x  e-^fw-t-gz2^  x— ',  may  be  fquared :  viz. 
by  putting  the  fourth  and  fifth  Terms  3  the  fifth  and  fixth  Terms  *  the 
fixth  and  feventh  Terms,  and  fo  on,  equal  t6  nothing :  but  the  In- 
veftigation  becomes  ftill  more  and  more  tedious,  and  perplex'd :  be* 
caufe  it  involves  you  ftill  in  higher  Equations:  and  then  after  all,  you 
(hall  not  be  able  to  difcover  a  general  Rule,  by  which  you  might  al- 
ways know  when  any  fimple  trinomial  Curve,  may  or  may  not  be 
fquared:  for  'tis  evident  that  all  the  Rules  thus  difcovered,  extend 
only  to  particular  Cafes ;  by  (hewing  fome  of  the  infinitely  many  Re- 
lations, which  thefe  Quantities  bear,  in  order  to  make  the  Curve  qua* 
draWe.    And  I  fuppofe  it  may  be  eafily  gathered  from  what  was  faid 

R  2  formerly, 
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formerly,  that  this  Method  of  Inveftigation  may  be  applied  to  both 
•Art  147.  Expreffions  of  the  Ordinate  *. 

pUttti^      from  what  has  been  faid  in  the  four  preceding  Articles,  we  may 
'   '       '  eafily  deduce  feveral  things,  ferving  as  Limitations  or  Conditions,  with- 
out which  no  trinomial  Curve  can  be  fquared  at  all.     Having  therefore 
brought  any  propos'd  Ordinate  of  a  Curve  of  this  Sort,  to  ftand  in 

this  Form  az*-1  xe-\^fz*-\-gz*Ax~i :  where  if,  the  Exponent  of  * 
under  the  Vinculum,  muft  be  pofitive :  Then, 

A  ft 

j 55.  i°.  If  both--|-2X  and  —-  +  2  be  nothing;  Fractions 
of  any  Kind,  or  pofitive  Integers,  the  Curve  cannot  be  fquared  : 
for  thefe  are  the  two  Values  of  the  Symbol  /,  according  to  the 
two  different  Ways  of  expreffing  the  Ordinate :  and  it  is  evident 
from  what  has  been  demonftrated,  that  the  Series  expreffing  the 
Area  cannot  terminate,  unlcfs  /  be  a  negative  Integer :  becauie  no 
two  Terms  immediately  fucceeding  one  another  can  vanifh,  but 

•  Of  this  when  /  is  a  negative  Integer :  as  appears  from  Art.  153  *. 

«£*"  156.  2°.  If  both  i  and  ~i—  2A  +  2  be  nothing  or  -  i,  the 
Curve  cannot  be  fquared :  for  thefe  are  the  two  Values  of  r,  in 
the  two  different  Expreffions  of  the  Ordinate :  therefore,  in  this 
Cafe  the  Curve  cannot  be  fquared,  the  Area  being  infinitely  great 

•  of  this  by  Art.  151*. 

Explica-  1^7.  30.  If  it  be  A  =  o,  the  Curve  cannot  be  fquared  :  for  in  that 

*on-  Cafe  r  =  (t  —  2X  =)/ :  but  the  Curve  cannot  be  fquared  unlefs 

•  Of  this  *  be  a  negative  Integer  by  Art.  155  *  :  now  iff  being  a  negative 
Explica-  Integer,  the  Series  terminate,  the  laft  fignificant  Term  of  theSe- 
***•  ries  becomes  infinitely  great  :  becaufe  it's  Denominator  vanifhes, 

when  r  =  /,  and  t  a  negative  Integer  :  and  therefore  the  Area  is 
infinitely  great :  which  will  appear  by  confidering  the  Series  at 

•  Of  this  Art.  150  *j  and  what  has  been  demonflrating  in  Art  151  *. 
E*PKca-       An(j  now>  from  thc  Confideration  of  all  that  has  been  fad  about 

•  Of  this  trinomial  Curves,  we  deduce  this 

Explica- 

**•  RULE 

158.  To  know  when  any  fimple  trinomial  Curve,  whofe  Ordinate 

is  of  this  Form  azP~l  Xe-\-fzr-\-gz:  I*"""1,  may,  or  may  not  be 
fquared  *  and  wheta  it  is  doubly  quadrable. 
Any  fuch  Curve  being  propofed,  fet  down  it's  Ordinate  in  that 
Form  where  %  is  affirmative :  apply  to  it  the  Limitations  mentioned  in 

Art. 
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Art.  155,  156,  157*:  and  if  any  of  thefe  Limitations  (hew  that  it*  Of  this 
cannot  be  fquarcd,  you  proceed  no  further.  But  if  none  of  them  de-  t^tGXm 
termine  this :  then  fet  down  likewife  the  other  Form  of  the  Ordinate, 
viz.  that  where  «  is  negative:  feek  the  two  Values  of/,  belonging  tQ 
the  two  different  Expreflions  of  the  Ordinate  5  one  or  other,  or  both 
of  them  mud  be  negative  Integers,  from  the  Limitations  already  men- 
tioned :  if  only  one  of  the  Values  of  /  be  a  negative  Integer,  you  need 
only  fet  down  the  Series  for  the  Area,  belonging  to  that  Form  of  the 
Ordinate,  according  to  which  /  is  a  negative  Integer:  but  if  both 
Values  of  /  be  negative  Integers,  you  muft  fet  down  both  Series's  for 
the  Value  of  the  Area :  that  where  4  is  pofitive,  and  the  other  alfo 
where  it  is  negative.  Then,  if  one  of  the  Values  of  t  only  be  a  nega- 
tive Integer,  it  muft  be/  +  i=o,  or/+2=o,  or  /  -|-  3  =  o, 
&c.  fubftitute  the  particular  Values  of  the  Letters,  through  all  the 
different  Terms  of  the  correfponding  Series  for  the  Area,  in  order  from 
the  firft,  until  you  come  to  that  Term  of  the  Series,  which  immedi- 
ately precedes  the  Term,  where  you  have  /  -^  1  =  o,  or  /  -f"  2  =  o, 

or  /  +  3  =  o,  &c.  and  if  that  Term  be  not  nothing,  the  Curve  cannot 
be  fquared  at  all :  if  it  be  nothing  the  Curve  is  quadrable :  (provided 
ftill  r  be  not  equal  to  o  nor  any  negative  Integer  fo  fmail  or  fmaller 
than  /)  and  the  Area  is  equal  to  the  preceding  Terms. 

But  if  both  Values  of  /  be  negative  Integers,  you  muft  try  both 
Series's  for  the  Area,  after  the  Manner  juft  now  mentioned :  and  if 
the  Term  of  the  Series's  immediately  preceding  that  Term,  where 
you  have  /  -f- 1  =  o,  or  /  +  2  =  °>  or  '  4*  3  =  °*  &c*  ^  equal  to 
nothing,  in  neither  Series,  the  Curve  is  not  quadrable :  but  if  that 
Term  be  nothing,  in  either  of  the  Series's,  the  Curve  is  quadrable,  and 
you  have  the  Area :  if  it  be  fo  in  them  both,  the  Curve  is  doubly 
quadrable,  and  you  have  both  Areas :  it  being  fuppos'd  ftill  as  before,, 
that  the  Value  or  Values  of  r  be  not  o  ;  nor  any  negative  Integer  or 
Integers  fo  fmall  or  fmaller  than  the  Value  or  Values  of  /  refpe&ively* 
There  needs  nothing  be  faid  for  demonftrating  the  Juftnefs  of  this  Rule 
or  Solution,  after  what  has  been  already  fhewn :  unlefs  perhaps  it 
fhould  bethought  neceflary  to  demonftrate,  that  if  the  Term  of  the  Se-  x 
ries  for  the  Area,  which  immediately  precedes  that  Term  where  it  is 
/ -}-  1  ==  o,  or  /  -\-  2  =  o,  or  /  +  3  =  °i  Gfc  **  not  nothing,  the 
Terms  of  the  Series  will  go  on  in  inf.  fo  as  that  it  can  never  terminate: 
nor  confequently  the  Area  of  the  Curve,  denoted  by  that  Scries,  be 
exadtly  found.     Which  appears  thus. 

159.  Suppofe  it  were  /=  —  2  or  /  -j-  2  =  o :  (See  the  Series  at  •  of  &» 
Art*  150  *.)  the  Term  where  /  4-  2  is  found,  is  the  fifth*    Now  I  Expika- 

<ayuon' 
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fay  if  the  fourth  Term,  viz.  —  dbi^^g+^.M^  be  not  equal  to 

nothing,  the  Series  will  never  terminate :  for  if  it  terminate  the  fourth 
Term,  or  fome  Term  after  the  fourth  muft  be  the  Iaft  fignificant 
Term  of  the  Series :  it  cannot  be  the  fourth  Term ;  for  then,  iince 

the  next  two  Term*  vanUh,  viz.  —  t±LL^±±bJil£«j«  and  — 

X±±/&rJ±LSj£M»  m  have  -  *L&£±l±UJ&x*--ot  but  it 
ft  tlfo  Ecc  o :  for  £  denotes  the  Coefficient  of  the  preceding  Term, 
which  is  nothing:  therefore  we  will  have  ■= — £4* =o,  consequent- 
ly /  4"  3  X£P  =  o :  but  £  is  not  nothing,  froih  the  Nature  of  the 
Trinomial  j  and  D  is  not  nothing  by  the  Hyp. ,  for  it  is  the  Coeffi- 
cient of  the  fourth  Term,  therefore  it  muft  be  /  -\-  3  =*=?  o :  but  that 
is  contrary  to  the  Hyp. ,  for  it  was  fuppos'd  that  /  4"  2  =  o.  Now 
by  the  very  fame  way  of  reafomng  the  fifth  cannot  be  the  laft  fignifi- 
cant Term,  nor  the  firth,  nor  any  fubfequent  Term  whatfoever  in  the 
Seties,  ftill  for  the  fame  Reafon,  therefore  the  Series  will  never  termi- 
nate. And  it's  evident,  the  Reafoning  is  exa&ly  the  faine  if  we  fup- 
fC&  /st—  1,  or  *  =  --* 3,  or  f  =  ~ 4,  &c.u  e.  univerfelly,  what- 
ever negative  Integer  be  the  Value  of  /.    Therefore,  Gfo     Q^E.  D. 

160.  Cor.  If  the  Series  exhibiting  the  Value  of  the  Area  of  a  fim- 
pie  trinomial  Curve,  do  terminate,  the  Afea  will  at  leaft  contain  two 
Terms  of  the  Series,  multiplied  into  *°R*,  viz.  when  k  is  t  =  —  1 : 
fhe  Area  will  be  expreffed  by  3,  4,  5,  Qfr.  Tenns  multiplied  into 
**K\  when  it  is  /=t~2,  /=-  —  3,  /  =  —  4,  &c.  refpetfively, 
1. 1.  the  Number  of  Terms  will  be  one  more  than  the  Number  of  ne- 
gative Units  contain'd  in  the  Value  of  /. 

Now  1  (hall  fubjoin  a  few  Examples  of  the  Application  of  the  pre- 
ceding Rule*         

E*.  1.  Let  7V2—  3Z1  +  43*  =y  exprefs  the  Relation  of  the  Ah- 
cifs  and  Ordinate  of  a  Curve :  when  it  is  reduced  <  to  Form,  accord- 
tog  to  the  Rule,  it  ftands  thus  dz°~l  x  2^$z%+4zt&~~1 :  here  f =0 . 
fl=2.X=f.  therefore  — =oj  and — |- 2x^^35  and  —  -^+2— 2: 
therefore  the  Curve  is  of  that  Number  that  cannot  be  fquared  by 
•of  this  ^rt#  1S5  *     xhe  fame  may  be  concluded  from  Art.  1 56  *.  fince  it  is 

tio».       -j-^ro  and  — f  —  2AH-a  =  — 1. 

Ex. 
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Ex.  i.  Suppofe  atr*x  j-^ajc-H**!""*5^.?  •'  reduce  it  to  Form 
according  to  the  Rule,  and  it  ftands  thus  tfe**"'  x  1 — zz-^-v&X"^1  x 
where  we  have  -  -|-  ax= — »  i  and  —  -4-  2  =  f.  further  -  =~ 

and  -r— -*~  zx  4*  *  ^  o :  and  fince  it  is  not  x  =  o  :  hence,  it  ap- 
pears that  this  Curve  comes  not  under  the  Limitations  contain'd  in 
Art.  155, 156,  157  *,  fo  as  that  we  can  conclude  it  not  to  be  quadra-  *  of  this 

ble.    Therefore  fince  it  is  -  -f-  2X  =  -~  1,  and  -  =  ~ :  which  are  SL^" 

the  Values  of  t  and  r  belonging  to  that  Form  of  the  Ordinate,  where 
%  is  pofitive  :  I  let  down  the  Series  for  the  Area  where  the  Value  of  *? 
I        j?  pofitive :  which  by  a  proper  Substitution  Qf  Values  (fee  Art.  150  *)  *  of  th» 

ftands  thus  **  x  1—  iz\^z%lr\  xza  —  —z-\-2az2,  &c.    Hence  then  tion, 

i         I  conclude  the  Curve  cannot  be  fijuared ;  for  fince  it  is  /  =  —  j,  the 

1  third  Term  muft  have  been  nothing,  in  order  to  make  the  Series  ter- 
minate :  and  the  other  Value  of  /  arifing  from  the  other  Exprefiion  of 

t  the  Ordinate  being  f ,  the  other  Form  of  the  Series  for  the  Area,  muft 
run  out  infinitely. 

j  N.  B.  The  lame  thing  might  have  been  concluded  from  Art.  153  *.  *  °f  d» 

1  Ex.  3.  Let  it  be  —  =  y :  reduce  it  to  the  Form,  where  tion. 

I  the  Value  of  if  is  pofitive:  and  it  ftands  thus  az— *— T*  1— 2z-t-3*al*~, ; 
where  it  is  0  =  —  2.9  =  1 .  X=i :  whence  -  4-  2X  =  —  1 ;  — - 

-}-  2  =  4,  and  —  =  —  2  :  therefore  I  cannot  conclude  from  Art.  155 
— 157  *,  that  the  Curve  cannot  be  fquared,  only  I  know  it  is  not  E^jk^ 
doubly  quadrable.     Wherefore,  agreeably  tq  the  Rule,  fince  the  Va-  tion. 
lue  of  /,  belonging  to  the  Form  of  the  Ordinate,  having  9  pofitive, 

1  is  —  1,  and  that  the  correfponding  Value  of  r  is  —  2,  a  negative 
Integer  not  fo  finall  as  /  j  I  let  down  the  feveral  Terms  of  the  corre- 

}        /ponding  Series  for  the  Area,  according  to  the  proper  Values  of  the  ge- 


neral Symbols :  and  thence  I  obtain  *—*  *  i-^a-J-j**1**  — • r* — 7*— o 
where,  becaufe  the  third  Term,  which  immediately  precedes  that  one, 
where  we  have  i -|-  1=0,  vaniflies,  the  Curve  is  quadrable:  and 

the  full  Area  is,  what  I  have  juft  now  fct  down  i  oc  —  ~  4"  ~  x 

j  6 1.  SchoU 
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1 6 1.  Schol.  It  appears  from  what  has  been  faid  about  fimple  trinomial 
Curves,  that  Things  of  a  like  Nature  might  be  demonftrated  with  re- 
fpeft  to  fimple  Quadrinomials,  viz.  whofe  Ordinates  are  thus  generally 

expreffed  az*~l  X  e-\-fz?  +gzZr>  +bz*»  \x~l  \  that  is  we  might  fhew 
certain  Conditions,  without  which  no  quadrinomial  Curve  can  be 
fquared  at  all,  arifing  from  the  Relations  and  Properties  of  the  Expo- 
nents 6. 9]  .a,  analogous  to  what  has  been  laid  down  in  Art.  155— 

•  Of  this  1 57  *  concerning  Trinomials :  likewife,  how  to  inveftigate  certain 
JgPUca*  Relations  of  all  the  Symbols  6 . 4 .  A  .  e  ./.  g  .  b :  which  obtaining,  the 
»  of  this  Curve  is  quadrable :  like  to  what  was  done  in  Art.  153  * :  and  finally, 
Explica-  how  a  general  Rule  might  be  laid  down  j  by  which  it  might  be  known, 
uon*        when  any  fimple  quadrinomial  Curve  may  or  may  not  be  fquared  at  all: 

*  Of  this  analogous  to  that  laid  down  in  Art.  158  *.  And  fo  likewife  with  re* 
Explica-  fpe&  t0  Curves,  whofe  Ordinates  contain  ftill  more  complicate  radi- 
cal Expreflions.  But  this  would  lead  us  beyond  our  Defign  :  it  being 
fufficient  to  have  fhewn  thefe  feverai  things  with  refpeft  to  Trinomi- 
als :  and  thereby  pointed  out  the  Way  for  doing  the  fame  in  thefe 
others,  whofe  Ordinates  are  more  complex. 

162.  A  Curve  of  this  Form  s^Iyce^Jz^mt  x a^b^-=y  may 
be  fquared. 

i°.  When  it  is  t=^  —  U  and  the  firft  Term  of  the  Series  for  tbe 

Area  multiplied  into  the  common  Fa&or  #9RX,  *'■  e.  zfixe-tyz*)  x 
1 

—  exhibits  the  full  Area. 

2°,  When  s  (=  —  -f-  x)  is  any  negative  Integer,   as  —  i,  —  2, 

—  3,  &c.  unlefs  r  (=— )  be  either  o  or  a  negative  Integer  not 
greater  than  s  (in  which  Cafe  the  Area  is  infinitely  great)  and  the 
Area  of  the  Curve  confi^s  of  fuch  a  Number  of  Terms  of  the 
Series,  multiplied  into  the  common  Factor  «9R\  as  exceeds  the 
Number  of  negative  Units  contain'd  in  s,  by  one. 

Which  two  Rules  are  to  be  applied  to  both  Forms  of  the  Ordinate: 
and  if  they  agree  to  either,  the  Curve  is  quadrable.  if  to  nei- 
ther, the  Curve  cannot  be  fquared :  and  if  they  agree  to  both, 
the  Curve  is  doubly  quadrable. 
Thefe  two  Rules  will  eafily  be  demonftrated,  from  the  Nature  of 
the  Series  expreffing  the  Area  of  fuch  a  Curve :  which  Series,  by  re- 
ducing the  general  one,  contain'd  in  our  Author's  fifth  Propofition, 

to 
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to  the  prcfcnt  Cafe,   will    be   thus   cxprefled   sfi  x  e  4\/g*lx  X 

La        ±&-sfA,  qr,  x/B  4^/C   ,_        s+lx/D 

r*  73^1  x  *  H-2  x  *  i-f-3  x  €  ^  r^-4  x  * 

From  the  Nature  of  the  Progreffion  of  this  Series,  it  is  evident,  that, 
if  any  one  Term,  after  you  pafs  the  firft,  vanifli,  all  that  follow  it 
in  inf.  muft  vanifli  likewife :  becaufe  the  capital  Letter,  which  is  a 
Fador  in  each  Term,  denotes  the  Coefficient  of  the  immediately  pre- 
ceding Term, 

Now  let  us  fuppofe  the  fecond  Term  ^ — z*  =  o  :    thence  we 

r+i  x  t 

have  It  —  sfA  =  o  :  from  which  by  inferring  —  -f-  X  for  s,  and 
1 

Ij  for  A,  and  reducing,  we  obtain  this  Equation  y  =5=  4— 1.  There- 
fore converfely  if  it  be  y  =  ^.—  1,  the  fecond  Term,  and  confer 
quently  all  the  fubfequent  ones,  of  the  Series,  vanifli. 

20.  If  it  be  s=  —  1  or  s^  1  =  o,  the  third  Term,  and  confe- 
quently  all  the  fubfequent  Terms,  vanifli :  if  it  be. i=  —  2,  or  j-f*  2 
=  o,  the  fourth  Term,  and  all  following  it,  vanifli ;  and  fo  on.  There- 
fore fince  no  Term  after  the  fecond  can  vanifli,  but  upon  fuppofing 
j-J-  1  =0  or  j-\-  2  =0,  &c.  and  fince  the  other  things,  with  re- 
fped  to  the  Values  of  r,  which  make  the  Area  infinitely  great,  eafily 
appear  from  what  has  been  faid  formerly,  the  feveral  things  that  were 
to  be  demonftrated,  are  evident. 

Ex.  1.  Suppofe  2*~3*  —y :  reduce  it  to  Form,  and  it  may  ftand 


thus,  **— s  x  3—  45*'*"  *  *  2—33*  :  which  Form  falls  under  the 
Confideration  of  this  Article :  and  by  comparing  it  with  the  general 

Form  of  Ordinates  of  this  Cla(s,  z*~l  xe  -\-fz&~1  xa-\-bz\  we 

find  0  =  2  .  *  =  t  •  *  =  t  •  **=  (7  =)  4  .  s  =  47 :  whence  it  ap- 
pears that  we  cannot  determine  the  Curve  to  be  quadrable,  by  the 
fecond  Part  of  the  Rule  $  from  this  Expreflion  of  the  Ordinate, 
where  the  Exponent  of  z  under  the  Vinculum  is  pofitive :  for  it 
ought  to  have  been  s  equal  to  fome  negative  Integer  for  that  purpofe. 
Therefore  I  try  it  by  the  firft  Part  of  the  Rule,  to  fee  whether  it 

be  j  =  ^—  1  :  and  fince  it  is  a  =  2  ♦£  =  — '3  .  ^  =  3  ./=  —  4> 

S  I  find 
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I  <n<!^.~  i  =  (f—  i=f  =)y,  therefore  I  conclude  the  Curve 
may  be  fquared;  ail  the  Terms  of  the  Series  after  the  firft  vanishing. 
Accordingly,  by  a  due  Subftitution,  the  Area  will  be  found  to  be 

Ex.  2.  Let  it  be  <*,r+™"  =^  this  Ordinate,  reduced  to  Form, 

ftkhds  thus,  *•-« x^+3^*7'  X4*s  +  2tfZ*J  or  thus,  2»-Tx 
3<z  -}-  4d32f— "i*-1'  x  2*  4-  4^2—*.  In  the  firft  Form  we  have  0 =2  . 
9  =  2  .x  =  x.  r=i.j  =  £  .e=x4a*.f=$a  ,a=z^ ,  b=.zai 
where  fince  neither  j  is  a  negative  Integer  nor  j=^- —  J  :  I  proceed 

to  the  other  Form  where  9  is  negative,  there  I  find  0=  3 .  %  =,— 2 . 
A  =  T.r  =  — £.*=—  1,  thence  I  conclude  the  Curve  is  quadra- 
ble,  and  the  Area  confifts  of  two  Terms  of  the  Series  multiplied  into 
the  common  Factor  z9R* :  and  fince  in  this  Cafe  it  is  e  =  $a  ,f=  4a* . 
a  s=.za.  J=?=4#,  by  fobftfcuting  thefe  Values  into  the  general  The- 

©rem  for  the  Area,  viz,  sfi  x  e+fz*^  x  —  4-  ^= — *"— " z* 

,  r*  r+i  x*  r+zx* 

&c.  youll  obtain  *^—  ^  +y^4*3  +  $az*  for  the  full  Area, 
after  a  proper  Reduction.  __ 

1$3»  A  Curve  of  this  Form  zh*  X  e-\-fz*\x~l  X  a  4-  te»  -f  «*»•  =/ 

may  be  fquared. 
a°.  When  it  is  r-^  =  r*'/~"/> :  provided  it  be  not  r=o,  nor 
yet]r  = —  1  (in  which  Cafe  the  Area  will  be  infinitely  great) 
and  the  Series  for  the  Area  terminates  with  the  fecond  Term. 
2°.  When  s  is  equal  to  any  negative  Integer  greater  than  —  1 :  pro- 
vided r  be  not  o  nor  any  negative  Integer  fo  fmall  or  fmaller  than 
s:  (in  which  Cafes  the  Area  becomes  infinitely  great)  and  the  Se- 
ries exprefling  the  Area,  will  confift  of  as  many  Terms  and  one 
more,  multiplied  into  s»Rx,  as  s  contains  negative  Units. 
The  Curve  is  quadrable,  if  thefe  Conditions  or  Properties  agree  to 
the  Ordinate  in  either  of  it's  Forms :  it  is  doubly  quadrable,  if 
they  agree  to  both :  but  if  none.of  them  agree  to  either,  the  Curve 
cannot  be  fquared  at  all. 
Thefe  Things  will  eafily  appear,  by  confidering  the  Series  for  the 
Areas  of  Curves,  exhibited  by  our  Author :  when  k  is  reduced  to  the 
5  prefent 


7%e  Quadrature  of  Curves  explained. 131 

prefentGrfe:  for  it  wffl  ftand  thus  *»x<r  -h/*"**  £_  +  ^j—  z* 


— 1+  1 


--  «__^ <b*»  —  T         z^  — — z*n,    &c.    where 

it  is  evident,  if  any  Term  after  the  fecond,  become  nothing,  all  the 
fubfcquent  Terms  in  inf.  muft  vaniih :  as  appears  by  what  was  faid  in 

— «■  —  *  +  1  x/B 

the  pteeeding  Art.    Now  if  the  third  Term  ?    ;— 7; — **'  **  Put 

equal  to  nothing,  you'll  thence  obtain  7^7-  =  — ^i — :  whence  thd 

flh-ft  -Part  of  the  Rule  appears. 

Again,  if  it  bej=  —  2  or  j-|-2  =  0>  the  fourth  Term  vanifhesr 
if  it  be  s  =-—  3,  or  5  -f-  3  =  o,  the  fifth  Term  vanifbes,  and  fo  on. 

But  it  is  evident,  from  what  has  been  juft  now  faid,  that  the  third 

Term  of  the  Series  cannot  vanifh,  unlefs  it  be  ~p  zzz  [  ~J>  :  and 
if  it  don't  vaniih,  none  of  the  fubfequent  Terms  can  vanifti,  unlefs  s 
be  a  negative  Integer  greater  than  —  1 :  therefore  if  none  of  thefe  hap- 
pen, the  Series  will  run  out  infinitely :  confequently,  fince  the  other 
things,  refpe&ing  the  Value  of  r,  are  plain  by  Infpeftion  of  the  Series: 
the  feveral  things  belonging  to  this  Rule,  are  abundantly  evident 

164.  When  a  Curve  is  of  this  Form  **-«  x  e  -\-fz*\*~l  X' 

a+fe'-ycz^+dz*11  4-Gfc.  =  y,  where  the  laft  Fador  a  + 
bz*  +  cz2*,  &c.  confifts  of  four,  or  five,  or  more  Terms  :  it  is 
quadrable 

.1°.  When  -i^=  i  +  2x/C ;  or  ^$  —  7+3 x/D,  &c.  refpetfively. 

2°.  When  s  is  equal  to  a  negative  Integer  not  lefs  than  3  or  4,  Gfc. 

refpettively :  provided  ftill  that  no  Term  become  infinitely  great 

by  r  being  equal  to  nothing,  or  any  negative  Integer  fo  fmall  or 

.  fmaller  than  s.    It  being  fuppos'd,  you  apply  thefe  two  Rules  to 

both  Forms  of  the  Series, 

And  if  neither  of  thefe  happen  the  Curve  is  not  quadrable.  Which 
things  are  evident  enough  from  what  hath  been  already  faid. 

165.  Finally,  when  a  Curve  of  this  Form  s9-*  X^/S^fs**'1^"1 
X  a  J^bz*  Ar  to2*  +  &c*  =.y  is  propofed,  where  the  Quantity  under 

the  Vinculum  of  the  Root  is  a  Trinomial  \  and  the  laft  Faftor  tf-j-fe*, 
tic.  confifts  of  two,  or  three,  or  more  Terms :  proceed  thus. 

S  2  Set 
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Set  down  in  order  the  feveral  Terms  of  the  Series  expreffing  the 
Area,  by  fubftituting  the  particular  Values  anfwering  to  the  general 
Symbols  in  the  Theorem  exhibited  by  our  Author  in  this  fifth  Prop.  s 
and  after  you  have  fet  down  as  many  Terms  of  that  Series  as  there  are 
Terms  in  the  laft  Factor  of  the  Expreffion  of  the  Ordinate,  viz.  a  -\- 
bz*  -\-  czz*f  &c. 

i°.  If  the  laft  two  of  thefe  Terms  be  each  equal  to  nothing,  the  Curve 
is  quadrable :  and  the  Terms  preceding  thefe  laft  two,  multiplied  into 
the  common  Factor  z8Rx,  make  up  the  Value  of  the  Area. 

2°.  If  the  laft  one  of  thefe  Terms  only  be  found  equal  to  nothing, 
and  the  Symbol  /  be  any  negative  Integer  (among  which  b  is  included) 
equal  to  the  Number  of  Terms  contained  in  the  Factor  a-\-bz*-\- 
czz*-\-&c.  diminished  by  2,  the  Curve  is  quadrable;  and  the  Area  is 
equal  to  the  preceding  Terms  multiplied  into  the  common  Factor 

»9R\ 

3°.  If  neither  of  the  two  preceding  Cafes  happen,  then  fee  whether 
/  be  a  negative  Integer  as  great  or  greater  than  the  Number  of  Terms 
lefs  one,  contain'd  in  the  Factor  a  -f-  bx*  +  c&\  ©^  for  if  it  be  not 
the  Curve  cannot  be  fquared :  if  it  be,  continue  to  write  down  the 
Terms  of  the  Series  for  the  Area,  until  you  arrive  at  that  Term  which 
immediately  precedes  the  one  where  it  is  /  -\- 1  =  o,  or  /  4-  2  =  o 
or  /  -f-  3  =  o,  &c .  and  if  fuch  Term  be  not  nothing  the  Curve  is  not 
quadrable :  but  if  it  be  nothing  the  Curve  is  quadrable;  and  you  have 
got  the  Value  of  the  Area :  for  all  the  fubfequent  Terms  in  inf.  va- 
nifh :  it  being  ftill  fuppofed  in  the  Cafes  where  I  have  determined  the 
Curve  to  be  quadrable,  that  the  Symbol  r  be  not  nothing,  nor  any  ne- 
gative Integer  fo  fmall  as  to  render  any  Term  from  the  firft  to  the  laft 
mentioned,  infinitely  great,  in  the  Manner  formerly  explained  j  which 
will  appear  as  you  proceed  in  writing  down  the  Forms  of  the  Series : 
and  moreover,  that  the  above  Rules  be  applied  to  both  Terms  of  the 
Series  j  both  to  that  in  which  the  Powers  of  z  are  pofitive^  and  alfo 
to  that  in  which  they  are  negative. 

Thefe  things  will  eafily  appear  to  any  one  that  confiders  the  Pro- 
greflion  of  the  Series  for  expreffing  the  Areas  of  Curves ;  together  with 
what  hath  been  faid  already  upon  this  Subject.  And  this  is  all  I  {hall 
fey  with  refped  to  fuch  Curves,  to  determine  when  they  are  quadra- 
ble, and  when  they  are  not :  becaufe  although  there  might  be  other 
particular  Rules  given  for  this  Purpofe,  yet  they  are  too  particular  and 
intricate  to  be  of  any  confiderable  Ufe. 

16$.  Cor.  It  eafily  follows  from  what  has  been  faid  with  refpect  to 

binomial  Curves,  thus  univerially  expreffed  s»-i  x  7-fjz^1  x 

5  aj^. 
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a  +  to"  -J-  as2'*  +  ©V •  =>,  that  they  may  be  fquared  when  s  (== 
-4-x)  is  equal  to  any  negative  Integer  (among  which  o  is. in- 
cluded) not  lefs  than  the  greateft  Repetition  of  ij  among  the  Expo- 
nents of  z  in  the  laft  Factor  a  -{■  bz*  -\-  czz*  +  &c.  which  is  always 
one  lefs  than  the  Number  of  regular  Terms  contain'd  in  that  Factor : 
i.  e.  if  there  be  none  but  the  firft  Term  a ;  the  Curve  may  always  be 
fquared,  when  s  is  o,  or  —  1,  or  —  2,  &c. :  when  there  are  two 
Terms,  viz.  a  +  hz\  it  may  be  done  if  s  be  —  1,  or  —  2,  or  —  3, 
&c. :  if  there  are  three  Terms,  as  a  +  bz*  -f  cz*\  or  a  *  4-  cz** : 
it  can  be  done  when  s  is  —  2,  or  — -  3,  or  —  4,  &c .  and  fo  for  others : 

provided  ftill  that  r  (  =  7)  be  not  o,  nor  any  negative  Integer  fo 
imall,  or  Jmaller  than  *. 

In  fimple  Binomials,  where  it  is  z*-1  xe-\-fz**-1  xaz*t  or  az*-* 
X  r^/&^x~*1  =/,  the  Curve  can  never  be  fquared  in  any  other  Cafe  *:  *Art  147. 
and  in  others,  it  very  feldom  happens  * :  fuppofing  ftill  that  both  "JUSS*" 
Forms  or  Expreffions  of  the  Ordinate  be  tried  by  this  Rule.  •An.'.^. 

of  this  Ex- 
plication. 

SECT.     V. 
Of  the  Pofition  and  Limits  of  the  Areas  of  Curves. 

167. '  I  ^HE  Areas  of  Curves,  difcovered  by  the  Method  of  Qua- 
X  dratures,  laid  down  by  our  Author  in  this  Treatife,  may 
have  various  Pofitions  and  Limits,  according  to  the  different  Natures 
and  Properties  of  the  Curves,  whofe  Areas  are  thus  determined.  There- 
fore that  the  young  Geometrician  may  hot  be  at  a  Iofs  with  refpedt  to 
this  Affair,  1  (hall  explain  by  fome  Examples,  how  this  Variety  hap- 
pens :  and  then  (hew,  by  what  means,  the  Area  of  a  Curve,  adjacent 
to  any  Portion  of  the  Abfcifs,  may  always  be  found  :  when  once  the 
Area  of  the  Curve  in  general  is  difcovered,  by  the  Methods  taught  by 
our  Author. 

1 68.  In  order  to  which,  fuppofe  az*=y  be  an  Equation,  expref- 
fing  the  Relation  of  the  Abfcifs,  and  perpendicular  Ordinate  of  a 

,Curve.     The  Area,  found  by  the  Method  of  Quadratures,  is     ,  x  *»  **££&' 
And  this  Area,  as  likewife,  every  other  curvilinear  Area,  found  by  plication. 
the  fame  Method,  is  bounded  by  the  Ordinate  drawn  through  the  Ex- 
tremity of  the  Abfcifs,  and  more  or  lefs  of  the  Abfcifs  and  Curve-line, 

proceeding 


i 
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proceeding  from  die  Extremities  of  that  Ordinate:  but  this  Area, 
ibmetimes  lyes  upon  the  nearer  Side  of  the  Ordinate;  (by  which  I 
mean  the  fame  Side  the  Beginning  of  the  Abfcifs  lyes  upon)  at  other 
times,  it  lyes  upon  the  further  Side  of  the  Ordinate  :  it  may. happen 
likewife,  that  an  Area  may  lye  partly  upon  one  Sid?,  and  partly  upon 
the  other,  in  fome  Curves,  according  to  the  different  Terms,  by  which 
that  Area  is  exprefled.  Now  that  you  may  know  how  far  the  Area 
extends,  and  upon  what  Side  of  the  Ordinate  it  is  fituate,  and  corife- 
quently  it's  initial  Limit,  from  whence  it  is  to  be  computed,  put  the 
Expreffibfl  of  the  Area  equal  to  nothing,  and  the  Value  of  >z  thence 
-  arifing,  or  which  agrees  to  that  Suppofition,  will  give  you  this  initial 
Limit:  i.e.  an  Ordinate  drawn  through  the  Extremity  of*,  taken  df 
that  Length;  which  is  thus  determined,  will  be  the  initial  Limit  of 
the  Area :  and  fi>  you'll  have  the  Limits  of  the  Area  upon  every  Side. 

Thus  krthe  Example  jaft  now  mentioned,  Where  the  Area  is  -jen 

put  or  fuppofe    y ,  f  =  o :  and  if  the  Index  i  *\*  i  be :  pofitive,  it  is 

evident,  this  will  happen  when  z  ==o :  and  cannot  happen  in  any 
other  Cafe.    But  if  the  Index  *y+  i  be  negative,  the  Area  denoted 

by  the  Expreffton  above,  viz.  -    .  ■  ,  can  never  vanttb,  but  when  z 

is  infinitely  great  Hence  you  conclude,  that  in  the  former  Cafe,  the 
Area* -commences  at  the  Beginning  of  the  Abfcifs,  where  alfo  the  Curve 
interfeds  it,  and  fo  reaches  from  that,  along  the  Abfcifs,  all  the  way 
to  the  Ordinate.  Whereas  in  the  other  Cafe,  it  reaches  along  the  Ab- 
fcifs infinitely  produced  beyond  the 
Ordinate.  Let  AB  be  the  Abfcifs, 
and  BC  the  perpendicular  Ordinate, 
belonging  to  the  Curve  AC  and  take 
BD  =  a:  fuppofe  likewife,  in  the 
preceding  Example,  y—^i  fo  that 
the  Property  of  the  Curve  be  exprefied 

by  the  Equation  azi=y\  by  inferring  ~  for  ^,  the  Area  is  —  = 
■fBD  x  ^AB0*-  or  f  AB  x  BC,  which  is  the  Area  ABC :  fince  the  Ex- 
preffion  ~az*  can  never  be  equal  to  nothing,  but  when  z  =  AB  is 
nothing. 

But,  if  the  Relation  of  AB  toBC  beexpreffedby  this  Equation  x*y=a 
or ysuur-*  (fee  the  Fig.  in  the  next  Page)  theArea,  by  inferring  — 2-for  *, 

becomes 
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becomes  —  ax~*  qt  —  J :  which  denotes  the  Ajrea  BC*  lying  upon 

the  further  Side  of  the  Ordinate  BC, 
and  extending  along  the  Line  B* 
infinitely  produced :  for  if  you  put 

—•■jssroj  x  rauft  be  infinitely 
great,  fince  a  is  a  given  Quantity: 
which  (hews  that  the  initial  Limit 
of  the  Area  removes  to  an  infinite 
Diftance.  This  Area  comes  out 
negative,  in  regard  it  is  fitaate  upon 
the  further  Side  of  the  Ordinate 
BC,  and  wholly  above  the  Abfcife 
AB  produe'd:  for  fince  die  Area 
ABC  upon  die  nearer  Side  of  the 
Ordinate,  and  above  the  Abfcifs  is 
pofitive,  the  Area  BC*  ought  to  be 
represented  negative,  from  the  oppofitc  Nature  of  pofitive  and  nega- 
tive Quantities.    Thus  if  we  fuppofe  ac=  i,  and  s  =  AB  =  i  afib, 

we  have  —  J=  —  i  for  the  Area  BC* :  whofe  pofitive  Value  there- 
fore is  i  =  AB*  or  the  Square  AC,  for  in  this  Cafe  AB  =  BC 

169.  After  the  fame  Manner,  and  for  the  like  Reafbn,  it  will  be 
found,  that  the  Area  of  every  Curve,  which  confifts  of  any  Number 
of  fimple  Terms,  in  every  (Hie  of  whofe  Numerators  there  is  contained 
Tome  pofitive  Power  of  z9  will  have  it's  initial  Limit,  where  the  Ab- 
fcifs begins :  And  every  Area  whofe  Expreflion  contains  fome  pofitive 
Power  of  z  ki  the  Denominator  of  every  Term,  will'be  fituate  upon 
the  further  Side  of  the  Ordinate,  and  extend  itfelf  along  the  Abfcifs  in- 
finitely produced  beyond  the  Ordinate. 

Let  a  Ar  As  +  c%%—y  be  an  Equation,  containing  the  Relation  of 
the  Abfcifs  and  Ordinate  of  a  Carve.    The  Area,  by  Art.  145  *,  is  *  Of  this 
az  +  \bz%  4-  \cz* :  where  the  pofitive  Powers  of  z  run  through  the  E*P&»- 
Numerators  of  all  the  Terms :  therefore  the  initial  Limit  of  that  Area  oon' 
is  at  the  Beginning  of  the  Abfcifs :  and  the  Area  is  bounded  by  an  Or- 
dinate drawn  through  the  Beginning  of  the  Abfcifs,  the  Ordinate  be- 
longing to  the  Abfcifs  z,  and  the  Abfcifs  and  Curve-line  intercepted 
betwixt  thefe  two  Ordinates. 

170.  1  have  faid,  you  muft  draw  an  Ordinate  to  the  Curve  at  the 
Beginning  of  the  Abfcifs  in  this  Example,  in  order  to  have  the  initial 
Limit  of  the  Area :  becaufe  the  Curve  does  not  meet  with  the  Abfcifs 
at  the  Beginning,  as  is  evident :  for  fince  y  =  a^bz  +  cz*  *,  when 

the 
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the  Abfcifs  z  =  o,  we  have  y  =  a :  which  (hews  the  Ordinate  at  the 
Beginning  of  the  Abfcifs,  to  be  equal  to  the  given  Quantity  a ,  as  is  re- 
prefented  in  the  Fig.  annex'd :  where,  if  you  draw  AD  perpendicular 
to  the  Abfcifs  AB ;  meeting  the  Curve  in  the  Point  D,  the  Area  ABCD 
is  that  denoted  by  the  Expreffion  az -\-  \bz% -\- ^cz* -,  and  AD  = 
a.    And  that  you  may  know  in  every  Cafe,  where  the  Curve  meets 

with  the  Bafe  or  Abfcife  produc'd,  if  need  be, 
towards  both  Hands,  fuppofe  the  Value  of  y 
equal  to  nothing,  and  the  Value  or  Values  of 
z%  which  arife  from  that  Suppofition,  will 
{hew  you  the  Point  or  Points  of  the  Abfcifs, 
in  which  the  Curve-line  meets  with  it.  Thus 
in  the  Example  juft  now  mentioned,  where  y 
=  a  +  bz  +  cz\  put  cz*  -f-  bz  -f-  a  =  o : 
refolve  the  Equation,  and  you'll  find  a  double 

Value  of  »,  viz.  z  =  *""  -^  2e  ~Vei  both 

which  Values  are  negative,  and  (hew  that  if 
the  Abfcifs  AB  be  produced  backwards,  and 
the  Points  Hand  I  be  taken  fuch,  that  AH = 


*-•*-<-  and  AI  _  i±^EE 

2C  *  ZC 


^  the 


Curve  CD  continued,  will  meet  with  the  Abfcifs  produc'd,  in  the  Points 
H  and  I :  and  in  no  other  Points,  in  regard  z  has  no  other  Value  in  the 
Equation  a  -f-  bz  -J-  cz%  =  o,  1.  e.  when  y  is  equal  to  nothing. 
But  if  the  given  Quantities  a>  b  and  c  be  fuch  that  it  be  ^  =  \ac% 

then  the  two  Points  H  and  I  fall  into  one,  becaufc  slb%  —  40c  be- 
comes nothing:  and  fo  there  will  be  but  one  Point  of  the  Abfcifs,  in 
which  the  Curve  will  meet  with  it,  diftant  from  the  Beginning  of  the 

Abfcifs,  produc'd  backwards,  by  the  given  Quantity  — . 

Again,  if  4*r  be  greater  than  6\  the  Expreffion  *Jb%  —  40c  is  im- 
poffible  or  imaginary,  and  fo  there  will  be  no  poffible  Value  of  zt  or 
the  Roots  of  the  Equation  czx  -\-  &z  -\- a  =  o,  are  imaginary :  and 
this  fhews  that  the  Curve  can  no  where  meet  with  the  Abfcifs,  in  this 
Cafe.  And  by  the  fame  Method,  you  may  always  find  whether  any 
Curve  propofed  meets  with  it's  Abfcifs  or  not ;  and  if  it  do,  in  what 
Point  or  Points  of  the  Abfcifs  it  meets  with  it.    The  Rule  is  this. 

171.  Put  the  Value  of  the  Ordinate,  exprefled  by  given  Quantities 
and  the  Abfcifs  z,  equal  to  nothing :  and  the  Values  of  z  thence  an- 
ting, will  be  the  Diftances  of  thefe  Points  of  Concurrence  from  the 
Beginning  of  the  Abfcifs :  and  if  all  the  Roots  of  the  Equation  be  iiq- 
jpouiblc,  there  is  no  Point  of  Concurrence.  172.  But 
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172.  But  to  return  to  the  Limits  of  Areas.  If  the  pofitive  Powers 
of  z  run  through  the  Denominators  of  all  the  Terms  of  the  Expref- 
fion  of  the  Area,  the  initial  Limit  runs  off  to  an  infinite  Diftance ; 
and  fo  the  Area  extends  itfelf  from  the  Ordinate,  on  the  further  Side, 
all  along  the  Abfcifs  infinitely  produe'd  beyond  the  Ordinate.  Thus  in 
the  Fig.  p.  1 3  5,  if  the  Relation  of  AB  to  BC  were  defin'd  by  this  Equation 
z—%  -J-  z— *  z=zy:  the  Area  thence  arifing,  is  — 3—1  —  2*r- *,  or  — 

JL i  *  5  where  the  pofitive  Powers  of  z  are  found  in  the  Denomi-  *£rt;i45- 

k  I  of  this  Ex- 

nators  of  the  feveral  Terms ;  and  both  Terms  are  negative  :  therefore  p  catem' 
it  is  the  Area  BC*,  infinitely  extended  upon  the  further  Side  of  the 

Ordinate :  for  if  you  put  — -  —  ~  =  o,  you  find  the  Value  of  z, 

infinite :  which  fhews  that  that  Area  can  never  be  nothing,  while 
the  Abfcifs  AB  is  of  a  finite  Length :  but  it  is  evident  from  the  very 

Nature  of  the  Expreflion 5 4>  that,  as  z  or  AB  diminifhes,  it 

incrcafesj  and  as  AB  increafes,  it  continually  diminifhes:  therefore, 
it  muft  lye  beyond  the  Ordinate  BC :  and  it  alfo  lyes  wholly  above 
the  Abfcifs,  as  will  appear  by  the  preceding  Art.    For  if  you  put 

JL  -\-  -L  (=y)  =  o,  z  can  have  no  finite  Value.     From  both  which 

Confiderations  and  Circumftances  it  appears,  why  it  is  reprefented  ne- 
gative.    Let  AB(=s)=4,  then  —  ^-  —  4=— 7  —  f=  —  if, 

which  being  made  pofitive,  we  have  1^  for  the  Value  of  the  Area  BC*. 

173 .  But  fometimes  the  Area  of  a  Curve  will  lye  partly  above,  and 
partly  below  the  Abfcifs  or  Bafe :  which  happens,  when  the  Curve 
decuflates  or  crofies  the  Bale,  and  paffes  to  the  oppofite  Side,  as  is  re- 
prefented by  the  Figures  in  p.  136,  140  and  141.  In  order  to  difcover 
whether  there  be  any  Points  of  Decuflation ;  and  if  they  be,  where  they 
are  j  do  this.  Find  the  Points  of  the  Abfcifs,  where  the  Curve  meets  with 

it,  by  Art.  171  *.     And  if  there  be  no  Point  of  Concurrence,  it  is  *  0f  this 
evident,  there  can  be  no  Point  of  Decuflation :  in  which  Cafe  the  Expiica- 
Area  muft  lye  wholly  upon  one  Side  of  the  Abfcifs.     But  if  you  find tion- 
Points  of  Concurrence,  then  you  may  know  whether  any  of  thefe 
be  a  Point  of  Decuflation,  thus :  add  to,  and  fubtradt  from  the  given 
Length  of  the  Abfcifs  at  the  Point  of  Concurrence,  a  very  fmall  Quan- 
tity, which  call  p:  and  inftead  of  zy  in  the  Value  of  y%  infert  2  4"  A 
and  then  z  —p :  then  neglecting  all  the  Terms,  where  p  rifes  higher 
than  the  Root,  or  other  loweft  Power ;  obferve  whether  the  Values  of 
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y,  which  remain,  be,  the  one  affirmative,  the  other  negative :  if  they 
be,  there  is  a  Point  of  Decuflation,  at  that  Point  of  Concurrence :  if 
hot,  bat  that  both  Values  be  affirmative,  or  both  negative,  there  is  no 
Point  of  Decuflation,  in  that  Pkce :  and  if  one  of  the  Valaes  involve 
any  impoflible  Suppofition,  the  Curve  is  refle&ed  back  towards  the 
Parts  from  whence  it  came. 

The  Reafon  of  this  Rute  will  eaiiiy  appear,  by  confidering,  that, 
when  there  is  a  Point  of  Decuti&ioft,  ttofc  Values  of  the  Ordinate  to- 
wards either  hand  of  that  Point,  muft  be  affeded  with  oppofife  Signs : 
and  the  Powers  ofp  above  the  Root,  or  above  the  loweft  Power,  may 
be  negledted,  becaufe  p  is  fuppo$*d  to  be  diminifhed  infinitely.     (Sec 

•of  the  ^rt *7 *    an<i  Note  ^^  it%)    ^he  ThinS  «**  **  father  illuftmed 
Quadra-    by  Examples. 

SJvcf        Ex#  I#  ^et  AB~ z>  and  ^C—y>  be  ^  Al>fcifs  and  Ordinate  of  the 
Curve  CDE^fee  the  Fig.  in  p.  141 .)  and  fuppofe  \  — -  -^  =y  exprefs  the 

Relation  of  die  Abfcifs  and  Ordinate :  then  putting  -1 j  =0,  we  have 

Z-=z  infinite  5  and  z  =  1 :  fo  that  at  the  Extremity  of  the  Abftifs  J, 
there  is  a  Point  of  Concurrence,  wherefore  I  take  z  4-/,  and  then 

z  —  p9  and  infert  thefe  for  z,  in  the  Value  of  y,  viz.  ^  —  -L :  thenetf 
you  obtain  i°  — l— l—e  =y>  i.  e.  by  inferring  the  Value  of  z  at 

that  Pointy  w*.  1,  zrzri  —  ^ri  — ^  whctc^^s^  w 
plainly  negative :  fince  1  -}-/  is  greater  than  1 . 

Again,  by  inferring  1  — p  for  z  you'll  have  20  y  ==  ,-  T  ■     — 

pofitive,  becaufe  1.  — -p  is  lefs  than  1 :  wherefore  if  you  take 


At)  =  1  the  Point  D  is  a  Point  of  Decuflation. 

Ex.  %*.  In  the  Curve  CDHI,  (fee  the  Fig,  in  p.  136.)  whofe  Abfcifi  19 
AB=s,  and  Ordinate  BG=y :  let  it  be  y=a^6z^cz29  by  putting  a 4- 

fc-f <r**=0> you  obtain  5;  =  "b^^^c and  * 2* r'rff-'t" 
denoting  two  Points  of  Concurrence  as  before.  F<>r  the  firft,  take 
-MV^-ir  -J-  ^  and  then  ^±^\r^  — ^  or  by  fubftkuting  q 

tezl±s£pS9  {fQr  Bfevky'*  ikkfe)  y^r^^nd  j  —  />;  infert 

thefe 
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thefe  for  z  in  the  Equation  j= a  -\-hf-\-cz*:  thence  yQU  have  i* 

Ncgleft  or  throw  away  what  ie  common  in  thefe  two  Values  of  y ; 
what  remains  is  zcqp  +  bp  in  the  firftj  and  —  zcqp  <—  bpm  the  fe- 
cond :  which  are,  the  one  affirmative ;  the  other  negative  :  therefore 
if  you  produce  the  Abfcifs  AB  backwards  to  the  Point  H,  and  take 

AH=^dEE^,  the  Point  H  will  be  a  Point  of  Decuflation. 
And  after  the  fame  Manner,  if  you  produce  it  ftiH  further,  in  the  fame 

Dirtftion,  to  the  Point  I,  fo  that  it  be  AI  =  ^i^EH,  the  Point 

I  would  be  found  to  be  another  Point  of  Decuflation. 

Ex.  3.  Suppofe  42*  —  z*  =zy*  exprefi  the  Relation  of  the  Abfcifc 
AB=sand  Ordinate  BC=y,  in  the  Curve  ACD  (fee  the  Fig.  in  p.  140.) 
put  the  Value  of  y  equal  to  nothing,  or  4«*—  z*  =  o :  hence  you  ob- 
tain two  Values  of  z,  viz.  #=6;  and  #=4:  wherefore  taking  AD 
=  4,  the  Curve  meets  with  the  Abfcifs  in  the  Points  A  and  D.  There* 
fore  to  find  whether  the  Curve  decuflates  the  Bafe  in  the  Point  A, 
where  z  —  o,  put  -J-/,   and  then  — p  inftead  of  z  in  one  and 

the  feme  Value  of  y ;  foppofe  the  pofitive  Value  of  yf  viz.  -I-V43* — z* 

or  W4  — * :  (for  it  is  y  =r  +  ^4** —  s?3  = + W4 — z)  hence  you'll 

have  +  ^4  — /  and  —  p*/4.-\-p  for  the  two  Values  of  y ;  of  which 
the  firft  being  pofitive,  the  other  negative,  fhews  the  Curve  decuflates 
the  Bafe  at  the  Point  A. 

Again,  for  the  other  Point  of  Concurrence,  viz.  D ;  where  you 

have  z  =  4,  by  inferting  4  ^p  and  then  4  — /  in  place  of  z  in  the 

Equation  y  =  W4  —  z>  you  have  i°y  =  4  -}-^/-— p,  and  2°^= 

4  — A^ ;  *hc  &*  °^  which  Values  being  impoffible,  hence  you  con* 
elude  that  the  Curve  proceeds  no  further  that  way,  but  returns  back 
towards  the  Beginning  of  the  Abfcifs,  making  either  a  Cufpis,  or  con- 
tinued Arch :  which  laft  it  doth  in  this  Cafe,  forming  another  half 
upon  the  lower  Side  of  the  Bafe  AB,  exadlly  fimilar  and  equal  to  the 
half  above :  fince  the  Property  of  the  Curve  is  reprefented  by  the  Equa- 
tion y%  =z  43*  —  z*,  and  confequently  y  =  [K/^jb*  —  z* :  which 

T  a  (hews 


140 


•Arti73« 
of  this  Ex- 
plication. 


•Art.  14$, 
of  this  Ex- 


•  Art. 
1 68, 169. 
of  this  Ex* 
plication. 
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{hews  that  the  Ordinate,  at  any  Point  of  the  Abfcifs,  meets  the  Curve 
on  both  Sides,  at  the  fame  Diftance,  as  is  reprefented  by  the  Fig,  annex'd, 

being  the  nodated  Parabola,  which 
conftitutes  the  fixty -eighth  Species  of 
Curves  of  the  fecond  Order,  according 
to  our  Author's  Enumeration  of  Lines 
of  the  third  Order. 

And  after  the  like  Manner,  in  any 
other  Cife,  it  will  appear  whether  the 
Curve  proceed  forward  or  not,  at  any 
Point  of  Concurrence  with  the  Ab- 
fcifs :  as  for  other  Circumftances, 
which  may  occur,  with  refpedfc  to  the 
Points  of  Concurrence  and  Decufla- 
tion>  the  Reflection  and  Continuation 
of  Curves,  they  muft  be  left  to  the 
young  Geometrician's  own  Sagacity : 
becaufe  the  infilling  upon  thefe  things 
in  this  Place  would  carry  us  too  far 
away  from  our  original  Defign  J. 

174.  If  the  Curve  decuflate  the 
Bafe  or  Abfcifs  betwixt  the  initial  Li- 
mit of  the  Area  and  the  Ordinate :  whereby  one  Part  of  the  curvilinear 
Area  lyes  above  the  Bafe,  and  another  Part  below,  the  Area  which  arifes 
by  the  Method  of  Quadratures,  will  exhibit  the  Difference  of  the  two 
Parts  of  the  Area  above  and  below  the  Bafe,  lying  betwixt  the  initial 
Limit  and  the  Ordinate  belonging  to  any  given  Abfcifs. 

Thus  in  the  Curve  CDE  (fee  the  Fig.  in  the  oppofite  Page)  whofeAbfcifs 
is  AB=z,  and  perpendicular  Ordinate  BC=y,  fuppofe  it  be  z~2  —  z~i 
=y:  it  was  {hewn  above  \  that  the  Curve  will  decuflate  it's  Bafe  AB,  in 
one  Point  only,  at  the  Diftance  1  from  A  the  Beginning  of  the  Abfcifs : 
therefore,  if  we  take  AD=  1,  D  is  the  Point,  at  which  the  Curve 
croffes  the  Bafe,  and  afterwards  extends  itfelf  infinitely  below  it :  Now 

the  Area  of  the  Curve  is  —  ^-  +  4  *  •    which  Area  extends  itfelf, 

upon  the  further  Side  of  the  Ordinate  BC,  along  the  Abfcifs  infinitely 
produc'd  towards  a, ;  becaufe  of  the  pofitive  Powers  of  zy  in  the  De- 
nominators of  the  Terms  * :  but  that  Expreflion  denotes  the  Diffe- 

1  Some  Things  of  this  fort,  refpedling  the  Symptoms  of  Curves,  will  occur  afterwards  in 
the  Notes  upon  the  bfi  Scholium. 

rencq 
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rcnce  betwixt  the  Area  BCD,  above  the  Bafe,  and  the  Area  DEa, 
extended  infinitely  below  the  Bafe. 

175.  The  thing  is 
cxplain'd  thus.  Sup- 
pofe  the  Curve  GF 
to  be  defcrib'd  by  the 

Ordinate  BG  =^: 

then  —  7,  which  is 
thefirftTermofthe 


•Art.  168. 
of  this  Ex- 
plication. 


Expreflion  —  7  + 
-i,  denotes  the  Area 

GB«,  infinitely  ex- 
tended along  B*  and 
lying  wholly  above 
it*  Again,  let  GC 
be  always  equal  to 

af*  or  -^j,  the  other  _ 

Part  of  the  Expreflion  of  the  propofed  Ordinate,  fo  that  the  Points 
G,  C  always  lye  in  the  Curve-lines  GF  and  CDE :  then,  as  eafily  ap- 
pears from  what  has  been  formerly  faid,  the  Area  belonging  to  the  Ordi- 
nate 2T~*  =  CG,  viz.  —  i-  muft  be  that  which  reaches  from  CG,  all 

the  way  betwixt  the  two  Curves  CDE,  GF  infinitely  produced  :  there*- 
fore,  fince  the  Ordinate  BC=  BG  —  BC,  the  Area  of  the  Curve  hav- 
ing BC  for  it's  Ordinate,  will  be  made  up  of  the  Difference  of  the 

former  two  Areas  by  fubtradfring  the  latter,  viz.  —  ^  from  the  for- 

mer,  viz.  —  i-:  wherefore —  —  4-4-  denotes  the  Area    GBaF   — 

GCDEF,  u  e.  fince  GCD*F  is  common  to  both,  CBD  —  DE«.     And 
fince  the  Part  CBD,  lying  beyond  the  Ordinate  and  above  the  Bale,  is 
always  rcprefented  negative,  in  the  algebraical  Expreflion,   for  the  Rea- 
ibn  already  aflign'd*:  the  Part  DEa  lying  below  the  Bafe  and  be-  Mrt.r6fc. 
yond  the  Ordinate  will  be  pofitive,  as  being  oppofite  in  it's  Nature  to  of  this  Ex- 

the  other :  therefore  if  the  Expreflion  —  ~  -|-  -^  be  in  the  whole  ne-        1(m" 

a* 
gative,  it  gives  the  Excefs  of  CBD  above  DE*  \  but  if*  on  the  whole, 

it 
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it  be  pofitive,  it  denotes  the  Excels  of  DE*  above  CBD  j  but  if  k 
amount  to  nothing,  it  denotes  that  the  Areas  CBD,  DE«  are  equal. 

Suppofe  AB  =  f,  then  —  ^-  +  4=  ~  9  +  6  =  —  3>  therefore 

in  that  Cafe  CBD  would  exceed  DEa  by  3,  but  if  it  be  AB  =  -*, 
then  _  JL  JJ--L  — —  ■*.-{-  3  =  x  pofitive,  which  (hews  that  DE* 

exceeds  CBD  by  fo  much.     Laftly,  if  it  were  AB= ~,  then  —  -  + 
i-=:— •4+,4  =  o:  ***  which  Cafe  CBD  and  DE*  are  exa&ly 

equal. 

176.  But  if  you  would  have  the  Sum  of  both  Areas  CBD  and 
DE* ;  find  the  Value  of  the  Area  DE*  by  itfelf,  mz.  by  fappofing  the 
Point  B  the  Foot  of  the  Ordinate,  to  fall  in  with  the  Point  of  Deeu£ 
fation  D :  and  fo  having  obtain'd  the  Area  DEo,  tying  all  upon  one 
Side  of  the  Bafe :  and  having  formerly  found  the  Difference  of  the 
two  Areas  CBD  and  DE«,  above  and  below  the  Bafe,  you  eafily  ob- 
tain the  Area  CBD  alfo  by  itfelf,  and  confequently  the  Sum  of  both. 
♦Art.  1 73.  Thus  when  B  and  D  coincide  AB  =  2?=  1  *:   therefore  the  Area 

S^is'Ex-  I>E*  =  (—  -£  -f  ^  =)  1 :  but  if  AB  (=  *)  =  i  as  formerly,  then  — 
JL  4.  \z=.  —  3,  which  is  the  Difference  of  the  twx>  Areas,  the  Dif- 

fetsnee  then  being  made  pofitive  is  3 :  which  is  the  E»cefs  of  the  Part: 
lying  above  the  Bafe,  above  the  Part  lying  below.  Therefore  the  Part 
lying  above  is  3  -}-  1  ==  4,  and  the  Sum  of  both  is  4  -|-  1  =  5 :  and 
4b  in  other  Cafes.. 

177.  Cor.  Hence  it  follows,  that,  if  the  Abfcifs  AB,  be  of  fuch  a 
Length,  as  to  make  the  Areas  CBD  and  DE*  above  and  below  the 
Bafe,  equal,  and  you  take  the  Abfcifs  hi  left  than  AB,  and  draw  the 

Ordinate  be:  and  then  fuppofe  A6  —  z,  theExpreffion  —  — -|--i 

will  exhibit  the  Value  of  the  Area  BCcb,  for  that  is  the  fame  with 
<D$— *DE*»  And  thus  the  Ordinate  BC,  fo  drawn,  will  be  an  ini- 
tial Limit,  from  whence  doe  Area  is  computed,  when  the  Abfcifs  At 
is  lefs  than  AB.  And  thus  there  are  two  initial  Limits  in  this  Curve : 
the  one  at  an  infinite  Diftance  from  A,  the  Beginning  of  the  Abfcifs, 
towards  «;  the  other  is  an  Ordinate  drawn  from  that  Point  of  the 
Abfcifs;  which  is  diftant  from  A,  by  ^AD  =  i-    Thefe  initial  Limits, 

both  arife,  by  putting  the  Exprefiian  of  the  Area,  viz.  —  *  4*  -i 

=0: 


plication. 
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~  o :  for  that  will  happen,  both  when  z  is  infinitely  great,  and  alfo 
when  #=~  :  as  will  appear  by  refolving  the  Equation. 

178.  By  confidering  of  this,  you'll  know  how  to  apply  any  like 
Cafe,  that  may  happen  :  where,  by  putting  the  Expretiion  for  the 
Area  equal  to  nothing,  as  directed  above,  in  order  to  find  it's  initial 
Limit,  you  obtain  different  Values  of  x,  or  Roots  of  the  Equation  : 
for  thefe  different  Values  of  zy  give  you  fo  many  different  initial  Limits, 
irom  any  one  of  which,  the  Area  may  be  computed.  The  Reafon  of 
which  is  evident :  becanfe  the  curvilinear  Area  lying  betwixt  any  twfr 
initial  Limits  amounts  to  nothing,  in  the  algebraical  Notation  5  the 
Parts  above  and  below  the  Bafe,  which  are  oppofite  Quantities,  exaftty 
compenfating  one  another. 

Bat  although  the  curvilinear  Area  may  be  thus  computed  from  any 
ene  of  the  initial  Limits  mentioned  V  yet  k  is  mod  fimpte  and  natural  to 
compute  the  Area  from  the  nigheft  initial  Limit.  Thus  when  BC  (fee 
the  Fig.  in  p.  14 1 .)  is  an  initial  Limit :  if  you  take  Ab=z  lefs  than  AB,  e.g* 

-*-,  the  Area  thence  arifing,  viz.  —  -£•  -}-  -^  =  —  3,  is  the  Area  BCci^. 

as  well  as  the  Difference  betwixt  Die  and  DEa. 

179.  Let  it  bey=za-\-6z-\-cz%  (fee  theFigp 
annexed)  as  before,  the  Area  is  sz  -j-ifo*-}- 
\cz* :  put  that  Expreffion  of  the  Area  az  -jr 
\bz%  -{-  y**3  =  o :  thenceyou  obtain,  i°.  z 

tf  +  </9b*  —  tfac         c 
Ac  *     3 


=CO.      2°.  3=- 


Z=i 


initial  Limits 


Whence  you.  have  three 

one  at  the  Point  A,  where  the 
Abfctft  begins  :  the  other  two  beyond  the 
Beginning  of  the  Abfcifi  AB,  viz.  produced 
towards  H,  as  is  denoted  by  the  negative 
Values  of  z.  The  two  laft  evidently  fill 
into  one,  if  fo  be  ibac=z$fri  for  then  the 

common  radical  Part  Vc^*  —  /$ac  =  of  in 

the  two  negative  Values  of  z:  fo  that,  in  that  Cafe,  they  both  be- 


come 


._         3* 


*  =  —  -z*    Let  us  fuppofe  *=  1  .  £  =4 .  *  =  3  :  then  \6ac 


=  48,  =  Zb\  therefore  VoJ*—  a&oc  =  o  :.  and  fo  z  =£  -^h'9^**" 

'3*— i/9**  — 4&*  «•.-•" 

r: =  — 1  hkewife.     In.  this  Cafe 


»4$ 


=  —  i ;  and  z  ±= 


the 
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the  Points  of  Decuflation  H  and  I  will  be  fuch,  that  AH  =  —  |  and 
A I  =  —  i  :  as  will  eafily  appear,  by  fubftituting  thefe  Values  of  the 
Symbols  a%  b%  and  c  in  place  of  them,  in  the  Equations  above,  for  de- 
*  Of  this  termining  thefe  Points  (fee  Ex.2.  Art.  173  *).  Hence  if  you  take 
Silica-  AI  _  _  ^  y  €m  produce  the  Abfcifs  AB  backwards  to  I,  fo  that  AI 
=  1,  the  Points  A  and  I  will  be  the  only  initial  Limits :  and  the  Area 

oAwsE8' ADH  =  HKI  *  To  find  thc  Arca  ADH>  fubftitutc  ~  T  for  *  in 
pikation*  ^  general  Expreffion  of  the  Area,  viz.  az  +  \bz%  -j-  jcz*,  and  1, 
4,  3  for  a,  b,  c ;  and  it  becomes  —  f  -f-  £  —  -^  =  --  ^  Again, 
to  find  the  Difference  betwixt  the  two  Areas  ADH  and  HKI,  fubfti- 
tute  —  1  for  z  in  the  Expreffion  for  the  Area,  vist.  az  4-  \bz%  -f-  jcz3, 
and  you'll  have  —  1+2  —  1  =  o  for  the/Difference. 

1 80.  Refuming  Ex.3d,  of  Art,  1 73  *w«.  ^zy—z* =y»,  belonging  to  the 
Curve  reprefented  by  the  Fig.  in  p.  1 40,  by  extracting  the  fquare  Root,  it  is 

y=^»/^^z\  therefore  the  Area  is  =^j—  X  4  —  ^  *  *.    To  find  the 


Art, 
H7»  H9 


ofthisEx- ^^1  £imit,  put 


plication. 


—  1 6  —  6* 


■5 


pen  in  two  Cafes,  and  no  more, 
=  —  !-•  therefore  if  vou  take  in 


X4  —  rfZ  —  o:  and  you  find  this  to  hap- 

viz.  i°.  when  z  =  4;  2°.  when  z 

therefore  if  you  take  in  the  Abfcifs  AB,  produe'd  backwards, 

A/3  =  f,  and  draw  the  perpendicular  Ordinate  a/3 :  the  two  initial 

Limits  will  be  at  */3,  and  at  the  Point  D,  where  the  Curve  meets  with 

•Art.i 73.  the  Abfcifs .:  for  it  was  demonftrated  already  that  AD  =  4  *.     Where- 

of  thfsEx-  ^orc  ta^c  *c  ^fcifs  AB  =  2  =  z :  and  the  general  Expreffion  of  the 

plication."  Arca>  njiz%  zi^x^ZT^^   becomes  11^x2*===:—  -f|V8: 

which  being  reckoned  from  the  initial  Limit  D,  denotes  the  Area  DBC 5 
or  being  reckoned  from  the  initial  Limit  a/3  denotes  the  Difference  of 
the  two  Areas  ABC  and  AjSa  lying  above  and  below  the  Bafe. 

181.  Sometimes  the  Area,  which  arifes  by  the  Method  of  Quadra- 
tures, is  fituate  partly  upon  one  Side,  and  partly  upon  the  other  Side  of 
the  fame  Ordinate :  which  happens  when  the  Value  of  y  is  made  up 
-of  fimple  Terms,  whereof  fome  have  the  pofitive  Powers  of  z  in  the 

Numerators ;  and  others  have  them  in 
the  Denominators. 
rf        Thus  let  the  Relation  of  the  Ab- 
A     fci6AB  =  z,  and  Ordinate  BC=^, 

be  defined  by  this  Equation  z*  -\-  ^ 

=y :  (fee  theFig.  annex'd.)  TheArea,  by 
theMethod  of  Quadratures,  will  be  ys3— 

£  * :  the  firft  Part  of  which,  jz*  de- 
notes an  Area  lying  betwixt  the  Be- 
ginning 


•Art,  1 45, 
of  this  Ex- 
plication. 
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ginning  of  the  Abfcifi  and  the  Ordinate;  the  other  Part  of  the  Ex- 
preffion, viz.  —  — ,  denotes  an  Area  fituate  upon  the  further  Side  of  the 

Ordinate,  and  extends  itfelf  to  an  infinite  Diftance  upon  that  Side  *.    *f2jj|£ 
The  Thing  is  explained  after  the  fame  Manner  as  the  Example  in  plication. 
Art.  17  c  *     For  let  A</D  be  another  Curve,  whofe  Ordinate  BD  =  z\  *  Of  th« 

*  **  j  Expuca- 

the  firft  Part  of  the  Expreffion  z%  +  ^=BC$  then,  it  is  evident,  the  re-  tion. 
mainingPart  of  the  Ordinate  BC,  viz.  DC=  ^;,  the  other  Part  of  the  Ex- 
preffion z%  +  ~.    Now  the  Area  belonging  to  the  Ordinate  BD=z\ 
viz.  72  *,  is  ABD ;  and  the  Area  belonging  to  the  other  Ordinate  DC= 
p,  viz.  —  p  is  CD«,  lying  upon  the  further  Side  of  the  Ordinate  BC, 

and  extending  itfelf  infinitely  betwixt  the  two  Curve-lines  cCa  and  AJD*, 

after  the  Manner  formerly  explained  in  that  Art.  175  *.  *  Of  thk 

182.  If  we  (hall  feek  for  the  initial  Limit  of  the  Area  in  this  Cafe,  *??lica- 

viz.  by  putting  the  Area  f  x>  —  —  =  o,  we  find  only  one  Value  of 

z,  viz.  z  =  V^  *•  Take  the  Abfcifs  AB  =V3>  draw  through  the  Point 

B,  the  Ordinate  BDC,  fubftitute  \/$  for  z  in  the  Expreffion  of  the 

Area,  and  you'll  have  the  Area  fz»  —  •£-  =  ^27—^-  =  Vt£ — 

v  j 
\Z|  =  o.    This  (hews  that  when  the  Ordinate  BDC  is  drawn  at  the 

Diftance  \f%  from  A,  the  Areas  ABD  and  CD*  are  equal. 

183.  If  the  given  Abfcifs  A/3  be  greater  than  the  Abfcifs  AB,  which 

reaches  to  the  Limit,  the  Expreffion  fzJ —  •£  is  pofitive  and  denotes  the 
Area  Bj3xC :  but  when  the  Abfcifs  hb  is  lefs  than  AB,  the  Expreffion 
f«3  —  —  is  negative  :  but  being  changed  into  it's  oppofite,  will  de- 
note the  Area  BicC.  For  when  z= A/3,  then  f«»  —  ±  =  A(&  — 
«fc = ABD  4-  BjSJD  —  CD«  -f-  CDht  =  B#D  4.  CD&  or  Bj3«C 
for  ABD =CD«.  Again,  when  z  =  A4,  then  \. »J  —  £  =  A3</— 
«&- ;  but  AA/=  ABD  —  bKDd,  and  «&  ==  «DC  -f-  DCr</:  fubtracT; 
.  the  latter  from  the  former,  and  you  have  \z*  —  —  =  ABD  —  bBDd 
—  *DC  —  DCcd=  —  6BDJ— DCa/= — B&C. 

LetkbeA/9  =  2,  thenf*»  —  7  =  7  —  x=2£,  the  Value  of  the 
Area  Bj3*C  lying  betwixt  the  Ordinate  j3*  and  initial  Limit  BC.    Again 

U  fuppofe 
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fuppofc  hb  =:  I,  then  f  s*  —  7  =  TV  —  j-  =  —  ItVt  •  which  being 
made  pofitive,  is  the  Value  of  the  Area  B£*C. 

184.  Sometimes  no  initial  Limit  of  the  Area  can  be  found  at  all; 
This  will  always  happen,  when,  putting  the  Expreffion  for  the  Area 
equal  to  nothing,  the  Equation  has  no  real  Root  or  Value  of  z.  Thus 

if  the  Curve  be  fuch  that  z*  —  ^  =y :  then  the  Area,  by  the  Me- 
•Art.145.  thod  of  Quadratures,  is  f  2*  +  "£  * :  ff  we  put  f  2*  +  7  =  o,  thence 

of  this  Ex- 
plication. we  i^^  ^4  -j.  j  =0  or  z  =  y/ — 3,  an  impoflible  Expreffion  :  and 
thus,  there  is  not  any  poflible  or  real  Value  of  z$  in  the  Equation  jz*-\- 
•i  =0,  or  z*  -f"  3  =z  °-  Therefore  no  initial  Limit,  from  whence 
die  curvilinear  Area  ought  to  be  computed,  can  be  found.  Again, 
fuppofe  the  Curve  to  be  defined  by  this  Equation  zJa*  4-  z%  -z^y  : 
•Art.  147.  The  Area,  by  the  Method  of  Quadratures,  is  ^t^V^  +  s1  *.    IHit 


of  this  Ex- 


a*+z* 


plication,  it  equal  to  nothing,  i.  e.   -^"  Wa%  -{-  za:=o,  and  you  find  this  can 

never  happen,  unlets  it  could  be  a%  -f-  z%  =  o  or  z  =  V—  <a %  which 
is  impoffibie.  Therefore  no  initial  Limit  can  be  found :  and  (b  in 
other  Cafes. 

185.  When  this  happens,  you  may,  notwithftanding,  find  the  Area 
which  is  adjacent  to  anv  given  Part  of  the  Abfcifs,  and  lying  betwixt 
the  two  Ordinates  at  tne  two  Extremities  of  that  given  Part  of  the 
Abfcifs,  viz.  thus:  fnbtrad  the  Area  belonging  to  the  lefler  Abtfofe* 
arifing  by  the  Method  of  Quadratures,  from  the  Awa  belonging  to  the 
greater  Abfcifs,  the  Difference  is  the  Value  of  the  Area  adjacent  to  th* 
Difference  of  the  Abfciffes. 

Let  the  Curve  AC  (fee  Fig.  annexed)  whole  Bafe  is  AB> 

c  /      be  defined  by  the  Equation  zs/a7-  4-s1  =^,  mention- 
/       ed  juft  now :  the  Area,  by  the  Do&rine  of  Qnadnu 

fclres  ia  ^±^Va*J|-s\    Wherefore,  ti>  find  the  onv 

vilinear  Area  adjacent  to  aqy  given  Part  of  die  Abfeift 
as  Bb:  let  AB  =  a,  A*=  I :  fttbftitute  a  =  ABfoc 
z  in  the  general  Expreffion  of  the  Area  ^^V^M^s% 

aad  it  becomes  "***"  Vg*  +  4 :  again  fubftkutc  1  = 


hb  for  z>  and  you'll  have 


4*4-  I 

3 


1 :  fubtralt 
this 


7%e  Quadrature  of  Curves  explained.  147 

this  laft  from  the  other,  and  it  gives  ^V**  +  4  —  ^T"1^**  +  *» 
for  the  juft  Value  of  the  Area  B&C  adjacent  to  the  given  Part  of  the 
Abfcifs  Bi. 

186.  Univerfally:  call  the  greater  Abfcifs  AB  =  «  5  the  lefler  Ai 

s=  £:  and  then  the  Area  B&C  is  ^Va*  +  s*  —  fl±^Va*  +  ?. 
If  ^(=^^=0,  then^^V^H^-*^ 

—  — ,  for  the  Value  of  the  Area  ABC,  reckoning  from  the  Beginning 
of  the  Abfcifs.  It  comes  to  the  fame  Purpofe  to  fuppofe  «=  o  in  the 
general  Expreffion  ^jp V**  +  z%,  and  then  fubtrafl  what  arifts,  viz. 

^v^J*=:p  fr°m  that  general  Expreffion,  giving  ***  */a*  -j-a*  — 
^  for  the  Value  of  the  Area  ABC  adjacent  td  the  whole  Abfcifs  AB. 
Let  it  be  a  =  1  =  AB*  then  the  Area  ABC  =  ("^Wa*+z*~ 

3  •— v  Tv  a  1  • 

1 87.  The  fame  Method  may  be  ufed  in  the  Cafe  of  any  other  Curve, 
whether  it  admit  of  an  initial  Limit  for  the  Area,  according  to  the 
Rule  delivered  above,  or  not.  Yea  in  regard  in  fome  Curves,  one 
may  be  perplex'd,  and  ready  to  miftake,  you  do  beft  to  follow  this 
lame  Method,  in  the  Cafe  of  any  Curve  proposed. 

Thus  in  the  Curve  AOD,  reprefented  by  the  Fig.  p.  140.  where  we 

have^=z=  W4— z :  let  it  be  required  to  find  the  Area  B6cC  adjacent  to  B3 
a  given  Part  of  the  Abfcifs.  The  general  Expreffion  of  the  Area  is  ~t6~*2 

X  4  —  z}*.  Calling  therefore  the  lefler  Abfcifs  AB=#  3  and  the  greater 
Abfcifs  AJ>  —  £y  fubtrad  the  Area  belonging  to  z  from  the  Area  be- 

longing  to  £  and  you'll  have  =1ipSX4:=Pl  +  l±t^x^^\it 
fix  the  Value  of  the  Area  B&C.    And  if  z  (=  AB)  =  o  you'll  have 

lue  of  the  Area  hbc.  Let  it  be  AB  =  z  =  2,  and  Ai  =  £=3,  then 
=^L*X4^ f,«  +  ii±i-x4=:2*=-ff +  WV8  =  Area 
B&C.  Again,  putting  z  =  AB  =  o,  you'll  hare  (by  retaining  the 
ftme  Value  of  A*=fl  "S-.l+ttxZ^*.,.  ,rfu-34x.  _.        fof 

U  2  the 
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the  Value  of  the  Area  A&,  reckoning  from  the  Beginning  of  the  Ab- 
fcifs  at  A. 

188.  Thus  likewife,  when  the  Curve  is  doubly  quadrable :  e.g.  let 

Expiica-" il  bcj  =  =5=n  (fee  the  Fig.  at  Art.  128  *.)  It  was  there  demonftrat- 

ed  that  the  Area  of  the  Curve  was  either  -*^ ;  or  yet  ^ :  either  of 
which  Expreffions  will  ferve  to  find  the  Area  B&C  adjacent  to  any 
given  Part  of  the  Abfchs  as  Bb.  Calling  the  leffer  Abfcus  A6=  £ 
the  firft  Form  will  give  you  ^ — ^  s  the  fccond  Form  will  give 

y°u  7+^  +  T^Tf :  cithcr  of  which  exhibits  the  Value  of  the  Area  BbcC 

Let  it  be  AB  =  «  =  2;  Ai  =  £=i,  then -£- £  — f?—.* 

=^  for  the  Area B^C.  Again  ^  +  ^==?  +  T=^,  the 
fame  as  before.  In  the  firft  Expreffion,  if  you  put  £=  Ab  =  o,  in 
-order  to  find  the  Area  ABC  adjacent  to  the  whole  AbfcHs  AB  ==  2 

•  ax  dt     -  ax  24 

"»  i+lc  —  T+l  b*011"8  7+^  =  7  =  ABC.    Again,   the  fecond 

Expreffion,W«.^  +  ^become8^  +  tf==f  +  tf=-  Ac 
lame. 

189.  Let  the  Nature  of  the  Curve  be  defin'd  by  this  Equation  js*-J- 
i  =/,  fee  the  Fig.  p.  1 44;    The  general  Expreffion  of  the  Area  was  found 

tf$£&to  **  i*,-r*     CaUAjS  =  aand  M  =  rt  then  the  Area  #3*::= 

Pfoa**  ia{J_.L__.p  +  .L:   fuppofe  A/3  =  2f  =  2.A^  =  C=|:  then 

t*3  -  7-T?  +|  =  7  -  4--tV  +  *  =  3*f  Ac  Value  of  the 

Area  £/&*.-    Again,  fuppofe  £  =  ^3,  and  2=2,  as  before:  then 

±3$  —  .!-—  -LrJ  +  l=l---i--^4--i-—  •  —  «  —  *».  a. 
»*         *       jS  T  f  =  j        »  3    ~r.y  — 7" 't  —  2T:  as 

♦Art.  1 83.  was  found  by  means  of  the  initial  Limit  before  *. 
pKcS!"     But»  if  y°u  «ther  Juppofe  hb  =  £=  0,  or  yet  Aj8 = *  =  infinite: 
then  the  Expreffion  f «3  —  -^  — ■  j£>  -j-  -^,   in  both  Cafes,  becomes 

infinitely  /great:  for  when  £=0,  the  Term -^  is  infinite :  again  whet) 
z  =  infinite,  the  Term  ~z^  is  infinite.  The  firft  (hews  that  the  Area  upon 
the  nearer  Side  of  any  Ordinate,  comprehended  betwixt  it  and  AG  per- 
pendicular 
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pcndicular  to  AB,  is  infinitely  great :  the  other  fignifies  that  the  Area 
fituate  upon  the  further  Side  of  the  Ordinate,  and  extending  along 
the  Abfcifs  infinitely  produc'd,  is  alfo  infinitely  great.  Therefore  in 
this  and  the  like  Cafes,  we  mull  be  contented  to  find  the  curvilinear 
Area,  adjacent  to  any  middle  Part  of  the  Abfcifs,  as  has  been  juft 
now  (hewn. 

190.  And  this  naturally  leads  us  to  (peak  of  the  hyperbolical  Space 
contain'd  betwixt  the  Curve  and  AfTymptote  in  the  Cafe  of  the  Apol- 
lonian Hyperbola,  whofe  Aflymptotes  are  at  right  Angles  to  each  other : 
the  Confideration  of  which  was  put  off  to  this  Place. 

Suppofe  cCx*  to  be  fuch  an  Hyperbola ;  (fee  the  Fig.  p.  135.)  AB,  AG 

if  sAfly  mptotes :  the  Equation  to  it  is  zyz=zay  ory—  -^,  a  denoting  a  given 

fuperficial  Space.  The  Area,  by  the  Method  of  Quadratures,  is  =^  %£SsS^ 
— :  infinite :  whence  it  is  evident  that  we  can  neither  find  the  Area  plication. 
on  the  nearer  Side  of  any  Ordinate  BC,  lying  between  it  and  the  Af- 
fymptote  AG ;  nor  the  Area  CBo,  lying  on  the  further  Side  of  the 
Ordinate  BC,  along  B*  infinitely  produced;  thefe  Spaces,  in  both 
Cafes  being  infinite :  nor  yet  can  we,  by  the  foregoing  Method,  find 
the  Value  of  any  intermediate  Area,  as  BbcC,  adjacent  to  any  middle 
Part  of  the  Abfcifs  B£,  as  long  as  the  Point  A  continues  to  be  the 
Beginning  of  the  Abfcifs.  Therefore,  to  remedy  this,  you  muft  alter 
the  Beginning  of  the  Abfcifs :  and  fuppofe  it  to  be  at  fome  Point 
in  the  Aflymptote,  as  at  the  Point  B,  at  a  given  Diftance  from  A : 
which  Diftance,  call  d :  draw  the  Ordinate  BC ;  likewife  the  Ordi- 
nate* jOic,  bcy  on  each  Side  of  BC.  Then  you'll  have  Bj3  =  #,  Bb 
=— z,  AQ  —  J-\-z,  andA£=</ — z:  and  fo  the  Ordinate  jQx  = 

£^,  and  be  =  j~.    Reduce  the  Ordinate  ^^  to  Form,  and  it 

ftands  thus  z1—1  xd-\-zl0—*  xa:  which  belongs  to  a  Curve  that  is 
not  quadrable,  as  appears  by  Art.  149  *.     Wherefore  we  muft  con-  *  Of  th» 
tent  ourfelves  with  an  Approximation.     Accordingly,  by  fubftituting  ^pK**- 
1  for  0,  1,  r,  s  and  /;  and  </,  a  for  e9  a  refpc&ively,  in  the  general *"** 

Series  for  the  Area  of  a  fimple  Binomial,  viz.  z*  x  e  -\-Jz*\x  X 

r*        #• +1  x  *  '+     ** >  +  j  x  e '     74-4  x  * 

you'll  have  zxffz'x^  -  >4yg' - ,->'  +  5>4  -  flfft" 

==7XI~2'i"^"^+5i»  — ^  in  inf.  which  denotes  the 

Area  v 


j  50  77>e  Sluadratufe  of  Curves  explained. 

Area  Bj9*C,  becaufe  of  the  pofirive  Powers  of  z  contained  in  the  Nu* 
•Art.  1 69.  merators  of  the  feveral  Terms  *. 

plication.       After  the  fame  manner,   if  you  take  y  =  ^^,    you'll  find,   by 

faking  the  like  Subftitution  in  the  general  Theorem,  expreffing  the 

Areas  of  binomial  Curves,  ^  x  1  +  ^  +  j£  +  $  +  S  +  ^  in  inf* 
for  the  Value  of  the  Area  BfcC,  for  the  like  Reafon. 

191.  Whence  it  follows,  that,  if  B/3  =  B3,  then  by  adding  both 

Series^  together,  you'll  have  ^x  1  +  §  +  ^  +  J-f-  ttcininf. 

for  the  Value  of  the  Area  6@kc,  made  up  of  both  the  preceding  Areas : 
which  Series  converges  double  as  fad  as  the  preceding  ones.  And  thus 
you  may,  moll  conveniently,  find  an  approximate  Value  of  any  hy- 
perbolical Space,  fuch  as  £/3xf ,  adjoining  to  any  intermediate  Part  &Q 
of  the  Afiymptote,  viz.  by  fuppofing  the  Beginning  of  the  Abfciis  ^ 
to  be  at  tne  Point  B,  exadtly  in  the  Middle  betwixt  b  and  /3 :  for  by 
this  means  the  Series  made  up  of  the  two  others,  as  above,  converges 
fafter,  than  by  fuppofing  the  Beginning  of  the  Abfcifs  to  be  at  one. of 
the  Extremities  01  the  given  Part  of  the  Afiymptote  -,  or  by  throwing 
the  Beginning  of  the  Abfciis  withbut  the  Part  i/3,  and  working  as  in 

*  Of  this  Art.  186  * :  which  may  likewife  be  done  here. 

Expiica-  Ex.  Let  Ab = 0,9,  Aj9  =  1, 1 ;  and  you  would  have  the  Area  tffxt. 
Take  bB  =  o,  1  =  B£  =  z9  and  confequently  AB  =  d=  1 :  then 
fbbftitute  o,i  for  z  and  1  for  49  in  the  preceding  Series,  and  you'll 


turn, 


Q.OI         •        O.OOOf        *        O.OOOOO  I 


V  ^         I         VI.  U I  1  U.UWI  1  U.UUOWI  1  ma 

h*ve  o  .  2<»  x   t  +  -5 1 1 1 j —  +  8lr •  —  *  * 

0.2  +  0.000666666,  &c.  -\-  0.000004  4-  0.000000028,  &c.  +  £fo 
=  0.20067069,  &c.  X  BC  for  an  approximate  Value  of  the  Area  b@xc: 
and  fince  the  Progreffion  of  the  Series  is  rtianifeft,  the  Value  of  die  Area, 
may  be  carried  to  any  Degree  of  Exaftnefs  you  pleafe.  Now  although 
the  Series's  above,  would  converge  very  flowly,  if  it  were  z^d\  and 

*  Art.  ti.  not  at  all,  if  it  were  z  greater  than  d  *>  yet  it  is  evident,  by  the  above 

Ctodra-   expedient,  *  muft  always  be  lefs  than  d :  for  B6  =  B£  =  z  rauft  al- 

ture  of     ways  be  lefs  than  AB  =  d. 

Curves.  And  tfius  we  have  fliewn  at  full  Length,  what  is  to  be  done  in  or- 
der to  find  the  curvilinear  Area  adjacent  to  any  middle  Part  of  the 
Afiymptote,  in  the  Cafe  of  the  ApeUonian  Hyperbola,  as  we  promised 

*Art.T44.  above  *. 

°IiSdon       J92#  And  as  lt  has  bcen  Q**™*  m  **  C^c  of  **  Hyperbpla,  how 
P  cation.  ^  ^^  change  the  Beginning  of  the  Abfci&s  it  may  not  be  impro- 
per 
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per  here  to  obferve,  that  the  fame  Expedient  may  be  ufed,  in  the 
Cafe  of  any  other  Curve  whatfoever :  which  may  be  of  confiderable 
Ufe,  upon  Occafions,  for  extricating  one  out  of  feveral  Difficulties  that 
may  occur  in  this  Do&rine  of  Curve-lines :  particularly,  by  this  means, 
you  may  exprtfs  one  and  the  fame  curvilinear  Area,  by  infinite  dif- 
ferent Ways :  fince  every  different  Beginning  of  an  AbfcUs,  which  may 
be  infinitely  varied,  will  afford  you  a  different  Expreffion  for  the  Area. 
And  thus  likewifc  you  may  get  free  of  an  hyperbolical  Term,  which 
may  enter  at  any  Time  into  the  Expreffion  of  the  Ordinate  of  a  Curve. 
I  call  an  hyperbolical  Term,  that  which  contains  the  firft  Power  or 
Root  of  the  Abfcifc  z  in  it's  Denominator:  which  always  denotes  an 

hyperbolical  Ordinate,  applied  to  the  AfTymptote.  Let  z  -f-  £  ;=> 
be  an  Equation  to  a  Curve:  thea  becaufe  of  the  hyperbolical  Term  \ 

the  Area  becomes  infinite)  viz.  iz  —  ^- :  but  if  yo\i  fuppofe  the 

Abfciis  z  to  be  increas'd  or  diminifh'd  by  any  given  Length,  e.g.  to  be 
dimini(h'd  by  1,  by  taking  a  new  Abfciis  £=  z  —  1  or  1  +  £=  *  .• 
and  fubftituting  1  -j-  f  for  3  in  the  Equation  to  the  Curve :  hence  you 

obtain  y  =  1  •+•  £+  ^r\\  *nd  therefore  fince  the  Area  correfpond- 
ingto  1  -ff  isf+T^Vandthatconrefponding  to  the  Part  jx>  is  2^ 
—  7-  +  3  —  T"  +  ®c • in  *nfm  a^er  ***  Manner  already  demonftrat- 
ed:  hence  by  joining  thefe  Areas  together,  you'll  have  3£—  **-f* 

tC*  —  t£+  +  y£  —  ®c.  in  inf.  for  an  approxanttc  Value  of  tfie 
Area  of  the  Curve  propofed* 

193.  And  fo  I  (hall  finifh  this  Sediori,  refpediog  the  jfofitMB  and 
Limits  of  the  Areas  of  Curves,  being  afraid  I  have  infifted  too  long 
upon  it  already,  when  I  (hall  have  remarked  that,  if  the  Curve  decuf- 
fate  it's  Bafe,  betwixt  the  two  Extremities  of  that  Part  of  it*  to  which 
the  Area  to  be  found,  adjoins,  then,  by  observing  the  Rule  delivered 
above,  viz.  by  fubtra&ing  the  Area  belonging  to  the  flwrter  Abfciis 
from  the  Area  belonging  to  the  longer  Abfciis,  found  by  the  Method 
of  Quadratures,  the  thing  which  arifes  is  the  Difference  between  that 
Part  of  the  intervening  Area,  which  lyes  above  the  Bafe ;  and  that  Part, 
which  lyes  below,  the  latter  being  fubtra&ed  from  the  former.  Thus 
if  it  be  AB  =  z  and  A/3  =  £  (fee  the  Fig.  p.  14 1.) :  the  Area  belonging 

to  the  leffer  Abfcifs  AB  =  zf  is  —  —  -j-  — ;  and  that  belonging  to  the 

5  larger 
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larger  Abfcifs  A/3  =  £  is  —  ^A-\  therefore  -.-J-  +  4-4-  i-—± 
denotes  the  Area  DBC  —  D/3*. 
Let  AB=«=:£ and Aj3=£=* then  —  ^4-4-r--  —  4  —-a 

+  f  +  7  —  3=iV  the  Difference  arifing  by  fubtracting  the  Area 
DjS*  from  Die. 

Again,  let  it  be  AB  =  a  =  1SSV,  and  Aj3  =  £  =  4 :  then  — 

T  +  ^+r-^  =  -T  +  '+Jni-V  =  -fe  the  Diffe- 
rence arifing  by  fubtraaing  the  Area  D/3*  below  the  Bafefrom  the  Area 
DBC  above  the  Bafe :  which  comes  out  negative,  in  regard  Dj&c  is  in 
this  Cafe,  greater  than  DBC  * 

Finally,  let  it  be  AB  =  «==±,  and  Aj9  =  4*.  then -  +  -4- 

■=■  —  -r  =  —  7  +  x  +  i  —  3  =  °  :  which  (hews  that  the  Paro  of 

K* 

.   the  Area  above  and  below  the  Bafe  are  equal 

S  E  C  T.     VI. 

Containing  Notes  on  Art.  $2. 

Demonstration  of  Prop.  vi. 

THE  Demonftration  of  this  Prop,  which  our  Author  has  omit- 
ted, is  as  follows. 

194.  By  Prop.  4.  and  Art.  HI.  the  following  Ordinates  and  Areas 
of  Curves  correlpond. 


Ordinate*. 


Areas. 


+  3*** 


en 


>A**' 


>x« 


.0-lRX-.IjH>-i 


a*Vs* 
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Ordinate*.  Areas 


B*e+Vsf* 


H3^iQ«Mj;+2'/rck3" 


±!+27k*3'    7 


C^'rV 


4«.  •TpoiDte3*  &c.     xJ-lB*-lsr-M   IV^VsT 

Now  if  the  Sum  of  thefc  Ordinates  be  fuppos'd  equal  to  the  Ordi- 
nate a  4  b&  +  cz*  4  dzi*  -f-  flfc.  x^'R^'S*-'  propofed,  then 
the  Sum  of  all  the  Areas,  corresponding  to  the  feveral  Ordinates,  /.  e. 
Az*R*Sf>  4  BaH*Rx$r  4  CgH-2"RxS»  4-  D^+S'.rxs**  4  &c.  or 
A  4  Bz"  4  Os2*  +  D*3*  4-  &c.  x  zflR^,  mall  be  equal  to  the  Area 
of  the  Curve,  whofc  Ordinate  is  a-\-bz*-\-  czZr>  4  dz^  4  &c.  x 

Wherefore,  let  the  correfpondent  Terms  of  the  Ordinates  be  put 
equal,  /.  e.  fuch  Terms  as  have  the  feme  Power  of  z  in  them :  that  by 
that  means,  we  may  difcover  the  Values  of  A,  B,  C,  D,  &c.  which 
are  of  certain  Values,  although  not  yet  determined.  Hence  we  have 
theft  Equations. 

i°.  0  =  felA. 


2°.  b  =  6+Xv  xfkA  4  04p,  x  elA  +  04,  x  ekB. 


3°.  g  =  042x3 xgM  4  04x34^  x//A  +J42^xmA  + 
04*+M  x/*B  4  04*-h«*  X  */B  4  ^42,  x  <?>*G 

4°.  J=g43MfX&A  4  fl+axrb*  xg/A  4  04x342^,  x>A 

-H-Bf"»  x  mA  4  04,42x3  xg*B  4-  04,4x^4^ 

fB  4  04,42^  x  raB  4  042H-X,  x/6C4  042,4^ 

X^-h043iX^D. 
&c. 

X  In 


153 


i$4  2fo  Quadrature  of  Curves  explained. 

In  which  Equations,  if  you  put  or  fuppofe  —  =z  r .  r  -{-  x=  j  . 

s-\-  A=/./4-x  =  v.&c.    And  again  r -{-/»  = /.^+/^=/'&c. 
as  they  are  exprdTed  by  the  Author  himfelf :  they  will  appear  thus. 

i°.  a-=.ryekk.  

3*.  c  =  /y*A  +  V'A  +  *»*»A  +  '""P  X !^B  -f  i+ 1  x *ffi 
4-  r-\-2  X  **C. 

4°.  d=vt)bkA  -\~  ViglA  -\-  ^»A  -|-  w»A  -f  /-{- 1  x  qgAB  +• 
/+ix^//B+/+ix^^B+i+ix^C+?fixy/C 

fife 

From  which  Equations,  by  a  due  Reduction,  you  may  find  the 
Values  of  A,  B,  C,  D,  &c.  which  are  the  following,  viz. 


C  = 


r-f-H  x  tk 

Wherefore,  fince,  by  potting  the  Sum  of  the  Ordinate)  abore  men» 
Honed,  equal  to  the  Ordinate  a  -J-  b&  ■+■  «s2*  +  dfes*  -f  Gfr.  x*9-1 
R^-'S^r1  i  and  the  cortciponding  Terms  of  the  one  and  of  the  other 
equal  llkewife,  thefe  Values  of  the  Coefficients  A,  3>  C,  D,  &c .  do 
*rife,  it  follows  that,  if  you  infert  thefe  Values  of  A,  B,C,  D,  &c  fo 
determined,    in  place  of  them,   ki  the  Sum  ef  the  Areas,  viz* 

A  +  Bs"  +  ti&  4-  DziT^&c.  xje'R^j  what  refute  will  be  the 
Area  of  the  Curve,  whofe  Ordinate  was  propos'd,  which  will  be 
thereby  determined :  and  accordingly  it  will  be  expreflcd  by  the  fol- 
lowing Scries.  2 
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s'RxS<* 

x  + 

— a 

+ 

-. — -31 
1   x  ei 

+ 

I 

11  1  ■         is 

•  Jrf-|   X  «/ 

z*» 


_  i^-2  x  «/       —  t+i  xem        ^-  Ztn  - 

+  Qfc. 

In  which  Series,  although  the  Capitals  A,  B,C,  flfc.  are  retained,  yet 

1 

— a 

it  is  evident,  they  are  now  folly  known :  for  A = j^  the  firft  Term, 

which  is  wholly  known :  confequently  the  Coefficient  of  the  fecond 
Term  is  wholly  known,  i.  e.  B  is  wholly  known :  and  fo  on  for  all 
the  reft.  And  as  A,  B,  C,  &c.  are  the  Values  of  the  Coefficients  of 
the  firft,  fecond,  third,  &c.  Terms ;  fo,  when  any  of  thefe  Coefficients 
is  negative,  the  capital  Letter,  which  ftands  for  it,  muft  be  negative 

likewife.  And  therefore  if  a-\-  bz*  -J-  csP*  +  &&*  +  ®^  *  J**"**"1 
S**"~ 1  be  the  Ordinate  of  a  Curve,  the  Series  cppreffed  above,  will  ex- 
hibit it's  Area :  and  that  either  perfectly,  w*.  when  the  Series  ter- 
minates ;  or  elfc  by  Approximation,  viz.  when  the  Series  runs  out 
infinitely.  But  it  muft  ftill  be  remember'd,  that  every  Ordinate  of 
a  Curve  may  be  exprcfled  in  two  different  Forms  :  for  either  the  Ex- 
ponents of  the  Powers  of  z>  contain'd  in  R,  S  and  a-\*bz**\*cz**  -f"  ®k 
maybe  pofitive,  or  negative:  which  was  lufficiently  explain'd  upon 
the  foregoing  Propofition  :  and  accordingly  both  Forms  of  the  Ordi- 
nate muft  be  tried,  in  the  Application  of  this  Theorem :  and  if  the 
Curve  be  quadrable,  the  Series  will  terminate  in  one  or  other  of  the 
Cafes :  but  if  otherwife,  the  Series  will  converge,  either  when  4  i$  po-j 
fitive,  or  elfe  when  it  is  negative j  and  fo  it  will  exhibit  an  approxi- 
mate Value  of  the  Area. 

X  2  195.  What- 
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195.  Whatever  Obfervations  or  Remarks  were  made  upon  the  fore- 
going Prop,  the  like  may  be  made  upon  this,  with  refpcd  to  the 
Laws  or  Conditions  of  the  Termination,  Continuation  and  Conver- 
gency  of  the  Series  :  and  the  bringing  Ordinatcs  of  Curves  propos'd, 
which  fall  under  this  Prop,  into  due  Form,  as  likewife  with  refpedt 
to  the  Pofition  and  Limits  of  Areas,  and  other  things  relating  thereto. 
But  that  would  be  too  large  a  Subject  to  enter  upon  :  and  therefore  I 
fhall  let  it  alone. 

The  Series  exhibiting  the  Areas  of  Curves  falling  under  this  Prop* 

may  be  eafily  continued,  by  confidering  the  Law  of  the  Progreffion.     It 

is  evident  likewife  that  the  Series  of  fuch  Proportions,  as  the  fifth  and 

fixth,  is  infinite ;  as  well  as  that  of  the  third  and  fourth,  which  was 

•Art.i  17.  mentioned  already  *,  /.  e.  we  may  fuppofe  T  to  ftand  for  x-\-Qz»-\-yz2*' 

of  this  Ex-  jl.  £frt  and  *  for  any  numeral  Index :  and  then  if  the  Ordinate  of  a 

plication.      '  '  . 

Curve  be  of  this  Form  ^-iRa-iS^T'-1  x  a +bz*+cz**:\rdzi*-\-&c* 

you  may  exhibit  a  Series  for  it's  Area,  analogous  to  thefe  in  Prop,  fifth 

•  Of  this  and  fixth,  by  confidering  what  was  laid  in  Art.  1  ij  *r  and  applying 

ExpKcar    that  to  thus  Cafe,  as  Prop,  third  and  fourth  have  been  applied  tor  de- 

tt<vu       monftrating  Prop,  fifth  and  fixth:  and  £b  likewife  for  other  Ordinate* 

ftill  more  complex; 

SECT.    VIL 

Containing  Notes  on  Art.  33  39* 

Explication  of  Prop.  vir.. 

C  A  S  E    k 

rg6.  Q^Uppofing  the  fame  things  mentioned  by  the  Author  in  this: 
j^  Prop.  Let  R  =  e  -\-f&  a  Binomial  1  I  fay  if  the  Area  o£ 
any  one  of  the  infinitely  many  Curves,,  whofe  Ordinates  are  thus  ge- 
nerally exprefs'd  s^^RM:7*  be  given,  the  Areas  of  all  thefe  Curves, 
will  be  given.. 

The  Demonftration  of  this  Prop,  as  far  as  ifrrefpefts  binomial  Curves,, 
is  left  by  our  Author  to  be  garnered'  from  his  Dfemonftration  of  it 
in  the  Cafe  of  Trinomials  r  which  therefore  T  (hall  here  fupply. 

The  firft  of  the  four  Cafes  intajwrhich  this  Prop,  is  divided  by  him,, 
reipeds  the  Increafe  or  Diminution  of  the  Index  of  z%  viz.  0  +  rm, 
by  any«  Repetition  of  9, 

197.  Let 
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197.  Let  the  Area  of  the  Curve,  whofe  Ordinate  is  js^R*-1,  be 
given  :  and  call  it  A,  /.  e.  multiplying  both  by  the  Quantity  p>  whofe 
Value  is  afterwards  to  be  determined,  we  (hall  have  pz^-tR*-1  the 

Ordinate  of  a  Curve,  whofe  Area  is/A.  But,  by  Prop*  3,  ft?+^4"^x4A,f 
x  z*-lR*~l,  is  the  Ordinate  of  a  Curve,  whofe  Area  is  z*R* :  fiibtradt 
the  former  Ordinate  and  Area  from  the  latter  Ordinate  and  Area  re- 

fpe&ively ;  and  youll  have  $e  —  p  +  0  -f"  xn  *fz*  *  as'-'R*-1,  and 
<b9R*_^A,  the  Remainders;  the  firft  the  Ordinate  of  a  Curve,  whereof 
the  laft  is  the  Area:  and  that  whatever  be  the  Value  of/,  which  is 
the  Quantity  by  which  the  given  Ordinate  and  Area,  viz.  5^-iR*-* 
and  A,  were  multiplied*  Now  put  p-=6e  a  known  Quantity,  and 
fubftitute  the  one  for  the  other  in  the  laft  mentioned  Area,  and  thence 

youll  have  d-J-Aij  %fz*  x  z^R*-1  and  s9R*  —  &A,  for  correfpon- 
dent  Ordinate  and  Area.  Again,  dividing  both  by  the  given  Quantity 
0-f-x*  *fr  we  have  zH-i-iR*-*  the  Ordinate  of  a  Curve,  whofe  Area  is 


*  R      **\  which  is  wholly  known. 


That  the  Procefs  may  appear  at  one  View,  I  (hall  fet  down- the 
feveral  Steps  in  Order. 

Ordinate*  Areas. 

l*.  p  *  x  *•-**-*  - pA 

2°.  Qe  -f  0+  \ii  xfz*  x  z^R*-' **R* 

3°.  fe-^-0+x*  x/s"  X  **-iR*~" **R*  — /A.. 

40. 4+Af.)^x*»--iRK-i -  -  s9R*~  feA*       - 

5<># .  -  .  -  .  sH-*-iR*-i  -  •  - «V  — g,A 

198.  By  the  fame  way  of  reafoning,    if  you   call   this  Area 
q^-x/'  =  ^  whofc  °rdinate  »  «H*-iR*-t,  you  may  find  the 
Area  of  another  Curve,  whofe  Ordinate  is  «H-*i—  «R*-t :  by  confider- 
ing  what  is  expreffed  in  Art.  1 14  *.    Which  is  done  by  fubtrafting  .  of  th» 
the  Ordinate  gzH-*^-'R*-'  or  qx»  *  g^-iR^-i,  and  coirefpondent  A«ai*pKca- 

jrB  from  the  Ordinate  6  -\- 1,  x  «s?  4-  '$  4.  ,.4.  >,n*fzzn  x  3O-1RA-, 
and  correfpondent  Area  *H->R*  refpecliyely :  which  laft  Ordinate  and 

Aresu 


tion. 
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Areji  belong  to  the  feme  Curve  by  that  Art  and  then  putting  991  = 

9^f^  x  #s* ;  or  f  —  ff-^'yj  x  * ;  ancj  fubftitutjng  this  Value  in  place  pf 
it ;  for  thence  you'll  obtain  0-j-  rj  *-f  "Xj  xT*2*  x  s^R*-*  and  s9+»R* 

—  F-p5J  x  *B ;  or,  by  dividing  both  by  fl+'V^KX?  */>  £f+*»— iRx-i 
gnd  '     {..rr^'HSr^i..  far  Ordinate  and  Area  belonging  to  one  and 

the  fame  Curve :  which  Ordinate  has  the  Exponent  pf  3,  vjv,  6  4-  in 

—  1  greater  than  the  Exponent  of  a  in  the  Ordinate  *fl-«R*-»  bo 
longing  to  the  given  Area  A,  by  a< :  and  fince  B  i|  known,  being 

formerly  found,  the  Area  ?  J^I?^-^  is  alfo  wholly  knowp. 

Arid  thps  it  ig  evident,  that,  by  the  like  way  of  proceeding,  you 
may  find  the  Area6  of  all  the  Curves,  whofe  Ordwtes  are  thus  ge- 
nerally fxprefled  zH**—  lKK^lj  r  being  «t  pofitive  Integer.  For  if 
gH-r^iRX-1  be  the  Ordinate  qf  a  Curve,  and  A  denote  the  Area  of 

that  Curve,  then  *Q+^R*-HELlfA   wju  ^  the  Area  of  another 

6  +  cn»  +  **  x  / 

Curve,  belonging  to  that  fame  Progreflion  of  Curves,  vvhich  has  the 

Index  of  z  in  it's  Ordinate  greater  by  once  y  than  it  is  in  the  Ordinate 

*  Of  this  of  the  other :  as  appears  from  Art.  1 14  *,  compared  with  what  hath 

dof^    bccn  alre*4y  6id. 

199.  Again,  by  the  like  way  of  reafoning,  it  will  appear,  thtf  if 
the  Area  of  the  Curve  be  given,  whofe  Ordinate  is  js^R*-!  as  for- 
merly, which  call  A,  then  the  Area  of  the  Curve,  whofe  Ordinate  is 

zft-^-'R*-1,  jnay  be  thencc  foun(^  m&  will  be!! — ,K  Th_7~''+XnxJA 

6  —  n  x  * 

For  you'll  have  Ordinates  and  Areas  corresponding  to  each  other  as 
follows.    --• 

Ordinates.  Areas. 

i°. /xs9-,Rx-1  -~pA. 

mofS£&-     2°»  *--*  x  «-• + 0  —  ,  +  x*  x/x  *«-«R*-«  -  -«fl-»R^  * 
!&■«•»■•  Subtract  firft  6tep  from  fecond :  put  p  =  0  —  *-f  A?  x/.*  and 

divide  by  6 — nxe. 

<>°    ....... --.-    r9— ~-ipx— «       «<"*^-«-Tf»untM 

This  laft  Area  being  found,  call  it  P,  and  then  from  the  known 
Area  P,  you  proceed  to  find  the  Area  of  the  Curve  next  in  order  in 

this 
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this  Progreffion  of  Curves,  viz.  the  Area  of  the  Curve,  whofc  Ordinate 
is  «*-»«-«Rx-1 :  which  by  the  lame  way  of  reafoning*  will  be  found 

to  be  *   ■***  —  •-»*  +  ***./? .  ^  fo  you  may  pr0CeCd  from  thb 

8 —  2d  x  * 

kft  Area,  now  given,  to  determine  the  Area  of  that  Curve  which 
comes  next  in  the  Order  of  the  Progreffion  of  Curves,  viz.  thatwhofe 
Ordinate  is  ^M'-iR*-1 :  and  fo  on  continually.  So  that  univerfally 
if  you  put  P  for  the  Area  of  any  Curve  whofe  Ordinate  is  *•-**- »R*-»f 

then  «^^*x-^^+*»»./?  ^  ^  the  Area  of  a  Curve  whofe 

Ordinate  is  **-*»-*- *R*-*« :  as  eafily  appears  by  fubftituting  0  —  <ny 
for  0  in  the  firft  Part  of  this  Art. 

200.  And  thus  it  appears  that  the  Area  of  a  Girve,  whofe  Ordi- 
nate is  s^-'R*-1,  being  given,  the  Area  of  every  other  Curve,  whofe 
Ordinate  is  thus  generally  exprefled  sH^^R*-1,  is  likewife  given. 
Wherefore  by  a  contrary  Analyfis,  you  may  come  back  from  the  Area 
of  any  Curve,  whofe  Ordinate  is  sHh^-iR*-1,  to  the  Area  of  the 
Curve,  whofe  Ordinate  is  ^-"R*-".  For,  if  you  put  A  for  the  Area 
of  any  Curve,  whofe  Ordinate  is  *•+**— 1R*-1 :  and  B  for  the  Area 
of  the  Curve  whofe  Ordinals  is  **+•*+*— »R*~« :  then,  by  what  has 

been  demonftrated,  B==i-2L^-pJlii:  therefore  k  follows  con- 

trarily  by  revolving  the  Equation,  that  if  B  be  given  and  A  fought,  it 

will  be  A=^RhZltr^x^.    And  again,  in  the  other  Pro- 

ft  •+-  en  x  e 

greffion  of  Areas  proceeding  the  contrary  way,  if  P  ftand  for  the  Area 
of  a  Curve,  whofe  Ordinate  is  a^-^-iRx-« ;  and  Q  for  the  Area  of  a 
Carve,  whofe  Ordinate  is  sj****-i-iRk-i :  it  has  been  demonftrated 

ih*Q^z^n^-*rr-*±Z^  ;    Wherefore,    foppofing    Q_ 
given,  and  P  fought,   by  refolving  the  Equation,   we  hare'  P  = 

if  the  Area  of  any  one  of  the  infinitely  many  Curves,  whofe  Or<Jinates 
are  generally  exprefled  thus  ^if-'R^-i,  be  given,  the  Areas  of  alt 
the  reft  are  alfo  given,  viz.  when  R  =  e  -{-fz1*  a  Binomial. 

N.  B.  It's  the  fame  thing  whether  the  general  Form  of  the  Ordi- 
nates  be  exprefled  thus  sM^iR*-" ;  or  thus  z*±?*R*±?,  as  it  is  by 
the  Author  himfelf  in  the  Prop,  you  need  only  fuppofe  that  ft  in  the 
kft  is  equivalent  to  f  —  1  in  the  firft :  ami  that  A  +  t  in  the  laft  i& 

equivalent 
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equivalent  to  X  —  i  in  the  firft  j  or  A  +  t  +  i  in  the  laft,  the  fame 
with  X  in  the  firft. 

201.  It  appears  from  what  has  been  (hewn  in  the  three  preceding 
Art.  that  if  A  and  B  be  made  to  ftand  for  the  Areas  of  any  two  Curves 
next  to  one  another,  whether  they  be  in  the  Progeffion  running  to- 
wards the  one  hand,  or  towards  the  other  :  fo  that  the  Exponent  of  z 
in  the  Expreflion  of  the  Ordinate  anfwering  to  the  Area  B,  exceed 
the  Exponent  of  z  in  the  Ordinate  corresponding  to  A,  by  -j-  q :  then, 
we  may  make  zr-lR*~l  and  sH-i-'R*-1  to  reprefent  any  two  fuch 
Ordinates  univerfally,  fince  6  may  reprefent  any  Index  pofitive  or  ne- 
gative, integral  or  fractional.  From  whence,  by  confidering  what  hath 
been  faid,  we  (hall  have  the  two  following  Theorems  for  determining 
the  Areas  of  all  binomial  Curves,  from  any  one  Area  being  given. 

202.  Tn.  i.  U  =  »- 

203.  Th.2.  A  =  *eRx-H^*/B, 

204.  And  thus  having  demonftrated  the  firft  Cafe  of  the  Prop, 
when  R  =  e^-fz\  a  Binomial;  the  Demonftration  of  the  firft  Cafe 
of  the  Prop,  accommodated  to  the  Suppofititon  of  R  =  e  -\-fz*  -f- 
gz2*,  a  Trinomial,  fet  down  by  the  Author  himfelf,  includes  no  new 
Difficulty.  The  way  of  finding  the  Area  of  the  Curve  whofe  Ordi- 
nate is  *H-2l»— IRX— »,  from  the  Areas  of  the  two  Curves,  whofe  Or- 
dinates are  s^R*-1  and  #H-*—  »R*-«,  being  given,  he  fhews  himfelf 
at  length :  and  fo  you  have  the  Method  of  determining  the  Area  of 
any  Curve  whofe  Ordinate  is  **+*«— IRX-1,  when  the  Areas  of  the 
two  Curves  are  given,  whofe  Ordinates  are  sfi-lK*-1  and  **+«— «R*-i# 
And  he  tells  you  that  the  Method  of  proceeding,  in  order  to  find  the 
Areas  of  Curves,  in  the  Progreflion  of  Curves,  which  goes  the  con- 
trary way,  viz.  thofe  Curves  whofe  Ordinates  are  thus  generally  ex- 
prefled  z*— **— !RX-T,  is  like  to  that  lame,  which  he  fhews  for  the 
Areas  of  Curves  in  the  other  Progreflion.  That  the  Truth  of  this  may 
appear  I  (hall  fet  down  the  Procefs  of  the  Steps  in  order. 

Ordinates.  Areas. 

f. / xs^-'R*-1  -  -/A- 

*».  * f^x^R*-*  -  -  *B. 

•*Art.i  14-      3°.  S^xctT^-H— »+Xijx^+9— r,-f-^^1lX^K1'xl8fi~IR'k~",  -  -  «8~M,RX  * 
*M^P*  Sobtraft  the  firft  and  fecond  Steps  from  the  third  :  put/  =  0 — »  +  *»  x/and  q 5: 

k—  n+Ww  x  g :  and  divide  by  8  —  »  x  *. 

»«-»- V-'  -  -  '^-^p"^--*-^^  */B 

Which 
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Which  laft  Area  is  that  which  was  to  be  found,  and  is  now  wholly 
known,  fince  A  and  B  were  given.  And  after  the  lame  Manner  that 
our  Author  (hews  how  to  find  the  Area  of  the  Curve,  whofe  Ordinate 
is  zP+2*—  'R*-1,  from  the  Areas  of  two  Curves  being  given,  whofe 
Ordinates  are  s^R*-1  and  sH-*—  »Rx-i :  and  that  I  have  juft  now* 
(hewn,  how  from  thefe  feme  Areas  given,  to  find  the  Area  of  the 
Curve,  whofe  Ordinate  is  zfi— '-^R*-1,  the  Areas  of  all  the  Curve* 
in  both  Progreflibns  may  be  found.  For,  universally  if  A  and  B  ftand 
for  the  Areas  of  two  Curves  next  one  another  in  the  firft  Progref: 
fion,  any  where,  viz.  fuch  whofe  Ordinates  are  2^+1— »R*-i  and 
*e+**+*-'R*-',  then  **+^*A-*"+^x .,A-.>+r«+M  x/b  wiU  ^  thc 

0  +  rn  ■+•  2An  x  g 

Area  of  the  Curve  following  next  in  that  Progrefiion,.  viz.  whofe  Or- 
dinate is  sH^i-H^-iR*-!  r  as  eafily  appears  by  inferring  6  +  <rn  in- 
ftead  of  6  in  our  Author's  Demonftration?  i.  e.  by  fuppofing  &  -|-  <r% 
here,  to  be  equivalent  to  $  there. 

Again,  if  P  and  QJtand  for  the  Areas  of  any  two  Curves  next  to 
each  other  in  the  Progrefiion  of  Curves  going  the  contrary  way,  i.  e* 
if  they  be  the  Arcasof  any  two  Curves,  whofe  Ordinates  are  j&*-*»-|R*~-1 

wd^-*-'R*-',  then  **-*~*K-£z=^ x/i^3qp»fP, 

muft  be  the  Area  of  the  Curve  following  next  in  order  in  this  Progrefiion^ 
viz.  the  Curve  whofe  Ordinate  is^-^-^R*-1 :  which  eafily  appears- 
t>y  inferring  0  —  <nr~-  y  inftead  of  &  in  the  Demon  ftration,  juft  now 
given;  i.e.  by  fuppofing  6 —  oy —  n  here^  to  be  equivalent  to  0  there. 
And  therefore  it  hence  appears  that,  if  the  Areas  of  the  two  Curves, 
whofe  Ordinates  are  jb^R*-1-  and  «-+«-IRx-1,  be  given,  the  Areas 
of  all  the  Curves  In  both  Progreflions,  are  thence  alio  given.  And  . 
therefore  by  a  contrary  Analyfis,.  if  the  Areas  of  any  two  Curves,  whe- 
ther both  in  the  Progrefiion  of  Curves  proceeding  the  fame  way,  or 
one  in  the  Progrefiion  proceeding  the  one  ways,  and  the  other  in  the 
Progrefiion  that  proceeds  the  contrary  way,  be  given,  the  Areas  of  the 
two  Curves  whofe  Ordinates  are  s^R*-1  and  «*+«— JR*-"  j  and 
alfo  of  all  the  others  whofe  Ordinates  are  thus  generally  exprefied, 
#M-<rn— iRfc-i,  may  thence  be  found.  For  let  A,  B,  C,  D,  CSc.  denote 
the  Areas  of  the  Curves,  .belonging  to  the  Progrefiion,  whofe  Ordinates- 
are  thus  exprefled  *H-f*—  *R*-',  where  <r*  is  pofitive,  and  A,  the 
Area  of  the. Curve  whofe  Ordinate  is  a;3-1!**-1  :  and  again  let  Aj.P*. 
Q,  R,  &c.  denote  the  Areas  of  the  Curves  belonging  to  the  Progrefiion. 
proceeding  the  contrary  way,  viz:  thofe  whole  Ordinates  are  thus  ex- 
prefled 3*-<ni-iR*-i%   A  being  as  before  the  Area,  belonging  to  the 

Y  Cunve^ 
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Curve,  whofe  Ordinate  is  s^R*-1 :  which  Curve  ftands  in  the  Middle 
betwixt  the  two  Progreflions,  or  rather  is  the  iirft  of  both.  Then  by 
•what  has  been  {hewn,  we  have  an  Equation  defining  the  Relation  of 
A,  B  and  C ;  another  defining  the  Relation  of  B,  C  tand  D  j  a  third 
defining  the  Relation  of  C,  D  and  E,  and  fo  on  :  whereby  we  have- a 
new  Equation  for  every  new  Area.  Again,  we  have  an  Equation  defining 
the  Relation  of  B,  A  and  P,  when  we  proceed  now  the  contrary  way  : 
we  have  another,  exhibiting  the  Relation  of  A,  P  and  Qj_  another 
that  of  P,  Qjtnd  R,  and  fo  on :  therefore,  it  is  evident,  there  will  be 
as  many  diftindt  Equations  except  two,  as  there  are  Areas :  confequent- 
ly  if  any  two  Areas  be  given,  all  the  reft  may  be  found. 

205.  Although  in  the  preceding  Art.  we  have  confidered  the  Curves 
whofe  Ordinates  are  generally  exprefled  thus  sH-^-'R*-1,  and  thoie 
whofe  Ordinates  are  exprefled  thus  £*-**- iRfc-i,  diftin&ly :  and  ac- 
cordingly exhibited  two  diftind  Equations,  for  determining  the  Areas 
of  the  Curves  belonging  to  the  one,  and  the  other  :  yet  they  are  both 
in  efifeft  one  and  the  fame,  ahd  both  Virtually  included  in  that  one 
Equation  or  Theorem  mentioned  by  the  Author  himfelf.  For  if  A, 
B  and  C  reprefent  the  Areas  of  three  different  Curves  next  to  one  an- 
other, fo  that  A  be  the  Area  of  a  Curve  any  where  belonging  to  the 
Clafs  of  Curves,  whofe  Ordinates  are  thus  generally  exprefled 
sfi+p-iYfr-i  *  B  the  Area  of  a  Curves  in  whofe  Ordinate  the  Index  of 
z  is  greater  by  -\-tj ;  and  C  the  Area  of  a  third,  in  whofe  Ordinate 
the  Index  of  z  is  greater  by  +  2ri>  than  it  is  in  the  Ordinate  corre- 
fponding  to  the  Area  A;  then  we  may  make  a^-iR*-*  to  reprefent 
^univerfally  the  Ordinate  of  the  firft  ;  sM-'^R*-1  the  Ordinate  of  the 
fecond;  and  #M-2*— *R*-i  to  reprefent  the  Ordinate  of  the  third,  cor- 
refponding  to  the  three  Areas  A,  B,  C:  fb  that  the  Equation  2#Rx-r- 

deA  —  6*\-Xij  */B=:G-\-  2A^  x  gC  mentioned  by  him,  may  fcnre 
for  finding  all  the  Areas  in  this  whole  Clafs  of  Curves,  whofe  Ordi- 
nates are  thus  generally  exprefled  sH:**— «R*->,  any  two  of  them  be- 
ing given  :  which  contains  thefe  three  Theorems  following. 

206.  Tk  1.  c  =  A^fcA-rpSx^ 

207.  Th.  2.  B  ==  fo-fcA-TTSggjC 

'  8  +  x,  xf 

208.  Th.  *.  A  =  ^x-»T^*/B-.?qr5;xxc 

209.  But,  iays  our  Author,  if  any  of  the  Terms  8,   &  4"*9  ***& 
6  -}--2X*  be  wantiog  or  vanifli,  or  break  off  the  Series :  let  the  Area 

/A 
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fk  be  affumd  in  the  Beginning  of  the  one  Progreffion,  and  the  Area  qB  in 
the  Beginning  of  the  other \  and  from  thefe  two  Areas,  will  be  given  all 
the  Areas  in  both  Progrejfbns. 

From  the  preceding  Theorems  it  is  evident,  that  if  9  or  9  +  Xj  ot 
$  4"  2X9  be  equal  to  nothing,  the  Series  of  Carves  is  broke  off  or  in-* 
terrupted  :  thus  in  the  general  Equation  or  Theorem  s*R*  —  QeA  — • 

6  -}-  **  xfB  =  9  -I-  2\ii  XgCy  if  it  be  0  =  o,  A  difappears;  if  it  be 
0-j-  A*=  o,  B  difappears ;  and  if  it  be  9  -J-  2X17=  o,  C  difappears. 
But  the  Remedy  our  Author  propofes  in  this  Cafe,  I  acknowledge  I 
don't  Efficiently  underftand,  according  as  he  expreffcs  it  above.  For 
fiippofe  we  call  Ay  B>  C,  D,  &c.  the  afcending  Progreffion  5  and  A, 
P,  Q,  R,  &c.  the  defcending  Progreffion,  fignifying  as  above :  the 
Meaning  of  what  he  fays,  would  teem  to  be  this,  that  when  0  =  o;. 
from  the  Affiimption  of  B  and  P,  all  the  Areas  in  both  Progreffions 
on  both  Sides  of  A  may  be  found :  that  if  it  were  9  -f-  Xq  =  o,  all 
the  Areas  on  both  Sides  of  B  may  be  found  from  the  Affiimption  of 
A  and  C ;  and  that  if  it  be  9  -{"  2A17  =  o,  all  the  Areas  on  both  Sides 
of  C  may  be  found  from  the  Affumption  of  B  and  D.  But  this  is 
not  true :  for  when  9  +  Xij  =  o,  from  the  Affiimption  of  A  and  C,. 
you  cannot  find  the  Area  of  any  other  Curve  in  either  Progreffion,  For 
in  this  Cafe  A  and  C  are  not  Sufficient  for  determining  B  :  fince  the 

Equation  above  s*R*—  6eA  —  £+**  x/B  =  (t  +  2XgxgC  becomes 
sGR*  —  6eAz=zHXgC>  where  B  difappears:  but  without  B  and  C,. 
neither  D,  nor  any  of  the  Areas  above  C  can  be  found ;  and  without 
Rand  A  both*  neither  P>  nor  any  of  the  Areas  in  the  defcending  Pro- 
greffion can  be  found  1  as  may  eafily  appear  from  the  Confideration  of 
the  three  preceding  Theorems,  and  what  nas  been  fatd  formerly.  How* 
ever  in  the  Cafe  propofed,  viz.  when  any  of  the  Terms  0,  fl-f^A*, 
fl  4*  **«  *s  wanting,  ia,  If  it  be  9  =  o,  from  the  Affumption  of  A 
and  B,  all  the  other  Areas  in  both  Progreffions  may  be  found.    a°.  If 
it  be  d-t-**=o»  from  the  Aflbmptioo  of  the  fame  twoAr^s,  all 
die  others  may  bfe  found.     3°,  If  it  be  9  -j-  z\n  =  o,  from  the.  Af- 
fihpption  of  A  and  B,  the  Areas  of  the  Curves  in  the  afceading  Pto- 
greffion  cannot  be  found:  but  if  you  affume  A  and  C,  all  the  Areas 
in  both  Progreffions  wiH  be  found,  as  appears  from  the  foregoing  The~ 
orems.    Yet  it  will  not  thence  follow  univerfally,  that  any  two  Areas, 
being  given,  all  the  Areas  can  thence  be  found.     For,  i°.  when  it  is 
0=o,  if  the  two  given  Areas  be.  both  in  the  afcending  Progreffion 
beyond  A>  done  of  the  Areas  in  th*  defending  Progreffion  can.be 
thenoe  found;  ftice  tb*  Gjuatfon  that  includes  B  and  C,  ?aiy*pt  jn- 

Y  2.  eludes 
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elude  A,  the  Term  0e\  vanifhing :  and  this  evidently  prevents  the 
paffing  from  the  afcending  to  the  defcending  Progreffion*  2°.  If  it  be 
0  -}-  **  =  °>  fr°m  A  and  C  given,  none  of  the  other  Areas  can  be 
found,  as  was  (hewn  already.  30.  If  it  be  0  4"  2X*  =  o,  from  the 
Areas  A  and  B  given,  or  any  two  Areas  in  the  defcending  Progreffion, 
none  of  the  Areas  in  the  afcending  Progreffion  beyond  B,  can  be  thence 
found :  for  the  Equation  including  A  and  B,  doth  not  include  C,  and 
therefore  this  interrupts  the  Paflage  from  A  and  B  to  the  other  Areas 
in  the  afcending  Progreffion.  But  if  you  except  thefe  Cafes,  any  two 
Areas  being  given,  either  both  in  the  afcending,  or  both  in  the  de- 
fcending; or  one  in  the  one,  and  another  in  the  other,  all  the  other 
Areas  in  both  Progreffions  may  be  found  by  help  of  the  preceding 
Theorems. 

Schol.  1.  In  the  preceding  Cafes,  from  one  Area  only  given,  in  the 
Cafe  of  Trinomials,  other  Areas  are  found.  Thus  i°.  when  it  is 
6  =  o,  one  Area  above  A  in  the  afcending  Progreffion,  fuch  as  B,  C, 
&c.  being  given,  all  the  others  in  that  Progreffion*  except  A,  may  be 
found.  20.  If  it  be  6  -f"  A*  =0,  the  Area  C  may  be  found  from  A, 
or  A  from  C.  30.  If  it  be  6  +  2X7  =  o,  from  B  or  A,  or  any  one 
Area  in  the  defcending  Progreffion  given,  all  the  other  Areas  in  that 
Progreffion  (including  alfo  B)  may  be  found :  as  may  eafily  appear 
from  the  preceding  Theorems,  and  what  has  been  faid. 

Schol.  2.  There  are  analogous  Obfervations  which  hold  with  re- 
fped  to  other  more  complex  Curves,  fuch  as  Quadrinomials,  Quin- 
quinomials,  &c.    And  particularly  with  refpefi:  to  binomial  Curves,  it 

*  Of  this  appears  from  Art.  202,  203  *,  that  when  6  =  o,  from  B,  or  any 
^PHca"    one  of  the  Areas  in  the  afcending  Progreffion  above  B,  given,  neither 

A,  nor  any  of  the  Areas  in  the  defcending  Progreffion  can  be  found. 
20.  When  6  +  *n  =  o,  from  the  Area  A,  or  any  one  in  the  defcending 
Progreffion,  given,  neither  B,  nor  any  other  Area  in  the  afcending 
Progreffion  can  be  thence  found.    But  that  in  the  firft  Cafe,  the  Curve 

whofe  Ordinate  is  az*-1  Xe  +,/&■■  l*"1,  is  quadrablc,  it's  Area  being 

"xeJ^fz*xx :  and  in  the  fecond  Cafe,  the  Curve  whole  Ordinate  is 

fay  _ 

*«9-'  xe+Jart*~\  is  quadrable  j  and  it's  Ara**  *y*     ;  as  ap- 

•  Of  this  pears  alfo  by  Art.  149  *. 

Explica-    * 

*■•  case  n. 

210.  The  fecond  Cafe  of  the  Prop,  is  where  x,  the  Exponent  of 
R,  in  the  Expreffion  of  the  Ordinate,  is  to  be  increafed,  or  diminUh- 
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ed,  by  the  continual  Addition,  or  Subtraction  of  Units.  This  Cafe, 
as  far  as  it  refpedts  binomial  Curves,  viz.  when  R=  e  -\-fz*,  is  left 
out  by  our  Author :  and  is  fupplied  in  what  follows. 

Suppofe  the  Area  of  one  fuch  binomial  Curve  to  be  given,  whofe 
Ordinate  is  z*~lR\  and  that  Area  to  be  called  A.  Then  pz*~lR*  and 
^A  are  correspondent  Ordinate  and  Area;  p  being  any  conftant  Quan- 
tity*.    Further,  divide,  and  then  multiply  the  Ordinate  pz*~ 'Rx  by  •Arti  16. 

R  or  e  -\-fz\  and  it  appears  thus  pe  -f-  pfz*  xz*-lR*-1  different  in  plication." 
Appearance,  but  the  fame  in  Effedt,  with  what  it  was  before,  fince  the 
Multiplication  and  Divifion  by  the  fame  thing,  mutually  compenfate 

each  other.  Then,  fince  the  Ordinate  6e  +  6  +  \i  xfz*  x  **-»Rfc-« 
and  Area  zfiR*  anfwer  to  each  other;  by  Prop.  3,  add  the  former  Or- 
dinate and  Area  to  the  latter  Ordinate  and  Area,  refpedfcively :  thence 

you'll  have  *+0  X  *+/+H-**  X/*"  X  s^R*-1  for  the  Ordinate  be- 
longing to  the  Area  pA  +  «°RX :  fuppofc  the  fecond  Term  in  the  Va- 
lue of  the  Ordinate  equal  to  nothing,  that  is  p  -f-  6  -}-  xtf  x^*=  o, 

or  ^  +  d+An  =  o  :  thence  /=  —  0-j-x*:  infert  this  Value  of  p 
in  place  of  it,  in  the  firft  Term  of  the  Ordinate,  and  in  the  corre- 

fponding  Area,  and  you'll  have  —  A^  x  20-iR*-"  and  —  0-J-A*  X  A 

+  s*R*,  or,  by  dividing  both  by  —  xve9  z*-*R*-t  and  ^*A-***^ 

an  Ordinate  and  Area  belonging  to  the  feme  Carve :  which  Area  is 
wholly  known,  fince  A  is  given  j'and  the  Ordinate  has  the  Index  of 
R  lefs  by  Unity,  than  the  Index  of  R  in  the  Ordinate  of  the  given 
Curve.    The  Steps  of  the  Procefs,  fet  down  diftinftly,  follow. 

Ordinates.  Areas. 

i°.  f*+pfz*  X2»-'Rx-«  ------  /A. 

2°.  fc+fl+x}x,/«,'X2*-,R*-1 sfiR**.  ♦  Prop.  3. 

Pat  the  Sum  of  the  fecond  Terms  equal  to  nothing,  or 

30.  . AwXst-'R*-1 ^poJxA-J-^R*. 

Divide  both  by  —  a**. 
4».  ........  z»— iRx-i  ......  »+*»x  A  —  A* &: 

Now, 
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Now,  after  the  fame  Manner,  that,  from  the  Area  A  belonging: 
to  the  Ordinate  sfi—  'Rx,  given,  the  Area  belonging  to  the  Ordinate 
jbO-'R*-',  was  juft  now  found,  the  Area  belonging  to  this  laft  Or- 
dinate, being  given,  you  may  find  the  Area  belonging  to  another  Curve^ 
whofe  Ordinate  is  z^-'R*— «:.  the  Method  of  doing  it  and  the  De- 
monftration  differs  in  nothing,  but  inferring  X  —  i,  every  where,,  for 
*  in  the  foregoing :  fo  that  i£  the  Area  juflr  now  found  be  called  B ;, 
and  the  Area  belonging  to  the  Ordinate  z^—'R*— *,.  be  denoted  by  C, 

then  c  =  *1-)",+',*B-xK*~\    And  fo  you  may  proceed  to  find. 

the  Area  belonging  to  the  Ordinate  z*— "R*—  3,,  by  a  like  Procefe,  viz*. 
by  inferting  X  —  2  for  X,  and  fo  on  continually*.  For  in  effecft,  tha 
Theorem,  which  makes  the  Conclusion  of  the  firft  Demonftration* 

viz,  B=^xA-«°R*,    includes   all  pofliblc  Calks  of  binomial 

Curves,  in  which  the  Area  of  any  one  being  given,  die  Area  of  an- 
other is  fought,  in  whofe  Ordinate,,  the  Index  of  R,  is  leflened  by? 
Unity:  becaufe  whatever  be  the  Index  of  R,  in  the  Ordinate  be- 
longing to  the  given  Area ;  whether  it  be  affirmative,  or  negative,  yout 
may  fuppofe  it  to  be  reprefented  by  A  1  and  again,  whatever  be  tha 
Index  of  *r  without  the  Vinculum,,  it  may  be  always  reprefented  by 
6  — -  r .  Therefore  alfo  conver&ly,  if  A  and  B  reprefent  the  Areas  of 
any  two  binomial  Curves,,  fuch,  that  the  Index  of  R  be  greater  by  a 
pofitive  Unit,  ih  the  Ordinate  belonging  to  A  than  in  the  Ordinate 
belonging  to  B,  by  refolving  the  Equation,  and  confidering  B  as  given* 

and  A  as  fought,  you'll  haw  A=  x*&JLg^. .    Which  fimaOie*  u» 

with  the  two  following  Theorems,  fcrving  universally  for  carrying  on. 
the  Progreffion  of  binomial  Curves,  from  the  Area  of  any  one  being; 
given,  in  whofe  Ordinates  the  Index  of  R  is  to  be  diminifh'd  or  in- 
crease by  the  continual  Subtraction  or  Addition  of  Units*.       ~  ' 


0nx 


211.  Th.I.  R  =-'+»*  A- A 


212.  Th.2.  A=*»*+*R\ 

213.  I  fhall  iltuftrate  what  concerns  the  Ihcreafe  and  Diminu- 
tion of  the  Index  of  R  by  Units ;  and  of  the  Index  of  z  without  tha 

•  Art. ^Vinculum  by  y:    for  which  I  gave  two  Theorems  formerly  *  by 
202, 203.  an  Example,  in  the  Cafe  of  a  binomial  Curve,  which  will  make  all. 

of  this  Ex-  evUenf 
plication.  cviacni» 

r  Let 
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Let  ■■  =  y,  define  the  Relation  of  the  Abfcifs  and  Ordinate 

of  a  Curve :  and  fqppofe  I  would  compare  the  Area  of  this  Curve, 

with  the  Area  of  another  Curve,  whofe  Ordinate  is  *Ja *  —  z*,  z  be- 
ing the  common  Abfcifs  to  both  :  which  laft  Ordinate  plainly  belongs 
to  a  Circle,  in  which  a  is  the -Radius,  and  the  Abfcifs  z  reaching  from 
the  Center  to  the  Ordinate  :  and  therefore  -the  circular  Area,  with 
which  the  Area  of  the  Curve  propofed,  is  to  be  compared,  is  that 
lying  betwixt  the  Ordinate  and  the  Radius  of  the  Circle  parallel  to 
it,  as  appears  by  Art.  146  *  :  which  Area  is  reprefented  by  ABCD  in  •  Of  this 
the  Fig.  belonging  to  that  Art.  when  AB  =  z.     Now,  to  make  this  ^xPIica- 

Companion,  let  the  given  Ordinate,  viz.  be  brought  to  the 

Form  z*~l  Xtf*  +  z1]~'* :  c?U  the  Area  jQ,  and  from  the  Aflumption 
of  /3,  let  us  firft  find  the  Area  belonging  to  an  Ordinate  exprefled  thus 

z*~~ l  X  *z  —  z%^  where  the  Exponent  of  the  Quantity  under  the  Vin- 
culum, viz.  a* — **,  anfwering  to  R,  is  greater  by  Unity.  Call  the 
Area  belonging  to  this  laft  Ordinate,  a  :  then,  by  comparing  this  Ex- 
ample with  the  two  general  Theorems  juft  now  laid  down,  you'll  find 
A=*  .  B  =  j3.  0  =  3  .q  =  2  .  X7=:~  .e=aa.    Therefore  by  thp 

fecond Theorem  you  have  «  =  K?fr£X?-?—9  for  the  Relation  of 
the  Areas  a  and-#. 

Again  from  the  Area  *,  belonging  to  the  Ordinate  **— xx**—  z*\K 

lfind?the  Area  belooging-to  the  Ordinate  «1— x  x  **— z%]{  or  sfat—z* : 
which  is  the  former  Ordinate,  having  the  Index  of  z  without  the 
Vinculum,  diminifh'd  by  2  =  *.  This  js  done  .by  Cafe  1.  of  this 
iProp.  For  calling  the  Area  correfponding  to  this  laft  circular  Ordi- 
nate, viz.  */a*  —  zx,  y ;  and  reducing  the. two  laft  Ordinates  to  dqe 
"Form,  you  have  s*— l  xaz  —  z%\*~~\  anfwering  to  the  Area  «;  and 

zJ— x  x**  —  z%\^~~ l  anfwering  to  the  Area  y :  wherefore,  by  compar- 
ing this  Example  with  Art.  201,  202,  203  *,  you'll  find  B=*  and  *  of  thu 
A=y .  0  =  1  .  rj  =  2  .  A= \  .e  —  aa  ./=  —  1.     And  therefore  Expto*- 

.by  Art.  203  *  you'll  have  y  =  zxa%~~*  %p)r**  =  ( by  inferting  the  •  of  this 

.1  .x  Explica- 

■Value  of  «  fct  down  above)  * x ** ~ *'v  +  «tg  +  «?  xgTz:^> _  ) tion. 

z*/ax  —  z%  -f  0.    Whence  |3  =  y  — •  z*/a*  —  z*,  i.  e.  the  Area  of 

the 
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the  Curve  propofed  is  equal  to  the  circular  Area,  left  the  Reftangle 
contain'd  under  the  common  Abfcifs  z  and  the  Ordinate  of  the  Circle, 

*  bf  this  i.  e.  if  you  draw  CG  parallel  to  AB  in  the  Fig.  Art.  146  *,  the  Area 

ExpKcar    CDG. 

2 14.  Our  Author  (hews  at  full  Length,  how,  from  the  two  Areas 
Art.  36.  given,  belonging  to  the  two  trinomial  Curves,  whofe  Ordinates  are 
Qiadra-  s9""1^  and  sH-*—  »R*,  you  may  find  the  Area  correiponding  to  the 
ture  of  Ordinate  ;sc4-«— >R* :  and  then  he  fays  by  the  like  Means  you  may 
Curve*.  gnd  tj>c  Area  belonging  to  the  Curve,  whofe  Ordinate  is  z*—  »R*-'. 
The  Manner  of  doing  it  is  thus. 

Let  the  four  Ordinates,  and  four  correfponding  Areas  be  fet  down, 
as  he  hath  done : 


**^+Ai.x*/x*^f  fi+^«*^^  Sum  of  the  Ord» 

4*4^**  ■  +HH***'/  4-k 

.    tf.      ■&■ 

M+jB+A^  +  fe^    Sum  of  the  Areas. 

Then  fuppofe  the  Coefficients  of  all  the  Terms,  (ave  the  firft,  of 
the  complex  Ordinate,  equal,  each  to  nothing:  by  which  you'll  have 

three  diftmd  Equations.    From  the  hft  of  which,  viz.  0  4-  *.  4-  2** 

X&g  +  ag—o,  find  a  Value  of  q9  which  is^  =  —  & -\- 1 -\-2X1  x h 
Then  inlert  this  Value  of  q  in  place  of  \tr  m  the  fecond  Equation, 

which  arifcs  from  the  third  Term,  viz.  6  4-  2X1  X  ag  +  0  4"  *  +  ** 
X  bf-\- pg  4-  j/=  °i  thence  you  have  a  Value  of  /,  w.  /  =  A 7  x 
~  — ►  6  +  2 A*  x*.  Again  infert  thefe  Values  of  p  and  q  now  found,, 
in  the  firft  Equation,  arifingfrom  the  fecond  Term,  which  is  0  +  x* 
X  af-\-  9  -\-nx6e  -\-pf-\-  qe=zo:  and  fo  you'll  have  an  Equation 
free  of^  and  q>  viz.  — \ixqf_—  2A*x&4~  **X—  =  0  :  which 
by  a  proper  Reduction,  gives  you  the  Value  of.  J,  to*.  6=z~"^f2  ...^ 
Next,  fubftitute  this  Value  of  b  in  place  of  it,  in  the  preceding  Equa- 
tions, expreffing  the  Values  of  q  and  pr  viz.  q=z  —  6  4"  1 4"  2Xi  X  &: 
and/  =  X„  x^—  *  +  2X1,  xa :  and  fo  youll  have  q=~^^'r 
p z=z*^*'  —  0  +  2A*x*.    And  fa  having  found  thefe  Values  of 
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<£,  p  and  by  arifing  from  the  Suppofition  of  the  Coefficients  of  the 
three  laft  Terms  of  the  complex  Ordinate  being  equal  to  nothing :  put 
thefe  Values  of  y,  p  and  b  in  place  of  them  in  the  Sum  of  the  Ordi- 

natcs  and  Areas,  and  you'll  obtain  6ae  +  J^'l „  —  8  -\-2Xtjxaex 

«»-»Rfc- «  for  the  Sum  of  the  Ordinates.    Aad^^^ — 6  -f-  2x1  x  a 

x  A  —  *tH-*;*#B  -f  **«R*  +  vt^^R*  Sum  of  the  Areas. 

Multiply  both  by  the  given  Quantity  /*  —  zeg,  and  then  divide 

both  by  the  given  Quantity  ^k%aeeg  —  \^aef%  or  —  Xyea  x/*—  4^, 
and  you'll  obtain  the  Ordinate  zP—lRx—1,  and  correspondent  Area 

aM-4**  x  g  —  5T^  x/1  x  A—  gy^x;  x/y  x  B -f/^+^R*  4-/'—  ^  x  *V 

*>j*  X  fk  —  4/5- 

Which  therefore  is  the  Area  fought,  and  is  wholly  known,  fince  A 
and  B  were  given.     Wherefore,  if  you  call  this  Area  C,  and  call  A, 
B,  andD  the  Areas  correfponding  to  the  Ordinates  z*—  lK\  sH-*—  'R* 
and  *•+*—  !R*-!  refpedtively,  as  they  are  ufed  by  the  Author :  bycon- 
fidering  what  he  hath  here  demonftrated  in  this  36th  Art  *.  and  what  *  Of  the 
is  demonftrated  above,  you'll  have  the  two  following  general  Theorems  Qs***1*- 
ferving  to  find  the  Areas  of  all  trinomial  Curves  whofe  Ordinates  are  curves, 
thus  generally  expreffed  se±"»Rx±T,  when  the  Areas  of  any  two  of 
them  are  given,  where  the  Index  of  z  without  the  Vinculum  is  greater 
by  -+•  fi  in  the  Ordinates  of  the  Curves  whofe  Areas  are  reprefented  by 
B  and  D,  than  in  the  Ordinates  of  thofe  reprefented  by  A  and  C :  but 
the  Index  of  R  in  the  Ordinates  correfponding  to  the  Areas  A  and 
B  greater  by  Unity  than  the  Index  of  R  in  the  Ordinates  of  thofe  whofe 
Areas  are  C  and  D. 

2i5.Th.i.D=^R*  +  ^ 

*■  x/z  —  +eg 

—  An*  xf*  —  qeg    . 

217.  By  thefe  two  Theorems,  if  what  was  faid  formerly  *,  be  duly  *Art:2ro- 
confidercd,  and  the  Areas  of  two  of  the  moft  fimple  trinomial  Curves,  jStiwT 
be  given,  all  others,  in  whofe  Ordinates,  the  Index  of  R  under  the 
Vinculum,  is  increas'd  or  diminifh'd  by  any  Number  of  Units,  may 

be  found. 

C  A  S  E  S   3,  4. 

Art  %7  *8 

218.  And  now  it  appears,  by  what  means,  if  both  the  Index  of  z  of  the 

without  the  Vinculum  is  increas'd  or  diminifh'd  by  the  continual  Ad-  0^^- 

ZJ  ,.  .        turc  of 

QltlOn  Curves. 
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diiioa  or  Subtra&ion  of  *  ;  and  the  Index  of  R  under  the  Vinculum 
by  the  continual  Addition  or  Subtraction  of  Unity :  the  Areas  anfwer- 
yag  to  all  the  Ordinates  will  be  given,  when  the  Area  of  any  one  of  the 
binomial  Curves  is  given :  or  the  Areas  of  two  of  the  trinomial  Curves 
are  given.  For  this  is  evidently  done  by  the  firft  and  fecond  Cafes 
conjoin'd.  An  Example  of  this  when  the  Curves  are  Binomials,  was 
•Art.  21 3.  given  already  *.  And  the  like  may  be  done  in  the  Cafe  of  Trinomials, 
pUcatiwT  when  the  Areasof  any  two  of  them  are  given.  For  the  Ordinates  of  any 
'  two  trinomial  Curves  may  be  reprefented  thus,  seR*  and  2&b"»R*±T : 
fuppofing  then  the  Areas  of  the  two  Curves,  to  which  thefe  Ordi- 
nates belong,  to  be  given :  aflame  the  Area  belonging  to  the  Ordinate 
zHr*1L\  as  if  it  were  given  :  then  from  the  two  Areas  correfponding 
to  the  two  Ordinates  z*R*  and  sc-HR>,  you  can,  by  Cafe  firft,  find  the 
Areas  correfponding  to  the  Ordinates  ^±^11*  and  sHi^-HR*  from 
the  two  laft,  you  may  find  the  Area  belonging  to  the  Ordinate 
2££<™RX±T  by  Gife  fecond  :  and  this  Area  being  the  other  one  which 
was  given,  it  follows  converfely  that  from  the  two  Areas,  belonging 
to  the  Ordinates  z*Rx  and  a&^R*±r%  given,  you  may  find  the  Aiea 
belonging  to  the  Ordinate  *H-*R\  which  was  formerly  afiumed. 
And  therefore  the  two  Areas,  correfponding  to  the  two  Ordinates 
*#RX  and  *Hr*Rx,  being  now  both  given,  it  is  evident  you  can  thence 
find  the  Area  of  any  other  trinomial  Curve,  whofe  Ordinate  is  thus 
indefinitely  cxprefied  s^t^R^tr. 

As  to  the  fourth  Cafe  of  the  Prop,  when  R  is  a  Quadriaomial*  or 
any  other  Multinomial :  the  Demonstration  of  it  is  made  Qut  after  the 
like  Manner  as  when  R  was  a  Trinomial. 

Demonstration  of  Prop.  viii. 

CASE     1. 

The  firft  Cafe  of  the  Prop,  k  when  the  Index  of  z  without  the  Vin- 
culum, is  increased  or  diminifli'd  by  the  continual  Addition  or  Sub- 
traction of  ?. 

219.  Let  the  Ordinates  of  two  Curves  be  pz*-lRx~xS*~l  and 
^+^IR^-1S^-1,  and  the  correfponding  Areas  pA  and  $B,  when 
R  -=  e  -\-fz*  aw)  S  =  k  -\r  fa,  both  Binomiak :  tfa«n  you'll  have 
as  follows. 


Ordinate^ 
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Ordinate*.  Areas. 

,o. f  -  -  • xt^-V'S"-'  -  -/A. 

*>. . . .  p* . xJ-'R*-*sr-1  -  -  fB. 


-J-O-f-fmxf/ 

Suppofe  j-f-Wss o,  and  j  +  *^^»  */*+'  +  »"»  x«/=so,  or  /  =  — W,  and 
f  =:  —  8  + Ad  x/2  —  0  +  p*  x  */;  and  thsn  take  tne  Sum  of  the  Ordinate* 
and  Areas. 


H^^fMix/b** xb9-1^— 'S^"-1  -  -  AV-^A-J^x/iB 

_______^  — 9+ftnx// 

Divide  both  by  the  given  Quantity  9  +  x„  -j-^,  *//. 

f+tr-iK»-lsr~i  .  .  A^4(tt-E0B 


e-f-An  +/»n  x// 

Which  laft  Area  belongs  to  the  Ordinate  d+"*-,RK-lSr-,9  and  is 
wholly  known  when  A  and  B  are  known.     And  by  the  like  way  of 
proceeding,  if  you  call  this  laft  Area  C  j  from  the  Areas  B  and  C  you 
may  find  a  fourth  Area  correfponding  to  the  Ordinate  <bH-3*-«r*-'sp-! : 
and  fo  on.    And  the  Method  of  proceeding  in  the  Progreffion  going 
the  contrary  way,  viz.  from  A  and  B  to  find  the  Areas  correfponding 
to  the  Ordinates  J—^R^Sr-,  a^-^—R^'S^-,  &c.  in  inf.  is 
after  the  lame  Sort  *.    And  contrarily,  from  any  other  two  Areas,  •ArtII, 
you  may,  by  Analyfis,  return  back  to  the  Areas  A  and  B :  as  will  of  this  Ei- 
eafily  appear  by  confidering  what  was  faid  upon  the  foregoing  Prop,  plication. 
fo  that  from  any  two  of  thefe  Areas  given,  all  the  others  will  alio 
be  given. 

220.  And  when  R  and  S  taken  together  confift  of  five  Terms  or 
Members*  then  there  muft  be  three  Areas  given :  if  R  and  S  taken 
together  confift  of  fix  Members,  the  Areas  of  four  Carves  muft  be 
given,  &c.  and  then  the  Areas  of  all  the  reft  may  be  found,  after  the 
like  Manner,  as  hath  been  done,  when  R  and  S  are  each  Binomials, 
and  the  Areas  of  two  Curves  given. 

C  A  S  E    2. 

The  fecond  Cafe  of  the  Prop,  is  when  x,  the  Index  of  R,  is  in-  . 
creatfd  or  diminifh'd  by  the  continual  Addition  or  Subtraction  of  Unity. 

Z  z  221.  Let 
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221.  Let  the  Ordinates  pz*-iRW  and  $»*+»— >R*S*  have  pA  and 
qB  for  their  correfponding  Areas:  and  let  the  Ordinates  be  firft  mul- 
tiplied, and  then  divided  by  R  =  e-\-fz\  as  in  Cafe  fecond  of  the 

laft  Prop,  by  which  they  ftand  thus  pe  -\- pfz*  x  s^-'Rfc-'S'*  and 

qez*  +  qfz**  x  «9-«Rx->S'* :    again,    by  Prop.   4.    the  Ordinate 


9ek  +  9  +  A,  xft  +  6  -f  pi  -f  9  x  <?/x  z*  +  6+  A,  +  M  -f,  x/&*» 
X2»-iR^-«S^  and  Area  z^S^"1  belong  to  one  and  the  lame  Curve. 
Therefore  take  the  Sum  of  the  three  Ordinates  and  the  Sum  of  die 
three  Areas,  which  will  make  an  Ordinate  and  Area  correfponding  to 
each  other :  then  fuppofing  the  Coefficients  of  the  firft  and  third 
Terms  of  the  complex  Ordinate,  each  equal  to  nothing,  viz.pe  -J-  Oek 

=  o  and  6  -f  A*  -f-  f*v + v  xfl+gf=  o ;  or,  by  reducing,  /=  —  & 
and  q  =  —  6  -f  A*  +  pj  +  JX  /:  which  Values  fubftitute  in  place  of 
p  and  q:  divide  by  A*  xfk  — el:  and  thence  you'll  obtain  the  Area 
A^'-iiA-gP3??SxiB      corrcfponding   to  ^    Ordinat0 

sH-»—  >R^-'S'*>  as  follows. 

"1 

Ordinates*  Arm. 


1°.  /*  +P& * k«*"!R*-V.  -/A 


a°.  -  -  •  f  «* 


■*      +     j/*2*  x^'R^1^ .  -  fB 


4*. £+*-*#-*#-  -  AxS^1-(UA--(l+M,+^x/g 

Xn  xft  —  eJ 

If,  inftead  of  putting  the  Coefficients  of  the  firft  and  third  Terms 
equal  to  nothing,  in  the  complex  Ordinate,  you  had  put  the  Coeffi- 
cients of  the  fecond  and  third  Terms  equal  to  nothing,  you  would  have 
thence  obtained  the  Area  correfponding  to  the  Ordinate  z*-lR*-iSf* : 
and  calling  thefe  two  Areas  C  and  D,  after  the  fame  Manner  that 
from  A  and  B  given,  the  Areas  C  and  D  are  found,  you  may  from 
the  Areas  C  and  D,  proceed  to  find  the  Areas  correfponding  to  the 
Ordinates  ^-"R*-^  and  z*+*—  "R^-^  and  fo  on  continually. 
And  converfely  if  C  and  D  be  given,  by  Analyfis,  you  find  A  and 
B ;  and  thence  the  Areas  of  the  Curves  belonging  to  the  Progreffion 

going 
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going  the  contrary  way,  viz.  where  X  is  continually  increased  by 
Unity :  and  the  reft  follows  as  formerly. 

Moreover  the  fame  may  be  done,  by  the  like  Means,  when  R  or  S, 
or  both  of  them  are  more  than  Binomials :  provided  ftill  the  Number 
of  given  Areas  be  but  two  lefs  than  the  Number  of  Members  or  Terms 
of  which  R  and  S,  taken  together,  do  confift. 

C  A  S  E    3. 

222.  The  third  Cafe  of  the  Prop,  is  when  the  Index  of  S  is  in- 
creas'd  or  diminished  by  the  continual  Addition  or  Subtra&ion  of  Unity. 
Let  pk  and  qB  be  the  Areas  to  which  the  Ordinates/^-»R^*  and 
qzth*—  lR*&*  correfpond :  when  R  and  S  are  Binomials.  Then  from 
thefe  two  Areas  /A  and  qB  given,  you  may  find  other  two  Areas 
belonging  to  the  Curves  whofe  Ordinates  are  zh*RxSr~l  and 
3H-1— "R*©"-1,  after  the  like  Manner  that,  by  Cafe  fecond,  you  found 
the  Areas  correfponding  to  the  Ordinates  s^R^-'S*  and  z9+1»-1Rx-,S^: 
all  the  Difference  is,  that  the  Ordinates  of  the  two  Curves  whofe 
Areas  are  given,  are  firft  to  be  multiplied,  and  then  divided  by  S  = 
k  -f-  &%  inftead  of  being  multiplied  and  divided  by  R  =  e  -\-fz*  v 
and  then  all  the  reft  goes  on  as  formerly. 

CASE    4, 

223.  The  fourth  Cafe  of  the  Prop,  is  when  the  Index  of  z  is  in- 
creas'd,  or  diminilh'd  by  the  continual  Addition  or  Subtraction  of  % 
and  likewife  the  Exponents  of  R  and  S  by  the  continual  Addition  or 
Subtraction  of  Unity.  In  which  Cafe  the  Areas  anfwering  to  each  of 
the  Ordinates  (hall  be  given,  upon  the  Conditions  mentioned  in  the 
Prop,  and  it  is  done  by  the  three  former  Cafes  jointly. 

Let  sh'RW  and  z^±<rn-lRx±rS/'±v  reprefent  the  Ordinates  of  any 
two  Curves  whatfoever,  whofe  Areas  are  given,.  R  and  S  being  Bi- 
nomials :  then  affumfi,  or  fuppofe  to  be  given,  the  Area  anfwering  to 
the  Ordinate  *H-*—  IRX&*.  From  the  Areas  correfponding  to  the  Or- 
dinates aJ-»R*SP  and  sfl-b-'R^,  you  may,  by  Cafe  firft,  find  the 
Areas  anfwering  to  the  Ordinates  a^^'R^  and  J±r*-*R*9> : 
from  thefe  laft  two  Areas  you  can  find,  by  Cafe  fecond>  other 
two  Areas,  correfponding  to  the  Ordinates  aftt^-'R^ST  and 
■gO+im+n— lR*&Sf* :  again  from  thefe  laft  two  Areas,  you  may,  by 
Cafe  third,  find  the  Area  anfwering  to  the  Ordinate  z^^W^STt", 
which  was  one  of  the  Areas  originally  given :  therefore  converfelf ,  by 

Analyfis* 
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Analyfi*  when  the  Areas*  belonging  to  the  Ordinates  a^R^S*  and 
zt±<r*--ij!*±T§f*±v  areg-iveni  ae  at  firft,  thence  may  be  found  the  Area 
which  anfwers  to  the  Ordinate  z*+*— 'R^S'* ;  which  was  at  firft  af- 
foraed :  and  confequently  it  being  now  given,  together  with  the  Area 
correfponding  to  the  Ordinate  aj^R^S*4,  from  thefe  two  Areas,  now 
given,  the  Area  of  any-  other  Curve  in  general  belonging  to  the  Clafi  of 
Curves,  mentioned  in  this  Prop,  may  be  found,  when  R  and  S  arc 
Binomials.  And  the  like  is  the  Reafoning  in  all  other  Cafes,  provided 
the  Number  of  given  Areas  be  fuch,  as  is  mentioned  in  the  Prop. 

SECT.     VIII, 

Containing  Notes  on  Art.  40—51. 

PROP.    IX, 

Art.  40.  224.  'THHE  Truth  contained  in  this  Prop.  viz.  That  the  Areas  of 
QuttiL  X     *c^e  Curves  are  cclual  wh°fe  Ordinates  are  reciprocally 

twe  of  proportional  to  die  Fluxions  of  their  Abfcifles,  was  at  large  infifted 

Curves.  Up0n  towards  the  Beginning,  and  was  there  demonftrated  *. 

©fthisEx-  ' 

plication.  C  O  R.     I. 

225.  By  means  of  this  Corollary,  we  may  find  innumerable  Curves, 
whofe  Areas  (hall  all  be  equal :  of  which  take  the  following  Examples. 

Ex.  1.  Let*/*  —  #*=*;*  be  an  Equation  given,  belonging  to  a 
Circle:  and  it  is  required  to  find  other  Curves,  whofe  Areas  may  be 
equal  to  that  of  the  Circle. 

Let  z  and  y  be  the  Abfcife  and  Ordinate  of  another  Curve,  having 
it's  Area  equal  to  that  of  the  Circle:  and  fuppofe  dx  =  z*  exprefs  the 
Relation  of  the  Abfcifles. 

From  thi*  Equation  Jx  =  z*y  find  the  Relation  of  their  Fluxions, 
by  Prop.  1,  which  is  dx  =  2zz9  that  is  by  fuppofing  x  =  r ,  d=  2zz 

or  £=^:  wherefore  by  this  Prop.  £=-  :  x=  1  ::  v=.*Jdx—x%i 

y :  whence yzst^*/>dx  —  **,  but  <fc=rs%  by  Hyp.  or  x  =  7 :  which 

Value  being  inferted  for  x,  you  have  y=.-^s/dk — z*  for  the  Pro- 
perty  of  the  Curve  fought,  whofe  Area  is  equal  to  that  of  the  Circle. 

•Prop.  1.     A^in letit be^  ==*«:  thro ^4-*»==0*»or «==•** 7s  where- 
fore  fince  the  Ordinates  and  Fluxions  of  the  Abfciflee  are  reciprocally. 

pro- 
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& 


—Jdx — x* ;  or  (by  inferring  —  for  #,  from  the  given  Equation  dd=ixz) 

y=.  —  0^—  &  4"  dz>  &c  Equation  to  the  Curve  fought :  here  the 

curvilinear  Area  is  fituate  beyond  the  Ordinate,  extending  itfelf  along 
the  Abfcifs  infinitely  produc'd :  for  z  is  negative,  z  diminifhing  as  x 
increafes,  and  contrarily:  and  when  x  —  oy  z  is  infinite,  but  when 
xz=.d.z~d:  which  dungs  eafily  appear  from  the  Equations  above. 

Thus  let  ABCD  be  a  Semicircle,  the  Diameter 
AD=</,  the  Abfcifs  AB  =  *,  and  Ordinate  BC 
=  v:  produce  AD  indefinitely  towards  G,  take 
AE  a  third  proportional  to  AB  and  AD,  which 

call  z  :  whence  it  is  z  =  7:  draw  EF  perpendi- 
cular to  AE,  and  take  it  equal  to  jV—  d*+dz 

=y.  Then  the  Ordinate  EF  (hall  defcribe  a  cur- 
vilinear Area  extending  itfelf  infinitely  along  the 
right  Line  DG,  which  is  the  Affymptote  to  the 
Curve :  fo  that  the  Area  EFG  adjacent  to  the  Ab- 
fcifs infinitely  produced  beyond  the  Ordinate,  (hall 
be  equal  to  the  circular  Area  ABC  adjacent  to  the 
Abfcifs  AB ;  and  the  remaining  Area  DEF,  lying 
above  the  Ordinate  EF,  and  adjacent  to  the  Part 
of  the  Abfcifs  DE,  is  equal  to  the  remaining  cir- 
cular Area  BCD :  and  the  whole  curvilinear  Area  DGFD  =  the  Se- 
micircle ACD A.  And  if  you  take  DE  =  AD,  you  fhall  have  DEFD 
equal  to  the  Quadrant  of  the  Circle. 

And  thus  you  may,  by  afiuming  new  Relations  of  x  and  z>  find 
infinite  other  Curves,  whofe  Areas  (hall  be  equal  to  the  Area  of  the 
Grqle. 

Ex.  2.  Let  ^xi  =v  t*  •*  Equation  to  the  Hyperbola:  and  yo* 
would  find  another  Curve,  whofe  Area  is  equal  to  the  hyperbolical 
Area :  call  it's  Abfcifs  and  Ordinate  z  and  yy  as  formerly  :  then  take 
any  Relation  of  the  Abfciflcs,  as  thus,  £*  =**  :  thence  by  Prop.  1, 

6  =  2Z&  or  z=  — :  therefore— :  1  :;  jr~  iy>   whence  y  =r 


2*** 


2a 


2SS 


bd+bx 


=  (by  inferting  the  Value  of  x,  viz.  j)  J^—;,  which  (hews  the 
Property  of  the  Curve,  whofe  Area  is  equal  to  the  hyperbolical  Area. 
After  the  like  manner  you  may  find  infinite  other  Curves,  having  their 

Areas 
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Areas  equal  to  the  hyperbolical  Area.  And  likewife  any  known  Carve 
being  ailign'd,  you  may,  by  the  like  means,  find  as  many  Curves  as 
you  pleafe,  having  their  Areas,  each,  equal  to  the  Area  of  the  known 
Curve.  %        % 

N*  B.  This  Operation  may  be  called  Transformation  of  Curves:  be- 
caufe  by  it  you  are  taught  a  general  Method  of  transforming  any  given 
Curve. into  as  rnahy  other  equivalent  Curves,  as  you  pleafe:  which 
miy  bfeijjf  gfeat  life  in  the  Solution  of  Problems  in  Geometry. 
•  226Mt  would  be  much  the  fame,  if  it  were  required  to  find  any 
Number  of  Curves,  each  of  whofe  Areas  bears  any  afiignable  Relation 
to  the  Area  of  any  known  Curve. 

Thus  let  x,  v ;  z,  y  reprefent  the  Abfcifles  and  Ordinates,  of  the 
given  Curve,  and  of  the  Curve  fought,  as  before  :  moreover  let  x  de- 
note the  circular,  elliptical,  hyperbolical,  or  any  other  Area  of  a 
known  Curve  ;  and  /  the  Area  of  the  other  Curve.  And  fuppofe  the 
given   Curve  be  dejined   by  the  Equation  a*p  —  px%  =:  av*  or 

^*t—^=v:  ^hjch  js  to  ^  Ellipfe,  having  a  the  half  Axe, 

and/  it's  half  Parameter :  let  2s  -|-  /  —  xv=.  o,  be  the  affigned  Rela- 
tion of  the  Areas.  Then,  you  aflame  any  Relation  of  the  Abfcifles  x 
and  z>  as  px%  +  <*z%x%  =:pa*.  And  by  means  of  thefe  three  Equa- 
tions you  may  find  the  Value  of  y9  i.  e.  the  Property  of  the  Curve, 
whofe  Area  bears  the  Relation  affigned  to  the  elliptical  Area. 

The  three  given  Equations  arc,  i°.  a%p  —px%  =  av*,  being  to  the 
given  Curve :  2°.  px%  -f-  az%x*  =:  pa\  defining  the  Relation  of  the 
Abfcifles.  30.  zs  -{-  /  —  xv  =  o,  containing  the  given  Relation  of 
the  Areas,  from  which  y  is  fought. 

*Art.io8.      Now  fince  i=yz  or  ^  =  4  *,  you  muft  find  the  Ratio  of  /  to  z 

®u«Uot!  or  2;  x  1  in  Terms  made  up  of  z  and  known  Quantities,  which  can 
always  be  done  by  means  of  the  three  given  Equations.  In  order  to 
which,  from  the  fecond  Equation  px%  -f-  az*x%  =paa>  take  the  Re- 
lation of  the  Fluxions,  viz.  zpxx  -(-  zazzx*  +  2*****  =  o,  or  z= 

^™^~tX*  *•  *•  by  fuppofing  x  =  1  (for  we  may  always  fuppofe  one 

of  the  flowing  Quantities  to  flow  uniformly)  z  =  :=^~:  which 

Value  of  z  you  fubftitute  for  it  in  the  Equation  y  =  j,  and  it  be- 

comes  J  =  j=£pj»  having  one  fluxionary  Letter  only :  that  you  may 
get  free  of  it  likewife,  from  the  third  given  Equation  zs  -j-  /  —  xv 
=o,  take  the  Relation  of  the  Fluxions,  viz.  zs  +  /  —  xv— xv=o% 

whence 
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whence  you  have  i  =  (xv  -f*  xv  —  2i  =  v  +  arc;  — -  zs  =  (becaufe 
j  =  jw  =  v)  xv  —  v :  but  from  the  firft  of  the  given  Equations,  viz. 

a%p  —  pxx  =  av\  we  have  —  2/x#  =  zavv  or  <£  =  ^~ :  fubftitute 
this  for  v  in  the  Equation  i=zxv  —  v>  and  you  have  /  = m=— - — v, 
i.  e.  by  inferting  y/*%t  ~~p*  -  for  v,  from  the  firft  of  the  three  given 
Equations,  t=  /       Tpx%       -  y/^EE.  =  )  -    ,    a%p        : 

^  I*      Sa*p—px*         ^  a  '  Say  —  */** 

wherefore,  fince  it  was^y  =^^,  we  (hall  now  have,  by  putting  in 

a%t       for  t3  y  = *?** Finally  from  the  fecond 

of  the  three  given  Equations,  viz.  px%  -|-  az*x%  =  a1/,  find  the 
Value  of  x,  which  is  s/ jjj~%>  infert  it  for  x  in  the  laft  Equation, 

and  reduce,  and  you'll  obtain,  at  length,  y  =  f^x  the  Equation  de- 
fining the  Property  of  the  Curve  fought :  whofc  Area  is  to  the  Area 
of  the  Eilipfe  in  the  Relation  propofed.  And  after  the  fame  manner, 
if  other  Relations  of  the  Abfcifies  of  x  and  z,  different  from  the  fore- 
going, were  affumed,  the  Relation  of  the  Areas  continuing  the  feme, 
you  may  find  other  Curves,  each  of  whofe  Areas  (hall  be  in  the 
fame  given  Relation  to  the  Area  of  the  given  Eilipfe.  And  by  the 
fame  way  of  proceeding,  when  any  known  Curve  is  affigned,  you 
may  find  infinite  other  Curves,  whofe  Areas  ihall  have  any  given 
Relation  to  the  Area  of  that  Curve. 

COR.   2. 

227.  The  Truth  of  this  Corollary  appears  thus.     Since  by  the  Hyp. 
z'  =  x,  thence  by  taking  the  Fluxions,  you  have?  sz'~ lzz=x,  i.  e. 

by  fabftituting  —  for  j,  x  for  zs  and  x    •  for  zr-1  or  x~~^~~  for  #— ', 

which  is  deduced  from  the  given  Equation  #'  =  *)  —x  »  z  =  i  : 
hence  you  obtain  the  Ratio  of  the  Fluxions  of  x  and  9,  viz.  x :  z  : : 

~x  »  :  1.  But,  by  this  Prop,  thefe  Curves  have  equal  Areas, 
whofe  Ordinates  are  reciprocally  proportional  to  the  Fluxions  of  their 

Abfcifles:  wherefore,  if  to  the  three  Quantities  Av    -     ,    1    and 
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s9-1  x  e  Ar fa*  +  gz2n  +  ®cJ  \  you  find  a  fourth  Proportional,  that . 
{hall  be  the  Ordinate  of  a  Curve,  whofe  Area  is  equal  to  the  Area  of 
the  Curve  propofed,  it's  Abfcifs  being  x :  but  a  fourth  Proportional  to 

thefe  three  Quantities  is  ^'x'+A'+^fC*.^  whcre  if  you  fob_ 


rt  — « 


ftitute  x>  for  **,  and  *  »  for  «•->,  from  the  Equation  z'=:x  given 
at  the  Beginning,  you  (hall  have  jx~^~  x  e  +/.*?  -|-  jW-f-  Gfc.l*,  for 

the  Ordinate  of  a  Curve,  which  having  x  for  it's  Abfcifs,  has  it's  Area 
equal  to  the  Area  of  the  propos'd  Curve,  whofe  Abfcifs  being  z  has 
it's  Ordinate  z»->  X  e  -\-jz*  -f-  gz**  -f-  &c]  \ 

COR.    3. 
Art.  43.       228.  This  Corollary  appears  thus :  fince  by  the  Hyp.  it  is  x  •=.%* 
^*Jf "   =  «T,  thence  by  Prop.  1 .  x  =  AsfTi; :  wherefore  if  you  put  z  =  1, 
you'll  have  x=zjz  »  :  confequently,  if  to  the  three  Terms  —z~T~t    1 

and  sfi-1  X  tf  +  Ac»  +  c»*»4-®f«  X  * +/«"  +£*a*  +  £W,  you  find 
a  fourth  Proportional,  that  fhall  be  the  Ordinate  of  the  Curve  whofe 
Abfcifs  is  x,  and  it's  Area  equal  to  the  Area  of  the  Curve  propofed : 

the  fourth  Proportional  is  «*"'  »  *  •f+~u+*<Jj<  't^-fr^t  «»£ 
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/.  *.  (by  fubftituting  x*  for  #%.  #  »     for  3&-1  and  x  ■   for  z  *  ,   from 
the  Equation  x—  z » ,  and  reducing)  •-#  »    x  a  -j-  &■  -f"  <*2'  +  ^ 

C  O  R.    4. 

Art.  44.       224.  Since  the  Relation  of  the  Abfcifies,  and  confequently  of  their 

of  the  •— » 

Quadra-    Fluxions  is  the  fame  as  before  j  to  the  three  Quantities  -z  »  ,  1,  and 

tore  of  -  -  ■  ■  n  ■     ,  ■    1  .  9 

Curves.    sfi-*%a^bz*+czz*+(3c.*e+fo*^gz^^ 

take  a  fourth  Proportional,  fubftitutc  x'  for  z«,  &c.  as  in  the  laft,  and 


W  —  9  -  ' 

you'll  obtain  ^x^T  x  *+ J*+'*2f+®r-  x  e+fx>-\-gx2>+&c.h 


X 
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X  k  -\-  lz>  -\-  mz*>  -J-  tfc.]1*  for  the  Ordinate  of  a  Curve,  whofc  Ab- 

fcifs  being  xz=zT$  fhaii  have  it's  Area  equal  to  that  of  the  Curve 
propofed. 

COR.    5. 

230.  Since  #  =  -7»  thence  *  =  —  z~xz:  therefore,,  calling  the  Ait.  45, 
Ordinate  of  the  Curve,  whofe  Abfcifs  is  *,  v,  you'll  have  this  Prop.  qJ^^ 
—  z~*  :  1  ::  g>-'  X  e+fz»+gz**+&cyi :  v,  i.e.  v=z  —  ^x  g^2! 
73P/2^P^^P©DX,  or,  by  fubftituting  xr- *  for  **  and  #-*— x 
for  2H-1   from   the  given  Equation  #  =  2?— f,    v  =  — -r^--  x 


•+» 


*  -h/x— *  4-tf*- 2"  +  ®k)x  :  '•  *•  w^cn  l^c  Quantity  under  the  Vin- 
culum is  a  Binomial,  by  dividing  by  x*f  and  then  multiplying  by  it, 

v  =  —  e+'+l>x  x/+7v*l  :  but  if  the  Quantity  under  the  Vincu- 
lum be  a  Trinomial,  then  by  firft  dividing,  and  then  multiplying  by 
xz«\  it  is  v  = Q+!+2l>*  X£-fc/x +  ***•!*  :  which  are  the  Ordi- 

nates  of  Curves,  having  #  =  -^  for  their  Abfcifs,  and  their  Areas  equal 
to  the  Areas  of  the  Curves  whofe  Abfcifles  being  z  have  their  Ordinates 
«§-»  X*+jM\  and  ^-1  xe-\-fz*-\-gz2A*  refpeftively. 

COR.   6. 

231.  The  Truth  of  this  Corollary  appears  the  feme  way :  for  fince  j^.  46: 
5  :  x  ::  1  :  —  sr-%,  you'll  find  that  s9-1  X e  +fz«  -f  £**«  fifc.lx x  qJ^. 
A  +  ^  +  w^  +  esfr.f:  ^p  X  e  +/*—  + #*-*•  +  &c.\x  x  <S,£ 

>fc  4-  lx—*  -f-  flwr-2*  -|-  Sta'*  ••  — *""*  :  *>  ty  confidering  that  *  — 
— .    And  when  the  Quantities  under  the  Vinculums  are  Binomials. 

the  general  Expreffion  of  the  Ordinate  —  -j^*e+jx-*^x~z*+($c.\ K 

X  k  +  hr—  +  mxr-**  -f  Gfc>,  by  dividing  the  firft  Fador  by 
#»*+****;  and  multiplying  the  fecond  Fadtor  by  x**  and  the  laft  Fa&or 
by  x*t*%   which    Operations  compenfate   each  other,    becomes  — 

+1+*+^  x/+ttH*x/+**'V*  :  and  if  there  be  three  Members 

A  a  2  under 
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under  the  former  Vinculum  and  two  under  the  latter  $  by  dividing  the 
firft  Fa&or  by  * 2*x+«f*  5  and  multiplying  the  fecond  Factor  by  x**\ 

and  the  laft  by  xw,  the  Ordinate  appears  thus  —   eL|  '  ^-X 

g  +^  4-  ex1^  x  X/  +  &M'*.    And  fo  in  other  Cafes. 
Art.  47.       232,  The  Ordinates  belonging  to  the  Curves  whofe  Abfcifs  is  x, 

oJSL    *n  l^e  two  *a**  ^oro^a"cs>  come  out  negative  i*  the  Operation,  where- 
we  of    hy  they  are  difcovercd  :  although  the  negative  Sign  be  not  prefixt  by 
Carves,    the  Author :  which  arifes  from  this,  that  the  Fluxion  of  x  is  nega- 
tive; or  x  diminishes  as  z  increafes,  and  contrarily :  whence  it  hap- 
pens, that,  if  the  Area  of  the  Curve  having  z  for  it's  Abfcifs,  lye  upon 
the  hearer  Side  of  the  Ordinate,  and  adjacent  to  the  Abfcifs,  the  Area 
of  the  other  Curve,  having  x  for  it's  Abfcifs,  and  whofe  Area  is  equal 
to  that  of  the  former,  will  be  fituate  along  the  Abfcifs  produe'd  upon 
the  further  Side  of  it's  Ordinate,  and  contrarily,  as  is  obferved  by  him 
in  this  Art.    For  if  the  Area  of  the  Curve,  having  z  for  it's  Abfcifs, 
be  adjacent. to  the  Abfcifs,  and  fo  increafe  as  the  Abfcifs  z  increafes  $ 
the  Area  of  the  other  Curve,  that  it  may  increafe  at  the  fame  Time, 
mufi  be  fituate  beyond  it's  Ordinate,  for  the  Increafe  of  z  is  the  Di- 
minution of  x.    But  if  the  Area  of  the  Curve,  whofe  Abfcifs  is  z% 
lye  upon  the  further  Side  of  the  Ordinate,  the  equal  Area  of  the  other 
will  lye  upon  the  nearer  Side  of  the  Ordinate  j  for  the  fame  Reafon, 
•OfthisSceArt.225* 
^<-  COR.   7. 

Art    8       233#  ^C  ^rath  °^  'kk  Corollary  appears  thus.    It  is  fuppofed  that 

of  the         1°     t *SZ*       oo     „ — ,±~s        *o     x *"*"•* 

QgH**     I  .   i—     %    .      2.X—  fZ.      3.A_a|+jgi|. 

ture  of   .     Find  the  Relation  of  the  Fluxions  x  and  2,  from  the  fecond  of  thefe 

"  11 

Equations,  viz.  zx  x  ::  (1  :  z^1  ::z  :  zs:m<)  s»x*  :  sx.    Therefore, 
fince  the  Areas  of  the  Curves  are  equal  by  the  Hyp.  It  is  s~x*  :  sx  :: 
v  :  y  j  whence  you  have  y=.s*x\v:    from  thence  y*  =sr. 
s~~~^x~T~sv*,  and  jr»  =  j  *  x  «  v*;  &c.    Again  «^  =  x*X'  ,    and 

z*  =  s  *  x * ,  &c.    Wherefore  in  the  Equation  to  the  given  Curve,  viz. 

yxKe+Jyiz^gy^z^-^hy^z**  -)-  &c.  =  z3%i^iynz^myz^z2^  &c.  • 
by  inferring  in  place  of  y*$  y*\  zQy  z*y  thefe  Values  juft  now  found, 
it  will  fUnd  thus  . 

$~7~%x~*~v% r  *-h/5  '   #  *   vrs~x *  -f-  gs    *     x    «    v2*s ' x »  -J-  &c* 


Carves. 
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==j~x~x£+&  '   x  '    wx*  +  0//   '     x     '    v^S'X*     +    &<:. 

But  1UZ-?  —  —  y>  from  the   firft  of  the  original  Equations, 

wherefore,  by  throwing  out  repugnant  Expreffions,  the  Equation  is 

jTVT"*^1  x  f -y^+^T^M-^- ==; J  * * '  X  £  +■  &*  ■+•  *nvZn  +  Gfr* 
Divide  both  Sides  of  the  Equation  by  s~xk  ~f-  /w  +  mvZfi  +  ®k 
and  moreover  by  x~i"~,  and  you'll  have  it  (landing  thus  s      *     v*  x 

________ _—  .  I  ji— !•  +  • 

e  -\-jv*  4-  gi>2*  +  &c.  x  *  4-  ^  -r ^^J2"      +  ®^  =  *    ;     • 

But  2=*=  —  =££*  =  --  JL    from  the  firft  and  third  of  the 

original  Equations.  Wherefore  by  inferring  thefe  Values,  and  railing 
both  Sides  of  the  Equation  to  the  Power  whofe  Exponent  is  A,  we 

(hall  have   the   Equation    fully    reduced,    (landing  thus    — -u»*  x 

e  J^fon  4-  gvz»  +  bv**+  &c.[x  X  *  +  A*»  +  mv2"+  &c^  =r  x. 

Which  exprefles  the  Relation  betwixt  the  Abfcifs  and  Ordinate,  in 
the  Curve  having  x  and  v  for  it's  Abfcifs  and  Ordinate,  and  that  by 
an  Equation  not  affedted :  and  whofe  Area  is  equal  to  the  Area  of 
the  Curve  propos'd,  whole  Abfcifs  and  Ordinate  are  z  and  y.  By 
means  of  which  the  Abfcifs  x  is  determin'd,  when  the  Ordinate  v 
is  given. 

COR.    8. 

234.  In  this  Corollary  it  is  fuppofed  that,  i°.  jzzz^-.    20.  x  =  Art.  49, 

s  on  „_j        -r  n_j  tore  of 

Whence  the  Relation  of  the  Ordinates  y  and  v,  is  the  fame  as  in  Curves, 
the  preceding  Corollary :  fince,  by  the  fecond  Equation,  the  Relation 
of  the  Abfcifles,  and  confequently  of  their  Fluxions,  is  the  fame  :  to 
that  the  Values  of  jr,  jr*$  **,  z*  may  be  thence  transferred.    Wc 

have  moreover  in  this  Corollary  zy=2s*x*.  Wherefore,  byinfert- 
ing  thefe  Values  in  the  given  Equation 

y**e-\-jy*2?+gy**z**  +  &c.  =  xP*k+tpd+mp*z* +  &c.  ■+■  zy  * 
p-3f-gy>z*+ry2*z**-{-&c.  we  (hall  have 

s  *   x  *   v«  X  e  +yi  *   x  •   wT#T  +  Gfo  =  J*jr»P  X  ' 


Bat, 
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But,  as  in  the  laft  Corollary,  sn~*+  ==  0 :  and  moreover,  in  this* 
p-'«+?  =  ft,  and  ?—'*+-  =  v :  as  appears  from  the  firft  and  fourth 
original  Equations  compared,  therefore,  by  throwing  out  Repugnan- 

cies,  dividing  both  Sides  of  the  Equation  by  jT"#-T-f  and  fubftitut- 
ing  p  and  v  for  their  Values,  we  (hall  have  v*  x  ^-j-y^^-^v^  4-  fcfo 

r=  j'V4,  X  J+-  A;"  +  wu2*  +  Gfc.  +  J"*1  x/  +  yi^  -+-  ru2*  -f-  Gfc. 
The  Equation  fought,  expreffing  the  Relation  of  the  Abfcifs  and  Or- 
dinate x  and  v7  belonging  to  a  Curve  whofe  Area  is  equal  to  the  Area 
of  the  other  Curve  propofed,  whofe  Abfcifs  and  Ordinate  are  z  and  y : 
and  that  lefs  affected. 

C  O  R.    9. 
Art.  50.       235.  This  Corollary  is  demonftrated  after  the  feme  Manner  as 
OuJd«     Cw0^"68  fi^  and  ^k-     **ere  lt  ls  fappofo*  d»tf  i°-  ^  =  *r. 
me  of"    2o#  jff= w4-/aH^+«H-»»  -+-  &cJT.     30.  <r  =  -.    40.  $=— . 

Curves.  V  * 

From  the  fecond,  by  Prop.  1,  we  have  the  Relation  of  the  Fluxions 
of  x  and  z$  which  is  exprefled  by  this  Proportion  x  :  z  : :  *  x 

:  1 :  butx:z::y:v,  by  this  Prop.  Therefore  the  two  laft  Ratios 
of  thefe  two  Proportions  are  equal :  confequently,  if  you  reduce  them 
into  an  Equation,  and  in  place  of  y,  infert  it's  Value  from  the  Co- 
rollary itfefr,  you'll  have 

Which,  by  dividing  the  firft  Faftor  of  the  Numerator  by  the  firft 
Fa&or  of  the  Denominator,  the  fecond  by  the  third,  and  the  third 
by   the  fecond,    will    ftand  thus   v  =  z*~l  x  5r-»+I  x  2?—**  X 

e+fop+gz**1*-*  X  a  -f-  b  x  ez'+fz>+*+gz>+2*+lSc^rV. 

That    is   by    multiplying    the   Fa&ors,    and    inferring    x    for 

'X+fe  +*+iTS'+*t+  &*J*  v  =  z*-*9  x  z?>  -*x~lT  X  a +bxr J". 

That  is,  (becaufe  to=0  and  —  =  o-9  and  x— =  S  from  theori- 

ginal  Equations)  v = x*  x  a  +  6x*\". 

Which 


Which  therefore  exhibits  the  Property  of  a  Curvfc  having  x  for  it's 
Abfcifs,  and  equal  in  Area  to  the  Curve  propofed,  whofe  Abfcifs  is  z : 
the  Relation  of  x  and  z  being  that  mentioned  above. 

236.  Sir  Ifaac  defires  to  remark  three  different  Cafes,  or  Suppofi- 
tions,  upon  which  the  former  of  the  two  Ordinates  in  this  Corollary 
becomes  more  fimple.    The  firft  is  when  X=i:  for  then  the  Or- 

dinate  is  *z*-*  X  e  +  v  +  n  X>"  +  v  -f  a«  X  gz*«  +  Qfe.  x 

a+b  x^47^+'+Q?cOT^. 

The  fecond  Suppofition  is,  if  r=r  1,  and  the  Root  denoted  by  the 
Index  a  be  capable  of  being  extracted :  which  would  evidently  make 
the  Expreffion  more  fimple. 

The  third  Cafe  mentioned,  is  when  a  =  —  1  and  X  =  1  =  r 
-=L<rz=zit\   for  then  the  former  Ordinate  will  put  on  this  Form 

^i^+ihkxa^m^x^ + &c. .  ^  Ac latter  ^    .  m 

And  befides  thefe  three  Cafes,  there  are  a  Variety  of  others,  upon 
Suppofition  of  which,  the  propofed  Ordinate  will  become  more  fimple. 

COR.    10. 

237*  By  fome  means  or  another  an  Error  has  crept,  into  this  Corol- 
lary, both  in  the  Edition  publifhed  by  the  Author  himfelf,  at  the  End 
of  his  Optics;  and  that  publifhed  by  Mr.  Jones,  with  other  original 
Pieces  of  Sir  Ifaac's. 

The  moft  fimple  Corre&ion  is  by  altering  the  Sign  of  the  Index  u, 
belonging  to  S  in  the  Iaft  Fa&or  of  the  Expreffion  of  the  Ordinate  pro- 
pofed: fo  that,  inftead  of  *rSr  +  (pRixR*"^-  x*S  +£RT>",  it 

be  made  a-Sr  +  (pKs  x  R^'S^"1  X  a&-"RT\\  and  the  other  things 
remain  the  fame.  Or  the  Correction  may  be  made  thus  :  fuppofing 
the  Expreffion  of  the  given  Ordinate  to  be  made  the  fame,  inftead  of 

tX=!  =  T="J»  Put^F  =  ~ T  =  1T>  thatis>  youchangethe 
Sign  of  v  in  thefe  Equations,  into  it's  oppofite.  But  without  one  or 
other  of  thefe  Corrections,  the  Curve  whofe  Ordinate  is  proposed,  can- 
not be  transformed  into  the  other  that  is  mentioned.  Therefore  I  (hall 
firft  demonftrate  the  Truth  of  the  Corollary  fuppofing  the  Corredtions,. 
which  I  have  mentioned  to  be  made :  and  then  fhew  that  the  Corol- 
lary will  not  hold  as  the  things  are  exprefled  in  the  printed  Copies. 

238.  For 
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238;  For  «p-|-/*rH+£#+*,4"  flta  vex?— '  -J-  v-\-n  X./H"**"1-!- 

jTIf  2i»  x  jsrH*— *  +  Gfc.  *  4"  &"  +  mz2l>  -f-  fifc.  and  ijfe«— *  + 
zimz2*— 1  -\-  &c.  write  R,  r,  S,  and  i'refpe&ivdy,  and  every  Curve 

whofe  Ordinate  is  arSr-f  pRixR*-'^"1  x*S— '  -f-JR*)",  if  it  be 

fi^=  =  i  =  i,  i  =  r,  ~^  =  $,  andR*S'  =  *,  paffes  into 

another  one  equal  to  it  in  Area,  whole  Ordinate  is  x*xa-\-6x**". 
For  fince  x  =  R*S*,  we  have  by  Prop,  1,  x  =  jtR'-'RS'  + 

$>R*S*-'S :  but  it's  evident  that  r  =  -|  and  / = -|,  or  R  =:  rz  and 

S  =  iz :  by  inferting  of  which  Values  of  R  and  S  in  the  preceding 
Equation,  you'll  have  x  =  irRw~lrzS*  +  ^R'S*""'^  whence  x  : 
s  :  dR'-'rS*  +  (pK^-'s :  i.  Wherefore  by  this  Prop,  if  the  given 
Ordinate  *Sr  +  ?>R  *  X  R^'S*"1  X  aS-"-!- *RT1*  be  divided  by 
jrR'-'^  +  ^R'S*-1},  we  (hall  have  R*-S"-*  X*S—'H-4R*r,  for 
the  Ordinate  of  another  Curve,  equal  in  Area  to  the  former,  and  hav- 
ing x  for  it's  Abfcifs.  But,  becaufe  x  =  RrS*  or  RT=*TS-^,  hence 
the  Ordinate  may  (land  thus,  R^S**-*  x  «S— +&«p^Sr^ ",  or,  be- 
caufe -£-  =  £,  i.e.  ST?=S— ,  kwUl  ftand  thus  R*-rsr^-*x. 

tf+^»  •  Where  if,  inftead  of  /*  —  tut  you  put  in  ^  j  and  in- 
ftead  of  ^  «-,  deduced  from  the  original  Equations,  you'll  have 


RX-'S   *     xTfra^,  that  is,  becaufe  R*S*  =  x,  and  ^~=3-$ 

x?  X  tf+A*^* :  which  is  that  mentioned  by  our  Author,  and  is  the 
Ordinate  of  a  Curve  equal  in  Area  to  the  Curve  propofed;  and  hav- 
x  for  it's  Abfcifs. 

239.  Again,  if  the  Values  of  R,  f,  S  and  s  be  the  fame  as  for- 
merly, and  the  Ordinate  of  a  Curve  be  VBr  +  pRi  x  R**"^""1  x 
aS  '  +  tR'\"}  and  moreover  ^—  =  ^  =  ^,  -  =  «r,  —  =  £ 
R*S*  =  x,  the  Curve  will  pafs  into  another  equal  to  it#  whofe  Ordi* 
pate  is  x®x*-|-&H-V 

For 
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For  we  prove,  as  formerly,  that  the  Ordinate  of  the  new  Curve  is 

R*-SP-*  x  tfS'-r-fc^S-?", ».  '•  becaufe  —  i  =  £,  or  —  £  =  *, 
Rx-«S^H-«"x*+J**     i  which,  by  inferring^  for  f*  +  v«  and  <r 


x#~»# 


for  — ,  from  the  original  Equations,  ftands  thus,  RX-*S  *    %a-\-6xr\"9 

that  is  x5  x  tf+^V  as  formerly. 

240.  But  if  the  Signs  of  all  the  Quantities  be  retained  the  fame  as 
in  the  printed  Copies,  then  it  may  be  demonftratcd,  as  above,  that 

the  Ordinate  of  the  Curve  will  be  RX-*S>*-*  x  *S'+4RT1  "  or  R*-*sr* 


2 e\* 


x»— *+ 


X*S»-ffc^S    »   ,  /.  *•  R^S^x^+^S^^or  R^'S^^x 
^S«"  +  W-'  =  ^  x  tfSa»  +  ^*^s  whereas  it  ought  to  be  x*  x 

241.  Our  Author  takes  notice  of  certain  Cafes,  among  many  others, 
in  which  the  former  of  the  two  Ordinate*  becomes  more  fimple. 

SECT.    IX 
Containing  Notes  on  Art.  52—64. 

PROP.  10.  and  it's  Corollaries  explained  and  illuftrated. 

242.'  I  ^HE  Defign  of  this  Propofition  is  to  difcover  the  moft 
JL  fimple  Figures,  with  which  any  propofed  Curve  may  be 
geometrically  compared :  which  is  done  by  the  Help  of  the  foregoing 
Propofitipns.  When  any  propofed  Curve  is  capable  of  being  compared 
with  a  rectilinear  Figure,  fo  as  the  Relation  betwixt  them  may  be  exadtly 
determined,  then  fuch  a  Curve  is  ftridtly  quadrable :  becaufe  we  can 
find  a  Square  equal  to  it  by  Prop.  14.  B.  2d.  Elcm.  When  this  can't 
be  done,  the  Curve,  properly  fpeaking,  is  not  quadrable:  yet  a  Curve 
may  be  fuch,  that,  though  it's  Area  be  not  capable  of  a  geometrical 
Comparifon  with  a  right-lined  Figure,  it  may  be  compared  with  the 
Area  of  another  Curve,  or  Curves  more  fimple  than  it :  by  which 
means  we  may  have  a  more  clear  and  diftind  Conception  of  it.  Thus 
if  a  Curve  be  fuch,  that  it  is  capable  of  being  compared  geometrically 
with  a  Circle,  one  (hall  have  a  more  diftindt  and  fatisfadory  Notion 
qf  it  upon  that  very  account :  becaufe  the  Circle  is  a  Figure  fo  famj- 

Bb  liar 
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liar  and  well  underftood  in  Geometry,  and  fo  eafily  defcribed.  So 
likewife  with  refpeft  to  fuch  Figures  as  may  be  compared  with  the 
Ellipfe  -and  Hyperbola,  they  will  be  better  conceived  of,  upon  that 
very  account,  than  if  they  were  not  capable  of  fuch  Companion,  and 
their  Areas  more  eafily  exhibited.  So  that,  considering  how  well  the 
Conic  Se&ions  are  known,  any  Curve  that  admits  of  a  geometrical 
Companion  with  them,  may,  in  fome  Senfe,  be  accounted  quadraik. 
Accordingly  our  Author  in  the  fccond  of  the  two  following  Tables, 
has  given  us  a  Catalogue  of  the  more  fimple  Kind  of  Curves  that  ad- 
mit of  a  gebmetrical  Comparifon  with  the  Ellipfe  (including  the  Cir- 
cle) and  Hyperbola :  even  as  in  the  firft,  we  have  a  Catalogue  of  the 
more  fimple  Curves,  ^tfeat  are  ftridly  quadgable. 

C  A  S  E    i. 

443,  This* Cafe  is  plain:  every  Curve  of  this Sort*>eing  quadrate; 
J^f  See  Art.  52.  and  143  •.  . 

tion. 

C  A-S  JE    2. 


244.  If  as*-*  X  e  +./2H-  gz*  +  Gfc.l*-1  be  the  Ordinate  of  a 
Curve,  the  Curve  may  admit  of  £  Comparifon  with  a  reAilinear  Figure 
br  not. 

If  it  do,  you'll  have  itVArea  exa&ly  by  Prop.  5.  and  that  you  may 

know  when  this  will  happen,  in  the  Cafe  of  tne  more  fimple  Curves, 

belonging  to  this  general  Oafs,  and  have  the  Canons  at  hand  for  de~ 

•  of  this  termining  thefe  Areas,  confult  Art„ri47— ^161  *• 

ExpHca-       245.  'But  if  the  propofed  Curve  cannot  be  compared  with  a  tight- 

tlon'        lin'd*  Figure,  the  nextthing  is  to  find  out  the  moft  fimple  Curve  or 

Curves, "with  which  it  may  be  compared,  whether  it  be  Conic  Se&ion 

or  any  others.     To  which  purpoie,  you 'firft  make  ufe  of  Cor.  2d. 

'Prop.  9.  which  fee.    By  it,  if  you  affume  v  any  Quantity  you  pleafe, 

and  put  *•=  zTy  the  ^  Curve  whofe  Ordinate  ^is  as&-i  x 
^+y^n  +£*2*  +  WcA**1  tmy4  be  changed  into  another  of  an  equal 
Area,  whofe Ordinate. is  ~ax  »  x e  -\-  Joe  -J- gz2> -J- £fcA*~"f :  and 
therefore  if  you  put  v=  i,  the  Curve  propofed  will  be  changed  into 
one  more  fimple  whofe  Ordinate  is  -i#l     *  X  e*\-fo+gx%-\-  &c>Y  " !, 

where  the  Indexes  of  oc  under  the  Vinculum,  go  -on  in  the  natural 
"Order  of  the  Numbers. 

Ex. 
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Ex.  Let  53—7  =  43*—1  X  2  -f*  32'1  9~*.  **  the  Ordinate  of  a 
Curve :  I  perceive  it  cannot  be  compared  with  a  re&ilinear  Figure,  by 
Art.  139,  or  149  *.    Wherefore,  by  comparing  this  Ordinate  with  *  of  thb 

the  general  Ordinate  *»»-  x  e+fi*'+&iV~lt  I  find  *=3  .  ,=3  .  g**" 
X  =  o  .  tf  3=4 .  *=fc  './^  3  ;  therefore  the  Curve  propofed  is  con- 
verted into  another  equal  to  ir,  whofe  Ordinate  is  f  x  2  -\r  3*i~"*  or 
— 4 — „  whole  Abfcifc  is  #  =  3J:  and  which  Ordinate  belongs  to  the 
rectangular  Hyperbola,  as  it  is  applied  to  the  Aflymptote  :  and  there- 
fore the  Area  of  the  Carve  propos'd,  whofe  Ordinate  is  j-^yc^  i*  re- 
ducible to  an  hyperbolical  Area. 

The  Companion  is  thus.   Reduce  the  Ordinate  g-4—  to  r|^»  where 

the  numeral  Coefficient  of  *  is  Unity  :  wherefore,  having  drawn  the 
aright  Line  ABN  for  one  of  the  Affymptotes,  (fee  Fig.  1.  Tab.  z* 
p.  25.)  in  it  take  A*=f,  (linear  Unity  being  fuppos'd  to  be  already 
determined)  and  *B  =  x :  hkewife  having  drawn  «G  perpendicular 
to  AB,  and  equal  to  f*  if  with  the  Center  A  and  Aflymptote  ABN 
you  defcribe  a  rectangular  Hyperbola  GDS  through  the  Point  G  j  and 
then  draw  the  perpendicular  Ordinate  BD,  the  Area  oBDG  (hall  be 
•equal  to  the  Area  of  the  Curve  propofed.  For  from  the  Property  of 
theHyperbola  AB=i  +  x  :  A*  =  ± ::  «G  =  f :  BD,  which  there- 
fore is  equal  to  A^  or  g^j :  fo  that  «BDG  is  equal  to  the  Area  of 

&e  Curve -propofed.:  for  that  is  the  Area  belonging  to  the  Ordinate  BD 
and  Abfdte  «&=*  *.  •Artioo. 

N.  B.  It  would  have  come  to  the  (feme,  if  you  had  expreffed  the  JS2J-™" 
Ordinate  ^^  thus  ±  X|4^ ;  only  in  that  Cafe  you  muft  take  «G 

=  I,  and  then  the  Area  ofthe  .Curve  will  be  to  the  hyperbolical  Area 

«BDG  as  4  to  9.  

246.  But  if  the  given  Ordinate  <*«*-»  X  e  -h/*'+ g22«-|-  &c.  \x"x 


6 


being  reduced  to  the  Ordinate  -^x*      x  *-\-fx  -\-gx*  +&c. \x ~\  this 

laft  one  is  not  yet  fo  fimple  as  may  be,  you. muft  then  diminiih  the 

Indexes 1  and  A  —  1  by  Unity  always,  by  Prop.  7.  until  they  be 

as  low  as  poffible,  and  fo  you  fhall  have  the  moft  fimple  Figures, 
which  can  be  difcovered  by  the  Method,  with  which  the  Curve  pro- 
#  pofcd  may  be  geometrically  compared. 

B  b  2  Ex. 
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Ex.  i.  Let  the  Ordinate or  <fe3*-i  xe  4-JzA9^  be  pro- 

pofed.  By  putting  x=z\  I  reduce  it,  by  the  Method  already  {hewn, 
to  this  other  Ordinate  -J**X*  -\-fx~1  belonging  to  a  Curve  of  ao 

equal  Area.  Then,  by  rejecting  the  Units  from  the  Index  of*  without 
the  Vinculum,  by  Prop.  7.  Cafe  1,  I  reduce  the  Ordinate  further,  viz. 
thus :  call  the  Area  belonging  to  the  Curve  propofed,  ty  and  con- 
sequently the  Area  belonging  to  the  Ordinate  x*  X  *+/*  ~"\  ys  you'll 

•  Of  thb  find,  by  applying  the  general  Theorem  at  Art.  203  *,  viz.  A  = 

£1™  «y-7+r,  x  /*  that  jx*-p£  k  thc  Arca  of  a  Curvc  whofc  0rdinat^ 

is  x  X  *  -h/*1"" '•  Again,  by  repeating  the  Application  of  the  fame 
Theorem,  you'll  find  »*'*— ^t'^  tbe  Area  belonging  to  the  Or- 
dinate tf.M  which  is  to  the  Hyperbola  as  before.  Therefore  if  we 
catt  this  hyperbolical  Area,  *,  we  will  have  2dex~" -^i  '"^  =  s  s 
whence,  by  proper  Reduction,  t  =  ("''""ffi^**  =)  ^  —  ^  + 
£^,  and  therefore,  if  the  hyperbolical  Area  s  be  given,  the  Area  of 
the  Curve  propofed  is  given  likewife. 

Ex.  a.  Let  the  Ordinate  32 Vi +42*4-32*  he  propofed  :  which, 
reduced  to  Form,  is  $z*~*  x  i-\-4zt-\-$z^l—\. ,  By  Cor.  2.  Prop.  9, 

if  you  put  «*  =  *,  you'll  have  \x*/i  +  4*  +  3**  f°r  the  Ordinate 
of  another  more  Ample  but  equal  Curve. 

This  done,  I  next  rejedfc  Unity  from  the  Index  of  *  without  the 
Vinculum,  twice.  To  do  which,  bring  it  to  this  Form  {**-'x 
1  -j-4*  -\-  3**1*"""',  and  call  the  Area  belonging  to  it,  /;  that  is 
the  Area  belonging  to  the  Ordinate  x2—*  x  i-J-^-j-^x*!*"""1  is  — « 
Now  fuppofe  s  and  <r  denote  the  Areas  belonging  to  the  Ordinates 
Vi+4;c"4-3x*an^x~,v/l"i"4x"^3^1:  l^cn>  here  are  three  Ordinates 
x0-1  X  i+4*+3*a1  '""f»  an(*  x1-1  X  i+4*+3*al*~~r  and  **~*x 
i+4#+3*2'i-~S  whofe  Areas  are  denoted  by  c>  s  and  -  refpec- 

•  Of  this'  tively.     Therefore,  by  applying  the  Theor.  in  Art.  206  *,  viz.  C  = 

Exjplka-     A*— fcA— S+^x/B    nrtllM1    Urt„.  fl ^  *        *  _  i       * * 

-  c*aon.  __  1       •*— ,  you  11  nave  0  =  0  •  ?  =  I  .  X  =  ■§-.*=:  1 . 

t>  -J-  2A*  X  £ 

/=4 
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/=4^  =  3.A  =  j-.B  =  j.C  =  j.25s*,    Whence  j  = 
i+4*-H»**  -&,.  for  fincc  ^=0>  ^  gocs  o,,^    Wherefore  if  you 

multiply  by  i  you  have  /  =  ^-^ s  thcArca of  thcCurvc pro- 
pofed :  fo  that  when  the  Area  s  belonging  to  the  Ordinate  V  1+4*4-3** 
is  given,   the  Area  t'  will  like  wife  be  given.     Now  the  Ordinate 

^i-|~4*-|-3**  is  an  Ordinate  to  the  Hyperbola :  which  isthuscon- 
ftruSed.  (See  Fig.  3d.  Tab.  2d.  p.  2  5.)  With  the  determinate  Axis 
Ka  =  f  an(*  Latus  Re&um  2,  defcribe  the  Hyperbola  iGDS,  hav- 
ing A  tor  it's  Center :  take  ace  =  A*,  «B  =  *  =  z%,  and  draw  the 

Ordinates  «G,  BD :  then  youll  have  BD  =  n/i+4#+3**  and  *BDG 
=  j,  and  confequently  ^BD*  —  «BDG  =  /  the  Area  of  the  Curve 

whofe  Ordinate  was  propofed,  viz.  3^Vi+42a  +  3«4:  for,  from 
the  Property  of  the  Hyperbola,  putting  L  for  the  Latus  Re&um,  it  is 

Ka-\-aB  x  a B :  BD'  : :  Ka  :  L,  that  is  in  the  prefent  Cafe  (where 

we  haveK*  =  |,  *B=rf -f*and  L  =  2)  i+jJrxf  +  ^BD*:; 

i :  2 :  whence  BD  =  Vi  +4X  +  3**:  and  the  initial  Limit  of  the 
Area  being  *G,  as  may  be  colle&ed  from  Sedfc.  5.  concerning  the 
Pofition  and  Limits  of  curvilinear  Areas  compared  with  Prop.  5.  it 
muft  be  «BDG  =  j;  and  therefore  |BD3  —  *BDG  is  the  Area  of 
,the  Curve  propofed: 

247.  But  although  in  the  laft  Example,  the  Area  of  a  trinomial 
Curve  is  compared  geometrically  with  the  Area  of  one  Curve  only, 
which  is  more  fimple  than  itfelf :  yet  it  mod  frequently  happens,  that 
the  Areas  of  two  Curves  muft  be  fuppofed  to  be  given,  that  you  may 
have  the  Area  of  a  trinomial  Curve.     See  Art.  209  *.  Scftol.  1.  *  Of  th& 

Thus  if  -« '"H*^3—  was  the  Ordinate  of  a  Curve  propofed,  in  order  don. 

to  find  the  moft  fimple  Curves  with  which  it  may  be  compared,  you 
will  find  that  it  requires  two  Conic  Sedions  to  it's  Quadrature.  The 
Method   of  proceeding  is   thus.     The   propofed  Ordinate  z°— *  x 

l-|-4«14-3^41*  by  putting  zi=x9  according  to  Cor.  2.  Prop.  9,  is 

changed  into  the  Ordinate  -xx— J  %  1  +4* +3**1* :  where  i-f  4*+3*2J* 
is  the  Ordinate  of  an  Hyperbola  as  was  (hewn  formerly :  fo  that  if 
we  fhould  call  the  Area  of  the  Curve  propofed,  /^and  the  Area  of 
the  Hyperbola,  j,  we  would  have  zt  and  j,  for  the  Areas  of  two 

Curves 
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Curves  fohofe  Ordinate   afc   Jr-*  x  i  +  4*  +  3*at*  and  *°  x> 

i+4*4"3*^*:  frorp  one  of  which  being  given,  the  other  cannot  be 
found :  as  you  will  find  by  trial,  by  applying  any  of  the  Canons  con* 

•  Of  this  tain'd  in  Art.  206,  207,  or  io8  *.    Wherefore,  as  our  Author  next 

Explica-  / 

t»on.       direds,  I  transform  the  Ordinate  *°— x  x  x+4#+3*aV  into  this  other 

—  "p*  3+4^4" £*1\  which  belongs  to  an  equal  Ourve  by  Cor.  5. 

Prop.  9,  by  putting  —  =  £ :  where  the  radical  Part  3+4lH-£4t*  is 

the  Ordinate  of  an  Ifyperbok.     Suppofe  you  call  the  hyperbolical 

Area  coritfponding  to  the  Ordinate  34"4l+l^i»  fr :  then  by  means 
of  the  two  Areas  s  and  <r  you  may  find  /  the  Area  fought.    Por  by 

Cor.  5.  Prop.  9,  the  Ordinate  14-4X+3X1]*  is  fntnsform'd  into  the 
Ordinate  -r-  ^ x  3+4^+l*l*>  whofe correfpondtng  Area is  s :  where- 
fore there  are  three  Ordinate^  viz. 

I'T^xiW11"^     ^.r,",x3+44+^'"1.     3°.«1~,x3+4,-|-iA*-,# 

"all  belonging  to  the  fame  Form  of  Curves  5  whofe  correfponding  Areas 
are  —  s>  —  2t  and  <r,  two  whereof  being  given  the  other  is  given 
Jikewife  by  Prdp.  y.  For  by  afluming  the  Areas  —  s  and  —  2/  belong- 
ing to  the   Ordinates  £-*-»  x  3  +4^"+  Z1^1  and   J-1-'  x 

•  of  this  3+4^+?l*~l»  y°u^  **n(*»  by  aPpty*ng  &*  Canon  Art.  206  *,  vi*. 
Jf*    C  -=  Ax^^Eji^  that  |-»  x  3+4?+fo  -  6x  -*-  4A  k 

the  Area  of  the  Curve  next  in  order,  Wjs.  that  whofe  Ordinate  is 

|6~'  X  3+4?+!** *""*'•  Renew  the  Application  of  the  fame  Canon 
to  find  the  Relation  of  the  Areas  belonging  to  the  three  Ordinates 

fr-1-'  X  iTgn^-'*  !°-x  X  3+4?  +  ^*-'  andg»~'x 
3  +4H-£*l *~*'  s   which  Areas  are  —  2/,   £-*  X  3  +  4£  +  £*1* 

—  6x  —  4f,   and  «-,   and  you  will  obtain  this  Equation  «•  = 

r-ly^W^-^W^W\k^l±2Iit  that  is,  byfeducing,  /= 

«■  - 61  +  sg-r+tfT'.-'-^ X 3+41-K*1*,  which,  by  fubfti- 
tuting  T  for  3 -f  4£-|-£*U,  and  v  for  £-•  x  3  4-4H-|1,J  = 
14-4*4-3**  I*,  will  give  /='<r  —  6*  -f"  3*1;  +  f»  —  T  —  -J-£r,  the 
Area  fought.  And  the  Defcription  of  the  Conic  Seftions  may  be 
eafily  gathered  from  what  was  faid  formerly. 

248.  Now, 
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248.  Now,  after  you  have  found  out  the  moft  fimple  Curves  with 
which  any  propofed  Curve  may  be  compared,  by  the  preccdifig  Me- 
thods :  you  may  fbmetimes  find  Curves  yet  more  fimple,  provided 
the  former  ones  can  be  fo  compared  and  joined  together,  by  the  Help 
of  Prop.  3,  as  to  conftitute  a  new  Curve,  either  of  the  Form  men- 
tioned in  Cor.  9  ;  or  of  that  mentioned  Cor.  10.  Prop.  9 :  which  will 
fometimes  happen. 

C  A  S  E    3. 

249.  When  any  propofed   Ordinate   is  of  this  Form   s*— 1  x 

a-\-fap-\-cz2*~\-&c.  X  e  -\-fz*  +gzz*  +  &c.\*-1 :  and  the  Curve 
cannot  be  fquared  by  Prop.  5,  then  you  are  to  diftinguifh  it's  Ordinate 
into  it's  constituent  Parts,  which  are  to  be  confidered  as  fo  many  di- 
ftinfi:  Ordinates:  every  one  of  yrhich  muft  be  handled,  as  the  Ordi- 
nate in  Cafe  2  :  and  having  by  that  means  difcovered  the  Areas  be- 
longing to  tfyefe  feveral  Ordinates,  join  them  all  together  by  their  pro- 
per Signs,  and  you'll  have  the  Area  required.    See  Art.  165  *.    Yet  •  of  th* 
it  may  be  proper  here  to  obferve,  in  order  to  prevent  Miftakes,  that  ^xpiica- 
fuch  a  Curve  may  be  quadrable,  although  all  the  Parts  of  which  the tlon* 
Ordinate  is  coippos'd  are  not  quadrable,  as  appears  by  comparing  Art. 

147  with  Art.  162  and  163  *  :  fuqh  is  the  Ordinate  Z%T~**  .  *  of  th» 

'  Vp-e*K  Expiica- 

C  A  S  E     4.  f         •     '  tion. 

250.  This  Cafe  refpefts  Curves  of  the  Form  mentioned  in  Prop.  4th 
and  4>*\  which  are  to  be  treated  much  after  the  fame  Manner  as 
thofe  mentioned  in  Cafe  2d :  according  as  our  Author  directs. 

C  A  S  E    5. 

251.  -The*  Mealing  of  what  is  affirmed  by  our  Author  in  this  Cafe, 
-together  .with  .the  Reafon  of  it,  appears  from  what  has  been  laid  for- 
merly .}n  Cafe  3d,  and  Art.  164  2nd  165  .* :  ^nd.wjll  be  further  illuk  •  Qf  this 

trat?d  by  what  is  faid  in  the  Cor.  fucceeding.  Explica- 


tion. 


COR.    1. 

252.  It  is  evident  from  what  has  been  laid,  that,  if  the  Relation 

.of  the  Abfcifs  ,and  Ordinate  be  exprefled  by  an  Equation  in  which  the 

Ordinate^  afcends  not  above  the  Square,  fiich  Curve  may  be  compared 

with  the  moft  fimple  Figures  with  which  it  admits  of  a  geometrical 

Comparifon,  whether  redtilinear  or  curvilinear^     Thus  in  the  Example 

adduced 
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adduced  by  our  Author  :v  from  the  Equation  axyz  -J-  z*y*  =  2d*y  -{- 

2*».»-**,  is  deduced^==2!±^^5Ef :  where  the  Value 

of  y  is  made  up  of  two  Parts,  which  are  to  be  confidcrcd  as  two  di- 

ftind  Ordinates,  viz.  £fc£  and  ±«^'4 +  "«'-* .  which  muft  ^ 

long  to  Curves  that  may  either  be  fquared,  or  clfe  compared  with  the 
moft  fimple  Curves,  by  the  Methods  already  delivered. 

253.  It  may  be  proper  here  to  obferve,  that,  when  the  Ordinate 
y  has  different  Values  (as  in  the  above  Example  there  are  two  different 
Values,  according  as  the  irrational  Part  is  affected  with  the  pofitive 
or  negative  Sign)  there  will  be  as  many  diftincT:  Values  of  the  Area, 
as  there  are  Values  of  y  ;  for  in  fo  manv  different  Points  will  the  Or- 
dinate meet  with  the  Curve  :  and  fo  each  particular  Area  muft  be  con- 
fidered  as  extending  along  that  Part  of  the  Curve,  to  which  the  cor- 
refponding  Value  of  the  Ordinate  belongs:  by  obferving  of  which,  the 
feveral  Areas  may  eafily  be  diftinguifhed  from  each  other. 

COR.    2. 

254.  By  means  of  this  Corollary,  any  Curve  whofc  Ordinate  is 
defin'd  by  an  affeaed  Equation  of  that  Sort  which  is  mentioned  in 
Cor.  7.  Prop.  9.  viz.  fuch  a  Curve  as  may  be  made  to  pafs  into  an- 
other equal  to  itfelf,  whofe  Abfcifs  may  be  determined  from  the  Or- 
dinate given,  by  an  Equation  not  affected,  may  either  be  fquared,  or 
elfe  compared  with  the  moft  fimple  Curves  it  can  be  compared  with. 

For  the  general  Equation  to  that  Sort  of  Curves  is 

y*  X  e  -\-fy*z,*  -\-gy^z**  -\-&c.  =  z?xk-\-  Iy*z*  -f-  my**z**  -|-  &c. 

which  by  putting  s  =  — .  x=.  -z>  and  x  =•£+&, .  paffes  into  an- 
otherequal  Curve,  in  which  the  Relation  of  the  Abfcifs  and  Ordinate  is  de- 
fin'd by  the  Equation  j&*  x  e+fir>+gvz>L\-&c.Y  X  &+Iw+mv2*-+&c.\  ~x 
—  x;  by  which,  from  the  Ordinate  v  given,  the  Abfcifs  x  is  deter- 
mined, and  that  by  an  Equation  not  affedted.    Therefore,  by  taking 

the  Fluxions,   according  to  Prop.  1,    we  have  x  =  t^^**— '?}  x 
e-\-fw  +  ®e*x X i-\-h*-\-  &c}~*+x x rfvr-'v+zigv2*— »i)  +  &c. 

X  k+h<+(3cJ-h-1  X  e+Jv*+&c .  »x  x  7  v*\ 

And 
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And  if  you  multiply  both  Sides  of  the  Equation  by  v,  it  becomes 
w=n  ~v^  x  e  -\-fv*  -|-  ©v.  **  x  >fe-i-/v»  -f-  ©*.I~A +n  7,y*x  x 
.  rfw+zigy**  +  &c.  x  r-k/y  +  fifcl*-1  x  l-fr-/^  +  Csfc.1  -*  —  <p  x 
•y-y*  x  fto*  ■+■  2ijwv2"  -J-  ®V-  X  i+/u"  +  ©E>~ x_ »  x  H^  -|-  fifr.l* 
=  zyt  becaufe  xv  and  2y  are  the  Fluxions  of  equal  Curves :  confe- 
fequently,  by  Prop,  io,  a  Curve  having  v  for  it's  Abfcils,  and  ^-w*  x 

e+fu*  +  &c.\x x k-\-hr*  -J- G^-*  +  T^**  * ^-F^^+l^. X 
r-^'  +  flfcl^-1  x  l+7u^F^n~x  —  7V*  x  nlv>-\-2nmv2*  -f-  GV. 

X  £  -+-  /v  -\-  &cy—x~~l  X * -K/v  "+"  &c-^  *°r  *ts  Ordinate,  is  equal 
to  the  Curve  propofed,  having  z  zndy  for  it's  Abfcifs  and  Ordinate. 

Now  the  Ordinate  of  the  Curve  having  v  for  it's  Abfcifs,  is  made 
up  of  thefe  Parts. 

i°.  ^<o<*  X  e+Jv*  +  &c.\*  X  k+lv*  +  fifc.!-\ 

r-  ___ 

2°.  yv**-H  x/4-2^v+^.  X  <-^/v"+©d  x~!  X  *+to*+Qfc.1-\ 

3o#_^^^fi,  x  /+2mv*+&c.  X  r-fc^+Qfc.l*  X  J-fto'+efcJ-*-1. 

And  the  Curves  having  thefe  feveral  Parts  of  their  Ordinates,  and  v 
for  their  common  Abfcifs,  may  either  be  fquared  by  Prop,  fifth  and 
fixth,  or  compared  with  the  moil  fimple  Curves,  they  can  be  com- 
pared with  by  Cafes  third  and  fourth  of  this  Prop,  and  confequently 
the  Curve  propofed  is  either  fquared ;  or  compared  with  the  moft 
fimple  Curves,  it  admits  of  a  geometrical  Companion  with. 

255.  Accordingly,  as  our  Author  affirms,  every  Curve  whofe  Pro- 
perty is  defin'd  by  any  Equation  confifting  of  three  Terms  only,  how- 
ever affedted,  may  either  be  fquared  by  this  Corollary ;  or  compared 
with  the  moft  fimple  Curves  poffible. 

Ex.  Let  y*  —  azy  -|-  z>  =  o  be  fuch  an  Equation  :  by  reducing  it 
to  the  Form  in  Cor.  7.  Prop.  9,  it  may  ftand  thus  ;3xi=«3x 

— i-f- az—%y :  which  compared  with  the  general  Form,  gives  «  =  3 

=  0,  ^=  —  2,  1=1  .e=n  .A  =  —  1  J=a  .i  =  (^=)  3, 

x  —  y£3,  X  =  —  1 :  whence  by  a  proper  Subftitution  you'll  obtain  — 

—  JU  —  =  x  for  the  Relation  of  the  Abfcifs  and  Ordinate  of  an 

equal  Curve :  and  by  taking  the  Fluxions ;  J  —  ^  =  x ;  and  fur- 

C  c  ther% 


2tt*ir 
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ther,  by  multiplying  both  Sides  of  the  Equation  by  *;,  it  is  —  ~  ~ 
=.  xv  —  zy :  wherefore  the  Area  of  the  Curve,  which  has  v  for  ifs 
Abfcifs,  and  ^  —  ^  for  it's  Ordinate,  is  equal  to  the  Area  of  the 
Curve  propofed :  which  therefore,  by  the  Method  of  Quadratures,  is  — 
Yv'f5"  *b  +  2"£  *•  ^ow  t0  rc(*uce  ^8 10  an  equivalent  Expreffion  in  Terms 
plication,  of  z  and  y :  you  have  x  :  %  : :  y  :  vf  by  what  has  been  fhewn,  and 
again  from  the  Equation  -jz*  =  x9  by  taking  the  Fluxions,  you  have 

x  :  z  ::  z% :  1 :  therefore  y  :  v  ::  z* :  1 ;  whence  v=j£.  Subftitute 
this  Value  of  v  in  the  Expreffion  —  ^  +  ^  an(*  you'U  obtain  — 
—  —  for  the  Value  of  the  Area  required  in  Terms  of  z&ndy* 

Therefore,  if  you  affume  z  or  y  of  any  determined  Value,  and  fub- 
ftitute  that  Value  of  z  or  y,  in  the  Equation  to  the  Curve,  you'll,  by 
the  Refolution  of  the  Equation,  find  the  correfponding  Value  or.  Values 
of  the  other  (for  there  may  be  as  many  Values  of  the  unknown  Quan- 
tity, retain'd  in  the  Equation,  as  it  has  Dimenfions)  and  fo  bylub- 
ftituting  thefe  Values  of  z  and  y  in  the  Expreffion  of  the  Area,  you'll 
obtain  fo  many  Values  of  the  Area,  as  the  Nature  of  the  Curve  requires* 
Thus  in  the  foregoing  Example,  if  you  take  the  Abfcifs  z-=zz\ay  then 
by  fubftituting  this  Value  for  z  in  the  Equation  to  the  Curve,,  viz. 
zt~+  azy  -f"  y3=  o>  it  becomes  \<fl —  ~aay  -f-  y*=  o ;  whence  you'll 
obtain  three  Values  of  y  correfponding  to  that  Value  of  z>  viz.  i°.y 

=tia:  20.  y  =  ^^a.     30.  y  =  --&^-a :  the  firft  two  pofi- 

tivc ;  the  other  negative.    Wherefore  if  you  fubftitute  fhefe  Values  of 

y  for  it,  and  {a  for  z  in  the  Expreffion  ^~  —  ^-ty  you'll  have  i°.  -fya* 

«••  4r+%V'-  3°.  -  %&&a*{oc  *e  thrce  corfcfp°ndi«g 

Values  of  the  Area,  according  to  the  different  Parts  of  the  Curve,  to 

which  the  different  Values  of  y  belong :  which  Areas  are  to  be  com- 

•Art.  169.  puted  from  the  Beginning  of  the  Abfcifs  *  ;  the  firft  two  upon  the  one 

of  this  Ex- Side  of  the  Abfcifs;  and  the  laft,  which  is  negative,  upon  the  other 

plication.  gi(Je  of  the  Abfcifs,  becaufe  of  the  negative  Value  of  the  Ordinate* 

.    2  56.  The  Refult  will  be  the  feme,  if  we  proceed  as  follows.    After 
having  found,  as  above,  that  x  =  A  —  —9  inftead  of  confidering 

x  as  the  Abfcifs  and  v  as  it's  correfponding  Ordinate,  you  may,  on  the 
contrary,  confider  v  as  the  Abfcifs,  and  x  as  it's  Ordinate :  and  then 

multiply- 
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multiplying  both  by  v,  it  is  xv  =  ™%  —  -^,  which  is  the  Fluxion  of 

the  curvilinear  Space,  that,  together  with  the  curvilinear  Area,  belong- 
ing to  the  Abfcifs  x  and  Ordinate  v9  makes  up  the  circumfcribed  Rect- 
angle xv :  wherefore  find  the  Area  of  the  Curve  having  v  for  it's  Ab- 
fcifs and  £j  —  ^  f9r  it's  Ordinate :  which  is  —  £  -f  g^ ;  fubtraft 

it  from  xv  =  ^  — ^,  and  there  remains  ^ — >£%9  for  the  Area 
required,  to  be  converted  into  Terms  of  z  zndy  as  formerly, 

COR.   3. 

257.  What  our  Author  lays  down  in  this  Corollary  is  evident,  viz. 
that  any  Curve  whofe  Ordinate  is  defin'd  by  any  affe&ed  Equation 
whatfoever,  that  by  the  Application  of  Cor.  8.  Prop.  9.  can  be  made 
to  paj(s  into  an  affe&ed  quadratic  Equation,  may  either  be  fquared ; 
or  elfe  compared  with  the  moft  fimple  Figures,  that  it  can  be  com- 
pared with.     Which  appears  fufficiently  from  what  has  been  (aid. 

258.  Schol.  But  if  the  Equation  defining  the  Relation  of  the  Ab- 
fcifs and  Ordinate  of  any  Curve  propofed,  be  fuch,  that  none  of  the 
preceding  Methods  are  fufficient  for  finding  it's  Area  :  then  we  muft 
nave  recourfe  to  the  Method  of  infinite  Series,  laid  down  and  explained 
by  our  Author  in  his  Analyfis  by  Equations  of  an  infinite  Number  of 
Xenps:  by  means  of  which,  any  Equation  how  high  or  af&fted  fo- 
ever  it  be,  thpt  defines  the  Relation  of  the  Abfcifs  and  Ordinate  of  a 
Curve,  may  be^  reduced  into  an  infinite  converging  Series,  which  ex- 
hibits the  Value  of  the  Ordinate,  by  an  infinite  Number  of  fimple 
Terms,  made  up  of  the  Abfcifs  and  known  Quantities :  each  of  which 
Terms  is  cpadrable  by  Art.  145  *:  and  therefore  we  thence  find  an  •  of  thi* 
approximate  Value  of  the  curvilinear  Area.     An  Example  of  this  we  Expiica- 
gave  already  Art:  146  * :  more  of  which,  and  the  Method  of  Refo-  ?°£f  ^ 
lution,  may  be  feen  in  the  Treatife  itfelf :  which,  becaufe  of  the  Af-  Expiica- 
finity  of  the  Subjedt,  I  have  here  annexed.  tion- 

259.  And  thus  far  I  have  endeavoured  to  explain  the  Principles  upon 
which  the  Quadrature  of  Curves,  and  the  Dofixine  of  Fluxions  in  ge- 
neral, are  founded $  and  to  illuftrate  the  foregoing  Propofitions  con- 
tained in  this  Treatife,  in  which,  the  general  Methods  for  finding  the 
Areas  of  Curves  are  laid  down.  Thefe  the  fkilful  and  cautious  Geo- 
metrician may  have  recourfe  to  and  confult,  as  often  as  Occafion  re- 
quires :  but  in  regard  it  would  be  a  troublefom  and  tedious  Affair  to 
be  obliged  always  to  have  recourfe  to  thofe  general  Methods,  when 
the  Area  of  any  Curve  is  required :  therefore  our  Author  has  furniflhed 

C  c  2  us 
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us  with  the  two  following  Tables.  The  firft  of  which  exhibits  im- 
mediately, the  Areas  of  the  more  fimple  Kinds  of  Curves,  that  are 
capable  of  being  fquared  geometrically.  The  other  contains  the  more 
fimple  Kinds  of  Curves,  that  are  capable  of  a  geometrical  Comparifon 
with  the  Ellipfe  and  Hyperbola,  under  the  firft  of  which  the  Circle  is 
comprehended:  in  which  the  Relation  of  the  curvilinear  Areas,  to 
the  Areas  of  the  Conic  Sedtions,  is  fet  before  our  View,  fo  as  that  it 
may  be  feen  at  once.  They  are  both  divided  into  certain  Forms, 
Orders,  or  Gaffes,  which  contain  certain  Species's  of  Girves  under 
them :  which  Tables  are  a  fort  of  Speculum^  exhibiting  the  Areas  of 
infinite  Numbers  and  Varieties  of  Curves, 

Explication  of  T  A  B  L  E    L 

260.  This  Table  contains  four  different  Forms  or  Orders  of  Curves : 
the  firft  two  Orders  contain  only  one  Species  each  5  the  other  two 
Forms  contain  under  them  innumerable  Species's  of  Curves,  although 
the  firft  four  Species's,  which  are  the  moft  fimple,  be  only  inferted 
in  the  Table. 
Form  ift.      261.  The  Curves  of  the  firft  Form  are  quadrabte:  and  the  Area 

•  of  this  is  that  fet  down  in  the  Table  as  appears  by  Art.  143  *.  But  if  it  be  n 
Exphca-  =0>  appearing  thus  dz-1  =  yt  it  belongs  to  the  Hyperbola:  for 
•°of  this  which  fee  Art.  190,  191  *. 

Expiica-  262.  All  Curves  belonging  to  the  fecond  Form  are  doubly  quadra- 
Fonn*d.  We,  as  appears  by  Art.  1 49  *  :  and  the  Area  is  to  be  found  as  our 

•  Of  this  Author  directs  Art.  30  +:  that  is  to  fay,  you  muft  bring  the  Expref* 
E*plica-                                                         ^n—  1  dtp—1 
!i0?ir^.  fion  of  the  Ordinate,  viz. to  ftand  thus,  ,a,  which 

+  OF  the  *  .  .      r  9)  ,  jz  2*  *      .  -  •jI 

Quadra-  e*+zefz *+/**  ^f A  ' 

toe  of  is  exprefled  thus  dzr- l  x  e-^-fz*^2 ;  or  thus  dz—*—1  Xjf-f-A-H  "2  *: 
of  thbEx- *°  4^e  frft  Fonn  of  the  Ordinate  belongs  the  Area  — - —  5  to  the  fe- 

plication.  ^+^ 

*  of  this  cond  the  Area  — — — ,  as  may  be  eafily  collected  from  Art.  147  *j 

Expiica-  vef+rf2*? 

don.  jn  which  the  third  Example  belongs  to  this  Form.  The  firft  Area 
commences  at  the  Beginning  of  the  Abfcifs  j  the  other  lyes  along  the 
Abfcifs  infinitely  produced  beyond  the  Ordinate.  See  Sedh  5.  concern- 
ing the  Pofition  and  Limits  of  Areas. 

263.  The  other  Species  of  Curves  under  this  Form,  whofe  Ordi- 

dJr~l 
nates  are  denoted  thus         ^ ,  where  p  is  any  Integer,  pofitive  or  ne> 

*  Of  this  "&** 

Expiica-   Sat*ve>  are  not  quadrable,  as  appears  by  Art.  147  and  149  *. 

tion.  264.  The 
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264.  The  Curves  belonging  to  Form  third  are  quadrable  by  Art. Fonn  3<*- 
147  and  149  *  :   which  may  be  thus  generally  exprefled  ds^~x  \^^ 
t/e-fcfz*  =y :  p  being  a  pofitive  Integer :  but  by  them  it  appears  that  t»on. 
the  Area,  arifing  from  the  Ordinate  retained  in  this  Form,  runs  out 

into  an  infinite  Series :  and  therefore  it  muft  be  converted  into  the 

other  Form,  viz.  dz~~i  x  X  *Jf-\-ear- * :  and  thence  you'll  find  the 

Area  by  Prop.  5.  according  to  Art  147  *.     The  fourth  Example  in  *  °^» 
that  Art.  is  the  fame  with  the  Curve  of  Species  fecond  of  this  Order :  tk£.lca" 
which  you  may  fee. 

265.  Now  that  we  may  have  a  general  Theorem  for  the  Areas  of 
all  Curves  belonging  to  this  Form ;  and  know  how  thefe  Areas  may 
be  continued  through  all  the  different  Species's  in  inf.  let  the  general 

Ordinate  dzt*~ml*/e  -\-fz*>  turned  into  this  Shape   dz   *  l  x 

f-\-ez—*^~ \  be  compared  with  the  Ordinate  for  binomial  Curves 
Art.  147*    and  you'll  find  by  fubftituting^^  for  d,  —17  for  *,  *  Of  this 

i  Explica- 

•f-  for  x,  —  ^p  for  r,  and  —  p  +  1  for  s,  that  the  Series  for  the tion- 
Area  will  be  dz~  xf+ez-A  *  into  =? 5^4&^*-|» 

I         2X2X2X^1  X/~2X*»  2X2X2X2  X/-I   X^-2  X  /  —  3  x  ft 

2f+l x2p-ixzp^Xi»f}  zp+i  *  2/-1  x  *#-3  x  5^5  xq/* 

2X2X2  x  2X  2  X/-I    X^— 2  X/^Jx/ZJx  H-  M  f 

" — —   — is — 2r-4«  —  err.  where  you  may 

2/4-1  X  2/-1  X  2/-3  X  2/-5  X  2/-7  x  ttfs  *  J 

obferve, 

i°.  That  the  Number  of  Terms  muft  be  equal  to  p. 

20.  Suppofing/  to  be  i  .  2  .  3  . 4 .  5,  &c.  fucceffively,  the  nume- 
ral Coefficient  of  the  Numerator  or  the  laft  Term  will  be  2,  —  4, 
+  16,  —  96,  -f"  868,  &c.  refpedtively  :  which  are  produced  by  mul- 
tiplying by  —  2,  —  4,  —6,  —  8,  &c.  continually,  /.  e.  multiply  the 
firft,  viz.  2  by  —  2  that  produces  the  2d,  —  45  multiply  this  by 
—  4,  it  produces  +  16 ;  this  by  —  6,  produces  —  96,  &c.  as  eafily 
appears  from  the  Progreffion  of  the  Terms. 

30.  p  ftanding  for  any  pofitive  Integer  whatfoever,  it  will  eafily 
appear,  by  confidering  the  Progreffion  of  the  Series,  that  the  numeral 
Coefficients  of  the  Numerators  of  the  feveral  Terms,  beginning  with 
the  laft  and  going  backwards,  are  formed  by  dividing  by  the  Term* 
of  this  Series^  2  . 4 .  6  •  8,  &c.  and  the  Denominators  of  the  Terms, 

ID 
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in  the  fame  Order,  are  formed  by  dividing  by  the  Terms  of  this  Series 
3  •  5  •  7  •  9>  ®c*  Wherefore,  the  numeral  Coefficients  of  the  leveral 
Terms,  beginning  with  the  laft  and  going  backwards,  if  you  refpedt 
the  Signs,  are  formed  by  multiplying  by  the  Terms  of  this  Series  — 

3       X      J_      ?_     ft?/; 

Therefore,  if  the  foregoing  Expreflion  of  the  Area  be  duly  reduced, 
by  bringing  all  the  Terms  under  one  common  Denominator ;  and  the 
Order  of  the  Terms  be  inverted,  the  Relation  of  the  numeral  Coef- 
ficients of  the  feverai  Terms  will  remain  the  fame  as  before,  the  firft 
Term  now  coming  in  place  of  the  laft  formerly ;  the  fecond  in  place 
of  the  laft  fave  one,  &c.  and  fince  that  which  becomes  the  common 
Denominator,  is  the  fame  with  the  Denominator  of  the  laft  Term  for- 
merly, as  in  the  Series  above :  hence  it  appears,  that,  after  the  Ex- 
preffions  of  the  Areas  are  reduced  to  the  fame  Denominator,  if  p  \& 
1.2.3.4.  &c.  fucceffively,  the  Denominator  will  be  3 .  15 .  105  . 
945,  &c.  refpedtively,  formed  by  multiplying  the  Numbers  1.3.5. 
7  .  9,  &c.  into  one  another  continually. 

And  fo  you  have  the  Demonftration  of  what  Sir  1/aac  Newton  fays 
at  the  End  of  the  fecond  Table,  with  refpedt  to  the  Continuation  of 
the  Series  of  Curves  belonging  to  this  third  Form.     Only  you  may 

obferve  here,  that  the  firft  Factor,  viz.  dz~~^~  x  f  -\-  ezr^\  being 
multiplied  by  the  negative  Power  of  z  contained  in  the  laft  Term  of 

the  Series  for  the  Area  above,  viz.  — p  —  1  x  *,  will  always  become 

.  dxe-\-fz*X*  or  d$J :  tp  compensate  which  Multiplication,  all  the  other 
Terms  are  divided  by  the  fame  negative  Power  of  z  -,  and  fo  thp  Ex- 
preflion for  the  Area  fhall  put  on  the  fame  Form  as  in  the  Table. 
Form  4th.      266.  The  Species's  of  Curves  belonging  to  Form  fourth  are  like- 

wife  infinite,  and  may  be  thus  generally  expreffed  ■  The  Area 

arifing  from  the  Form  of  the  Ordinate  Jkf%~1  Xe-^fz*^*,  runs  out 
*  Of  this  into  an  infinite  Series,  as  appears  from  Art.  147  and  149  * :  but,whenthe 

Explica-  */»-«      x       _ ^— -v 

tion.        Ordinate  is  turned  into  this  other  Form,  viz.  dz   *  xf+ez-^"*, 

you'll  find,  by  thefe  fame  Art.  that  the  .Expreflion  for  the  Area  ter- 
minates :  and  therefore  all  the  Curves  belonging  to  this  Form  in  inf. 
are  quadrable. 

267.  Let  the  Curve  of  the  firft  Species  be  propofed,  viz.  dz*~l  x 

e-\-fz*x "  *  z=zy :  I  turn  the  Ordinate  into  this  other  Form,  viz.  dz*-1 

*/-H*~^~*s  then  by  comparing  it  with  the  general  Form  of  Ord*. 

5  nates 
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liates  of  binomial  Curves  Art.  147  *,  I  find  0  =  -Ii .  iy=  — ^ .  a=t  .  *  °*  this 
r=  —  i  .s  —  o  .  a  -=d.e=)  .f=e.     Therefore  by  a  due  Subfti-  ^  **' 

tution,  the  Area  comes  out  ^zi%  xf-\-ez— *1*  x  ^l>=  ^/?+7**  \ 
as  in  the  Table, 

And  after  the  fame  manner,  the  Quadratures  of  all  the  other  Spe- 
cies's of  Curves,  belonging  to  this  Form,  ihay  be  demonstrated,  viz. 
by  the  diredfc  and  immediate  Application  of  Art.  147  *.  *  Of  this 

268.  But  the  Areas  of  all  the  Curves  in  this  Species,  and  the  preced-  Expir- 
ing in  inf.  may  be  found,  and  the  Series  of  Areas  continued  after  the 
Area  of  the  firft  is  known,  by  the  Help  of  the  Theorem  Art.  202  *,  *  Of  this 

0   x  Explica- 

viz.  B=li_r^-:  thus,  to  find  the  Area  of  the  fecond  Species  of tion- 

this  Form,  whofc  Ordinate  is  dz2"""1  *  e-\-JzA~*t  you'll  have  fl==  i . 
x  =  t  •  A  =  y/e  -\-fz* :  therefore,  by  a  due  Substitution  of  Values, 


V 


h  K  B  = W =  *JF^e  +>  :   which  ""« 

multiplied  by  d,  gives  ""ffi^Wg  -\-fw  for  the  Area  of  the  Curve 
conftituting  the  fecond  Species  of  this  Order  :  and  fo  for  the  others. 
But  the  Species's  of  Curves  belonging  to  the  Progreffion,  which  runs 
backward  above  the  firft  Species,  both  in  this  and  the  preceding  Form, 

expreffed  thus  <&-*•- We  -\-fz*  and  —  =  y,  cannot  be  found 

i/>  +  ./*'» 

by  the  Help  of  the  Theor.  Art.  203  * :   See  Schol.  2.  Art.  209  f : .  0f  this 
neither  are  they  quadrable,  as  appears  by  Art.  149  ±  j  and  they  con-  E*pKca- 
ftitute  Forms  third  and  fourth,  Tab.  2.  «w>n.| 

269.  You  may  likewife,  by  Prop.  5,  and  Art.  147  *,  find  a  gene- 1^^ 
ral  Area  correfponding  to  the  general  Ordinate  dz*-1  x^-f,  foVthu 
as  was  Shewn  in  the  Curves  belonging  to  the  third  Order :  which  ge-  Expiica- 

neral   Expreffion    will    ftand    thus    dz~T~  x  /  -4-  ez—A~~ i  into***11"* 

—  -_     _^_  Explica- 

Z  __         4x/>-«    xe  8  x,-i  xp-     xe*  tion. 

*/-IX»/^      2f-l   X  Jf^i  X  *f*  zp—lXZf-sxip-i     x    rfl  2ri*2"  "" 

16  Xp—  I  xp— 2  x/— 3  X  #' 

^= — — = '  *&—$*  J-  ftfr 

*/-i  x  2/-3  x  z^-5  x  z/>-;  x  »/♦  ' 

Which  Series  will  ferve  to  find  the  Area  of  any  Curve  belonging  to 
this  Order,  fince  the  Progreffion  of  the  Series  is  evident.     And  by  con- 
sidering 
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fidering  it  in  the  fame  Light,  in  which  the  general  Series  for  the  Areas 
of  the  Curves  of  the  preceding  Order,  was  confidered  above,  you'll 
cafily  fee  the  Demonftration  of  what  Sir  Ifaac  fays,  concerning  the 
Continuation  of  the  Series  of  Curves  of  this  Order  in  inf.  at  the  End 
of  the  fecond  Tab.  which  it  would  be  needlefs  to  infift  upon  parti- 
cularly, after  what  has  been  fhewn  at  length,  with  refpeft  to  this 
Matter,  upon  Order  third. 

270.  To  fliew  the  Application  of  the  preceding  general  Canon, 

put  ^  =  4,  then  you'll  have  dz**  %f-\-ez—^*  into  —* —  J^Z^7i.z~~n 
,    8x3xz*^         _  ,6x3x2x,x^  Hch  fe   reducing^Uto  the 

1     7x5x3x1)/*  7x5x3x1x1*/+  *  *     '  o 

Denominator  of  the  laftTerm,  and  freeing  the  Expreflion  of  the  nega- 

tive  Powers  of  z9  becomes  dsle  <\-fa*  x  — 10  v*         — 

the  fame  as  in  the  Tab. 

271.  If  in  the  Ordinates  of  Curves  belonging  to  the  laft  two  gene- 
ral  Forms,  the  Index  of  the  Radical  was  |,  £,  -f ,  &c.  in  the  third 
Form ;  or  —  \ ,  —  £,  —  -J-,  &c.  in  the  fourth,  they  may  eafily  be 
reduced  to  the  Curves  in  the  Tab.  by  Cafe  fecond  of  Prop.  7,  viz. 
by  diminifliing  or  increafing  that  Index  by  Unity,  till  it  become  ~ 

*  Of  this  or  —  i,  according  to  the  Canons  in  Art.  211  and  212*. 

Explica- 

tl0IL  Explication  of  T  A  B  L  E     II. 

272.  When  we  enquire  into  the  Area  of  any  Curve  propofed,  that 
Area  may  be  exhibited  either  arithmetically :  which  is  done  by  Prop1, 
fifth  and  fixth  j  or  geometrically  by  finding  and  defcribing  other  more 
fimple  Curves,  with  which  it  may  be  compared..  Now  by  the  Help 
of  Prop*,  ninth  and  tenth,  our  Author  has  conftrufled  this  Table  or 
Catalogue  of  Curves,  that  are  capable  of  being  compared  geometri- 
cally with  the  Ellipfe  and  Hyperbola 5  fo  that  their  Areas  may  be  ex- 
hibited by  the  Defcription  of  thefe  Figures :  and  confequently  given, 
when  thefe  Figures  are  given. 

273.  It  is  not  my  Defign  here  to  go  through  all  the  Orders  of 
Curves  contained  in  this  Tab.  and  demonftrate  the  Quadratures  of  the 
feveral  Species's  of  Curves,  belonging  to  each  Order.  All  I  (hall  do, 
is  to  (hew  by  a  few  Examples,  the  Manner  of  demonftrating  all  the 
reft :  then  make  fome  general  Remarks  upon  the  Conftru&ion  and 
Ufe  of  this  Table :  and  finally  (hew  the  Application  of  it  in  fome  Ex- 
amples moftly  taken  from  the  Author  himfelf. 

5  2^4.  The 


«/* 


T%e  Quadrature  of  Curves  explained.  201 

274.  The  Curve  of  the  firft  Species  of  Form  firft,  is  expreffed  thus 

1 — 1 

—  =.y :  which  is  not  capable  of  a  geometrical  Comparifon  with 

a  right-lined  Figure,  as  appears  by  Art.  147  and  149  *.     Wherefore,  *  Of  thi» 
putting  z*  =  x,  (by  Cor.  4.  Prop.  9.)  it  pafles  into  another  equal  ^xpUca* 
Curve,  whofe  Ordinate  is  ^-  y.  lifx  •  *  being  the  Abfcifs.    There- 
fore, if  the  Area  of  the  Curve  which  hath  -,        for  it's  Ordinate 
be  called  s,  the  Area  of  the  Curve  propofed  (hall  be  —  s,  fince  ij  is  a 

given  Quantity.    Now  73-75  =  v  is  an  Equation  to  the  rectangular 
Hyperbola,  as  was  (hewn  formerly  *.  *Art.245. 

The  Conftrudtion  of  the  Hyperbola,  which  ferves  equally  for  all  °J,.d,»E*- 
the  Species's  of  Curves  under  this  general  Form,  is  thus.  See  Fig.  1.  p  °n* 
belonging  to  this  Table,  p.  25.  Draw  the  right  Line  ABN  for  one 
of  the  Aflymptotes,  make/ linear  Unity,  takeA«  =  *,  andaB=#.- 
draw  «G  perpendicular  to  ABN,  and  equal  to  — ,  or  a  third  Pro- 
portional to  the  three  Lines  ey  /and  d:  through  G,  with  the  Center 
A  and  Affymptote  ABN,  defcribe  the  rectangular  Hyperbola  GD$, 

draw  the  Ordinate  BD  :  then  you  have  v  =  BD =— 1—r :  and  s  — 

«gdb  '+A 

«GDB :  therefore  it  is  ^-  —  /  the  Area  required  *.  mArt.ioo. 

275.  The  Quadratures  of  the  other  Species's  of  this  Order,  are  de-  puStion." 
monftrated  by  the  Help  of  the  Canon  in  Art.  211  * :  the  Area  of  the  •  Of  this 
£rft  Species  being  once  found.  Exptica 

The  Series  of  Curves  belonging  to  this  Order,  may  be  carried  on 
likewife  in  inf.  by  Divifion.    Thus  let  the  fourth  Species  be  propofed 

- =r;r;  divide  <&♦*-«  byfz*-\-e,  and  the  Quote  is  i^i-i  _ 


uon. 


^«- 


ps*"1  4-^a^-1  —  £^pr>  which  Divifion  is  to  be  carried  on,  till 
you  have  as  many  Terms  in  the  Quote,  as  the  Number  prefixt  to  9  in 
the  Index  of  z  without  the  Vinculum,  lefs  one:  to  which  annex  the 
Remainder  with  it's  proper  Sign,  and  e  +fz*  under  it  for  it's  De- 
nominator: and  then  all  the  Terms  lave  the  laft,  denote  Ordihates  of 
Curves  belonging  to  Order  firft,  Table  firft,  which  are  thence  quadra- 
ble ;  and  the  kft  Term  is  the  Ordinate  of  a  Curve,  belonging  to  Spe- 
cies firft  of  this  Order :  therefore  all  the  Areas,  joined  with  their  pro- 

Dd  *per 
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per  Signs,  make  the  Area  required,  viz.  r^5*— i^^H"^*' 

—s.    And  fo  of  others. 

If  we  put  — —  =:y,  it  k  cafy  to  fee  what  »  the  Progreffioa  of 
•  +  A* 
the  general  Series  for  the  Area,  w:a. 


Form  3d.      276.  The  Quadrature  at  Species  firft,  Order  third,  is  thus  demon- 
ftrated.    Since  the  Property  of  the  Cut*e  k  exprefled  thus  IVe+Jx* 

Ar^4a,  ==/;  by  putting  -^  as  x*  *,  an  equal  Curve,  whofe  Ahfcifi  is  x,  will 

Quadra-  — ^  -  -  -  »•>••> 

tore  of    have  it's  Ordinate  v  = *-V/+  «**•    Wherefore,  from  the  A£- 

Cams.  *  ^  . 

fumption  of  the  Area  /,  belonging  to  the  Ordinate  —  -K^WfJf-  «e*. 
or  of  the  Area  — ■£,  belonging  to  the  Ordinate  x— **//•{■  ex*,  find 
(by  Prop.  74  the  Acta  bdoagag  to  tfae  Ordtate  */f+7x% :  whicb 

fi    X 

«  Of  this  yott  do  by  the  Theorem  in  Art.  202  *t  «fe.  B  ^&iL^±£'.     pot  b» 

Explica-  fl-f*»i  x/ 

auuming  the  Afea  —  J  agreeing  to  the  Ordinate  *— r— r  x/-f-rtc**-*r 
I  find  the  Area  belonging  to  the-  Ordinate  x1— *  x/ +  'a*1*  *  *»  by 
putting  0=  — 1  .  ^=2.x=i^=:/v/aac*  ani  A=c— ^: 

which  accordingly  is — :  CB^  t^"8  ^rca  '»■  t^ien  y°tt 

have  this  Equation  t=/+^'    —  ^:  by  reducing  of  which,  yo» 

ftbtain  /  =  ~  X^^r *&*  Area  of  tficCurve  propofedT:  which 

therefore  is  given,  when  s  is-  given. 

Now  s  denotes  the:  Area  of  a  Conic  Seclion*  for  it  Belong?  to  the 

Cuev*  wh»fc  Ordinate  is  *{f-\r  ex\  which^  when.  J  and  e  are  both 
pefcive*.  »an  Hyperbd^-wa.  that  represented  at  Fig.  *.  P-  £5'  but  if 
/  be  atgative,  it  belongs?  to  the  Hyjwrbola  at  Fig.  3.  p.  25.  kitty,  if  e 
h*  aegatfre*  it  belongs  to  tile  ElJipfeat Fig. 4.  p. a£. 

The 
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Trie  Ctaftrudion  lor  the  firft  Cafe  is  thus:  with  the  Oenter  A,  die 
half  ttanfverfe  Axis  AP  =  */f  (that  is  a  mean  Proportional  betwixt 

Unity  and/)  and  Parameter  of  the  Axis  —■  (mat  is  a  fourth  Pro- 
portional to  the  Lines  e>  z  and  AP)  deicribe  the  Hyperbola  PGD:  draw 
me  indeterminate  Axis  AN,  in  which  take  AB=#=r  4-:  to  which 

draw  the  Ordinate  BD :  fo  {hall  it  he  BD  =  v=  *//+  exz,  and  s 
c=  APDB.    For  from  the  Property  of  the  Hyperbola,  calling  the 

LatusTranfverfum  f,  and  it's  Parameter^,  it  is  BD+AP  x  BD— AP: 
AB* ::  /  xp  or  BD?—  AP' :  AB' ::  /  :j>,  that  is,  by  inferring  the 

Values  according  to  the  Conftradtion,  BO'  — /:  x*  ::  a-Jf:  ^*/f: 

whence  BD = *Jf-\-  txx  =  v,  as  it  ought  to  be;  and  fo  yoa'fi  have 
j=ABDP. 

Now  in  order  to  find  what  the  Area  of  the  Carve  proposed  is  equal 
to,  in  the  geometrical  Description  %  we  muft  find  the  Value  of  the 

ExprefBon^t^L,  or  which  is  the  fame,  — .    For  this  end,  draw 

-      *  2*x        *  '     2tX  *  ' 

the  Tangent  DT  meeting  AB  to  T :  then  from  the  Property  of  the 
Tangent,  you'll  have  AT  =  ■    f        ■,  that  is,  by  fiibftituting  the 

Symbols,  AT  =  £:  add  AB=*  to  each,  and  it  is  BT  =--^, 

that  is,  becaufe  i«=/,  BT  =  p^=)£:  therefore,  multiply- 

ingby^  =  ^,  you  obtain  Hlj»,  i.e.  TDB  =  £. 
Hence   the  Area  of  the  Curve  propofed,   whole  Ordinate  is 

-*/*+/**,  whkh  was  (hewn  to  be^X~— *>is$  into  TDB  — 

APDB:  whkh  is  fet  down  in  the  Table  thus  ^  into  APDB-f-TDB, 

denoting  that  it  is  ambiguous,  whether  the  fecond  is  to  be  (ubtracTjed 
from  the  firft,  or  the  firft  from  the  fecond  :  for  fometimes  TDB  may 
exceed  APDB,  fometimes  be  Ids :  but  the  Area  of  the  Curve  propofed 
is  equal  to  that  Difference :  if  TDB  —  APDB  be  pofitive,  the  Area 
required  being  pofitive,  lyes  above  the  Ordinate }  if  TDB  —  APDB 
be  negative,  the  Area  k  fituate  upon  the  other  Side  of  the  Ordinate ; 
and  adjacent  to  the  Abicifs  produced  beyond  the  Ordinate. 

177.  If  the  Quantity/  be  negative  in  the  Value  of  yt  fo  that  it  be 

yzszi+fg—Jk',  then  the  Area  of  the  Curve  is  found  by  the  Defcrip- 

Dd  2  tion 
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tion  of  the  Hyperbola  likewife,  but  according  to  a  different  Contrac- 
tion, n)i%.  at  Fig.  3.  p.  25.    For  now  the  Curve  propofed,  will  be 


id 


equal  to  that  whofe  Ordinate  is x— V — f-\-  *x%  :  and  fo  the 

Conic  Seftion  muft  be  fuch,  as  to  have  it's  Ordinate  V — f-\-  ex\ 
The  Conftrudtion  is  thus :  with  the  Center  A,  tranfverfe  Axe  Ka  = 

2«/£,  and  Parameter  2*Jefy  defcribe  the  Hyperbola  *GDS  :  take  AB 

=  x,  draw  the  Ordinate  BD  and  the  Tangent  DT:  and  the  Area, 

which  now  by  changing  the  Sign  of  f,  becomes  —  ^  x  ^~  —  s  or 
^Xf —  ^~,  will  be,  according  to  this  Conftru&ion,  ^  into  aGDB 

—  TDB  or  ^  x  —  *GDT :  which  (hews  the  Area  to  be  on  the  ft*. 

ther  Side  of  the  Ordinate. 

For  from  the  Property  of  the  Hyperbola,  (ufing  the  Symbols  / 
and  p  in  the  fame  Senfe  as  formerly)  KB  x  Ba  :  BD* ::  / :  p  •  or**— 
\tt :  v*  :;  tip;  that  is,  by  inferring  the  Values  of/  and^  from  the  Coa- 

ftrudion,  x*  —  7  :  v% : :  aVj :  zslef:  whence  we  have  v=^l—jJ^e^ 

as  it  ought  to  be.     Again,  from  the  Property  of  the  Tangent^  the 

Subtangent  BT  =  x  —  *£  =  £-=-±2= (by  inferring  y  for  x*  —  ^ 

as  above)  J*  or        ,  '  ^  =^  =  BT :  therefore,  multiplying  by 

v  BD     -    .      v»  BT  x  BD  ,w*r>        wt-       r  r 

—  =  — ,  it  is  —  == — y—  =  ATDB.     Wherefore,  fince  x  = 


iGDB,   you'll  have  i^Xf  — -  =^  into  *GDB  — TDB  or  & 

into— •  tfGDT,    Which  negative  Value  (hews  that  the  Area  of  the 
Curve  is  adjacent  to  the  Abfciis  produced  beyond  the  Ordinate. 
278.  If  t  be  negative,  the  Conflruftion  is  by  means  of  the  EUipfe 

at  Fig.  4.  p.  25.  for  now  it  is  v=  *tf—  ex\  The  Conftruttion  is 
thus:  upon  the  Center  A,  with  the  tranfverfe  Axis  K*  =  2V7,  and 
half  conjugate  Axis  AP  =  */£  defcribe  the  EUipfe  a DPSK :  take  AB 
=  x,  draw  the  Ordinate  DB,  then  it  will  be  DB=  (y  =)  \^—  *x% 
and  APDB=j:  confcquently  the  Area,  which  now,  by  changing 


the  Sign  of  ey  becomes  — ^x  — — j,  or^x  —  +  J,  will  be  = 

DT. 
For 


intoTDB+APDBj  or elfe^intoTDB— tfGDB^thatis^xnGDT. 
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Foe  from  the  Property  of  the  Ellipfe,  KB  x  Ba :  BD* : :  KA* :  AF, 
that  is  by  inferring  the  Symbols  and  Values  from  the  Coirftru&ion, 

\tt  —  x* :  v*  : :  ±tt  :f  or  =f — x* :  v*  : :  £ :/;  whence  w  =s/f—ex*, 

=BD  as  it  ought  to  be. 

279.  As  to  the  two-fold  Value  of  the  Area,  viz.  ^  x  TDB-fAPDB 

and  ^  X  TDB  —  aGDB,  it  is  to  be  obferved,  that  — s,  in  the  Ex- 

preflion  denoting  the  Area  of  the  Curve,  may  fignify,  either  that  the 
Area  of  the  Conic  Section,  which  is  adjacent  to  the  Abfcifs,  is  fub- 
traded  from  the  other  Quantities  contained  in  the  Expreflion ;  or  that 
the  Area  of  the  Conic  Section,  lying  upon  the  further  Side  of  the  Or- 
dinate and  along  the  Abfcifs  produced,  is  added  to  the  other  Quan- 
tities :  even  fo,  -f"  s  denotes  indifferently  either  that  the  firft  is  to  be 
added,  or  the  fecond  fubtraded,  as  it  may  feem  convenient ;  or  the 

Cafe  require.     Wherefore  in  the  Expreflion  ^  X  j^  +  *>  the  Term 

-|-  s  denotes  either  that  the  Area  APDB  is  to  be  added  to  ^  =TDB  > 

or  that  aGDB  is  to  be  fubtratfed  from  TDB.  And  this  laft  Value  is 
that  which  is  exhibited  in  the  Table  by  Sir  Ifaac :  becaufe  it  is  the 
proper  Value  in  this  Cafe.     For  if  you  exprefs  the  Area  of  the  Curve, 

whbfe  Ordinate  is  -W — e^fz*=dz&-Wf--ez--*,  analytically  by 

a  converging  Series,  according  to  Prop.  5,  you'll  find  by  the  Method 
of  determining  the  Limits  of  Areas  (Seft.  5.)  that  the  Area  vanishes 

when  it  is  z*  =  j,  that  is  when  x  =  v//£ :  becaufe  **=^  •  hut 

according  to  the  Conftru&ion  ss*  ==  &*  *  therefore  the  Area  of  the 
Curve  vanifhes,  when  AB  (=#)  becomes  equal  to  Aa:  which  can- 
not happen  to  the  Expreflion  ^  X  ^  -f-  *>  bnt  when  -f-  s  fignifiea 

that  aGDB  is  to  be  fubtrafted  from  j~  =  TDB. 

And  thus  I  have  (hewn  at  full  length,  what  way  the  Conic  Sedions 
are  to  be  conftru&ed,  with  which  the  Curves  belonging  to  Species  firft> 
Order  third,  are  geometrically  compared,  in  all  poffible  Gtfes  1  and 
what  the  Value  of  the  Area  in  each  Cafe  will  be. 


How- 


*o6 


72*  Sfuadrttur*  of  Cimrfts  txplaitteJ. 
Fig.  i,        |  ^  \ Fig.  2. 


•  Of  this 
Explica- 
tion. 


However,  to  render  this  Affair  as  plain  as  poffible,  and  aflift  the 
young  Geometrician  how  to  proceed  in  like  Cafe,  I  (hall  Uluftrate 
what  bath  been  faid  in  thefe  laft  three  Axtides  by  an  Example. 

Let  HL  be  a  Curve  having  thcAbfdft  AT =*,_and  Ordinate  TH 

^-^ZE  Fig.  i.  or  ^=^9  F«g.«.  «!^x,  Fig.  3.  where 

#35:1=/=^  ?=a,  *»=7,  =  5  or  *  =  £.  and  *=(V/.f*** 

=)  a/i-J- **,  Fig.  i ;  or  V— i-J-**,  Fig.  z.  or  */t — *•,  Fig.  3.  lb 
that  the  Axes  and  Parameters  of  the  Conic  Sections  being  equal  they 
become  equilateral  Hyperbolas  in  the  firft  two  Cafes,  and  the  Circle 
in  the  other  Cafe:  in  all  which  the  Semkxes  is  1. 

Wherefore,  when  it  is/=     ,  ** i  upon  the  Center  A  with  the 

femitranfverfe  Axis  AP=it  and  indeterminate  Axis  AT  (Fig.  1.) 
defcribe  the  equilateral  Hyperbola  PD</,  to  which  draw  the  Tan- 
gent TD  through  the  Point  T,  and  through  D  the  Ordinate  DB : 
then  from  the  Property  of  the  Tangent  (as  in  Art.  276  *.)  *  =  ( AT= 

^7^=  AT=)i.  vrhencc  AB  =  *  and  BD  =  v  =  Vi  +  ** 
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^VTT^i  BT==^^  ~^— ===  -  and  ATDB  =  ^-j  Kke^ 

wife  APDB  =  5 :  therefore  the  Area  of  the  Curve,  viz.  ~  x  —  —  *> 

is  in  this  Cafe  twice  ATDB  —  APDB.  Whence  (by  Sedt.  5.)  if  the 
Point  /  be  fuch,  that  AtS  —  APS  ==  o,  the  curvilinear  Area  is  no- 
thing, and  the  Ordinate  tb  is  the  initial  Limit,  from  whence  the 
Area  muft  be  reckoned :  fo  that  if  TDB  —  APDB  be  pofitivc,  the 
curvilinear  Area  TH&  lyes  upon  the  fame  Side  of  the  Ordinate  TH 
with  the  Point  A  the  Beginning  of  the  Abfcifs :  but  if  TDB— APDB 
be  negative,  it  lyes  upon  the  oppofite  Side  of  the  Ordinate,  Now 
although  this  initial  Limit  cannot  be  found  in  this  Cafe,  without  draw- 
ing td  fo  as  to  make  tS  =  APDB,  which  is  equivalent  to  the  Qna- 
tkitture  of  the  Hyperbola,  yet  neverthde&  the  curvilinear  Area  THfe 
lying  betwixt  any  two  Ordinates  TH,  fb,  is  equal  to  the  hyperboli- 
cal Area  TEMk  For  the  Area  correfponding  to  the  Ordinate  TH 
having  the  greateft  Abfcifs  AT,  is  TDB  —  APDB;  and  that  corre- 
foondtng  to  the  Ordinate  tby  having  the  lefler  Abfcifc  A/,  is  tdb  — 
APd£  ;  therefore  it  wilt  appear  from  the  Confideration  of  what  hath 
been  kid,  tbat^  whatever  way  the  Areas  lye,  the  Area  THbt  inclofed 
.betwixt  the  two  Otdinatcs  TH,  tb,  is  TDB  —  APDB  —  tdb  4-  AP<# 
=.TD</*>  the  Difference  betwixt  the  other  two :  agreeably  to  what 
wa&  (hewn  Art.  185—  1 87  *.  *  Of  tH* 

If  through  the  oppofite  Vertex  of  the  Hyperbola  PD d,  viz.  Q,  you  JjJgJ"* 
draw  Qg.  perpendicular  to  PQ^  then  PQ^and  Q&  are  two  Aflytn- 

ptofes  to  the  Curve  H6L. 

> " 

But,  2*.  If  it  be  y  =     '  ~'t  flee  Fig.  a.  p.ao&>  withthe  CcaacA, 

and  fcmitranfVerfe  Axfe  A*s=iy  ddcribe  the  equilateral  Hypertolfc 
tfD :  from  the  Point  T  draw  the  Line  TD  touching  the  Hypefbofcc 
in  D  j  and  from  D,  the  Ordinate  DB :  then  it  is  AB  =*,  iunce  AT 
=  z,  ha  =  r  and  AB  are  proportional,  from  the  Property  of  the 
Tangent.    Moreover  the  Curve  HL  paflbs  throogh  the  Point  at  for 

fiace  TH=s/=^^,  put -<!-£=£  ao^  a**  thence  yon  have  * 

sc  1.  =a  *  Aa.    Now  it  may  be  eafily-  (hewn-  here,  as  in  (he  pre-  *Art.i7r. 

cedingCafe,  that  ATDB  :=$==£  >and<»DB  ===*.•  therefore fince j£S£r 

the  curvilinear  Area  is  ^?  X  s  —  ^,  as  was  fhewn  above,,  it  becomes,  irt 

this  Cafe  2  *  «DB  — TDB  = —  2dDT  negatives  wherefore,,  fincc 

«DT 
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0DT  =  o  when  AT  =  A*,  the  curvilinear  Area  commences  at  a, 
being  *TH,  which  lyes  on  that  Side  of  the  Ordinate,  which  is  oppo- 
fite  to  A.  The  indeterminate  Axis  of  the  Hyperbola,  viz.  AL  is 
an  Aflymptote  to  the  Curve  AHL:  and  if  AT  be  taken  =  0,8 16> 
&c.  of  A*,  the  Ordinate  TH  will  pafs  through  a  Point  of  contrary 
Flexure. 

Again,  30.  If  itbey=— l/—  (fee  Fig.  3.)  with  the  Radius  Aa 

=  1,  defcribc  the  Semicircle  ADPK;  through  T  draw  the  Tangent 
TD,  and  through  D  the  Ordinate  DB  :  then  fince  AT=s,  Aa  =1 
and  AB  are  proportional,  you  have  AB  =  x :  and  as  formerly  ATDB 

=  —  1  and  now  it  is  APDB  =  s  and  *DB  =  —  s  :  wherefore  the 

26JC 

curvilinear  Area,  as  was  (hewn  above,  muft  either  be  2xTOl^-7[PDB 

or  2  xTDB  — TADB  =  zaDT :  the  laft  of  which  is  equal  to  the  cur- 
vilinear Area  aTH :  for  fince  the  Curve  HL  pafles  through  the  Point 
a,  the  Areas  aTH  and  *DT  both  commence  at  the  Point  a  :  and  the 
Fluxion  of  ATH  is  double  the  Fluxion  of  *DT,  fince  HT=  (y  = 

^""ft**  =  Vi  — **  =  v  =)  DB,  and  the  Fluxion  of  AHT  h  to  the 
Fluxion  of  *DT,  as  HT  *  Fluxion  of  dT  to  iDB  x  Fluxion  of  aT 

§£        zaDT.    Draw  AP  perpendicular  to  Ad;  and  the  Tangent  PL  is  an 

*  Of  this  Aflymptote  to  the  Curve  HL. 

^Uca"        280.  But  by  fuppofing  a  different  Relation  of  the  Abfcifles  z  and  x, 

viz.  that  ~  =  x9  as  in  the  Table,  you  may  obtain  the  Area  of  the 

Curve  after  a  different  Manner.  For  upon  that  Suppofition,  you'll 
find  the  Curve  propofed  to  pafs  into  another  equal  Curve  having  — - 

-*x—%*/fx-\-ex*  it's  Ordinate :  fo  that,  by  Prop.  7,  you  may  find  the 

Relation  of  the  Curve   propofed,   to  the  Curve  whofe  Ordinate  is 

*Jjx-\-ex* :  which  you  do  by  turning  the  Ordinate  —  —x—Wfx+ex* 

into  —  —x—Wf+exf  then  increafing  the  Exponent  of  x,  viz.  —  i 

by  2  :  and  fo  you  may  conftrudt  the  Conic  Sedion,  with  which  the 
Curve  may  be  compared.  The  other  Species's  of  Curves  of  this  Form 
are  deduced  from  the  firft  by  Prop.  7. 
Form  5th.  281.  I  (hall  next  {hew  the  Demonstration  of  the  Quadrature  of 
the  Curve,  conftituting  Species  fecond  of  Form  fifth,  which  requires 
two  Conic  Sedions. 

The 


the  Quadrature  of  Curves  explained.  ac^ 

The  Curve  is  exprefled  thus r  =  y :  and  the  Relation  of 

the  Abfcifs  z  to  the  Abfcifles  x  and  £,  which  are  thefe  of  the  two 

Conic  Sections,  is  exprefled  thus  ^ r  =  *>  Mdfzr>-\-gz'* 

—  %.     Wherefore,  I  firft  feek  for  the  Ordinate  of  a  Curve,  which 
having  it's  Abfcifs  x,  fhall  be  equal  to  the  Curve  propofed,  viz,  thus. 

The  Ordinate  fought  (by  Prop.  9.)  is  equal  to^,  that  is,  by  fuppo- 
fing  z  =r  1,  -j :  or  by  putting  in  the  Value  of  y,  : 

wherefore  from  the  Equation  ^/ =  x,  find  the  Relation 

of  the  Fluxions,  which  is#  = —  — — x~r  T>g*      *.   jnfert  this  in 
place  of  x,  and  the  Ordinate  fought  will  be —  :  where,  if  you 

ij/jr—  z*gz  x 

put  for  z*  it's  Value,  ^»~¥g  -j-  —  —  — ,   from  the  preceding 
JEquation,  and  then  reduce,  you'll  obtain        ■      J^ 


for  the  Value  of  the  Ordinate  of  a  Curve,  which  has  x  for  it's  Abfcife, 
and  is  equal  to  the  Curve  propofed  at  firft :  which  Ordinate  is  made 
up  of  two  diftind  Parts.  The  Area  belonging  to  the  firft  Part  of  the 
Ordinate,  may  be  compared  with  the  Area  of  the  Conic  Section  whofe 

Ordinate  is  v  =  s/\  +  "^5?***  ty  kelp  °^  ^  Theorem  in  Art 

*       .      _        sT^xA  —  **R*  -     ... 

211*,  vtz.  B = — :  by  applying  of  which,  you'll  obtain  *  Of  thn 

z/s—fx-v  for  the  ^^  jjeiQjjgjng  t()  jjje  Ordinate £ *<>»• 

which  might  alfo  be  deduced  from  the  Quadrature  of  the  Curve  of 
die  firft  Species  of  this  Order. 

The  other  Part  of  the  Ordinate  is — ;  and  in  order  to  find  the 

ngx 

Area  belonging  to  this  Part  of  the  Ordinate,  take  x  =  ^/j^-.  for 
the  Relation  of  the  Abfcifles  of  two  Conic  Sections,  as  it  is  in  the 

Ee  Table, 
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Tabic,  whofe  Areas  arc  equal  -,  the  Ordinate  of  the  firft  being  — -■ 
— :  from  whence  find  the  Ordinate  of  the  other.    It  will  be,  by  Prop.  gf 


X  x 


y  or r,  by  putting  x  =  i :  inftead  of  x  infert  it's  Value 

+  /~irii  a"d  inftead  of  I  it's  Value         >*V  ,    deduced  from    the 

Equation  at  =  %/ ^n  and  fo  ydu'll  obtain  —  x  ^o  f°r  *e  Ordi- 
nate of  a  Curve,  which  having  £  for  it's  Abfcifi,  is  equal  to  the  Curve 
which  has  *  for  it's  Abfcifs  and  —  —  for  it's  Ordinate. 

Now,  according  to  the  Table,  T  zzz  j~ :  which  denotes  the  Ordi- 

*  Sec      nate  to  the  Aflymptote  in  a  re&angular  Hyperbola  *,  and  to  which 
Form  ift.  thc  correfp0ndent  Area  is  <r:  that  is  the  Area  belonging  to  the  Ordinate 

A-  v  -JL  is  — :  which  therefore  is  the  Area  belonging  to  the  Ordinate 

*  of  this  — -.    See  Art.  190—192  *. 

Explica-  <*  ifrJ-fcife— A* 

tion.  Whence  by  putting  the  two  Areas  together,  youll  have  ^T^Ty^ 

^s  f  the  Area  of  the  Curve  pfopofed,  cxpreffibte  by  the  Defcriptioa  df 
two  Conic  SedHons. 

ftftz.  The  other  Species's  of  Carves  of  this  Order  in  inf>  may  be 
found  by  Divificm,  the  Areas  of  the  two  firft  being  once  found.    Thus 

-  ■  lor  the  third  Species,  where  it  is =  y,  divide  dz**-'  by 

«?2*  4-  fa  4-  ^  and  the  Quotient  is  —  sp*-1  ^-        ^  — 


4 

— ** 

— £ -,  which  is  the  Value  of  the  Ordinate  of  the  Carve  con- 

ftituting  the  third  Species  of  this  Form  :  the  firft  Part  of  which  is  the 
Ordinate  of  a  Curve  quadrabte  by  Theorem  firft,  Table  firft  5  the  other 
two  belong  to  the  firft  and  fecond  Species  of  this  Form  fifth :  whence 
the  Area  may  be  found. 

Formi7th      283.  I  have  faid  as  much  already  upon  Example  2a,  Cafe  2d,  Prop. 

and  llth-  io,  as  may  fern  to  ittuftfate  the  Quadratures  of  theCtms  belonging 
to  Form  7.  Therefore  I  ihall  only  take  one  Inftaace  more :  which 
(hail  be  the  Curve  conftituting  the  firft  Species  of  the  laft  Form,  whofe 

Property 
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Property  is  thus  exprefled  ^"'v^ji^  ==7  •'  ^  two  Conic  Sec- 
tions are  required  to  it's  Quadrature.  In  order  to  which,  I  find  the 
Ordinate  of  a  Curve,  which  having  x  for  it's  Abfcifs,  ftiall  be  equal  to 

the  Curve  propofed,  fiippofing  x  =  </g  4*^2*  ♦  the  Ordinate  fought  is 
f  or  4,  putting  z  =  1.    Wherefore,  if  you  put  in  the  Value  of  j, 

viz.  d*-t\/'£f&>  and  the  Value  of  *;  viz.  r—^t  deduced  from 
the  Equation  x=</g  ~\-  bz\  the  Ordinate  fought  will  be  ^^r^%  . 
which,  by  inferring  -f*  for  *»  and  x  for  */g  -f  bz\  and  bringing  to 

Order,  gives  -v/'^T^  4"  7** *  -  #  +  **!-'  for  the  Ordinate  of 
a  Curve  equal  to  the  Curve  at  fiirft  propofed. 

I  next  find  the  Ordinate  of  a  Curve,  whofe  Abfcifi,   as  before 
being  xt  fliall  have  it's  Area  equal  to  <r,  which  is  the  Area  of  the  {£ 
cond  Conic  Section,  whofe  Abfcifs  being  £,  has  it's  Ordinate  T 

s/*~  "f  j!%  the  Relation  of  the  Abfcifles  being  il^=JL_ . 
which  laft  is  eafily  deduced  from  the  Values  of  x  and  £  in  the  Tdb 
And  by  proceeding  after  the  fame  manner,  as  in  the  preceding  Part 

©f  this  Art.  you'll  find  that  Ordinate  to  be  ^^gb^/tz^S.  J,  L&  x 

—  g+x*  t~*.     So   that   now  you  have  three    Ordinate;,   w^. 

3°-  v/^T^+j^X— ^  +  **|^2,towhich  the  three  correfponding 
Areas  are  s,  ^  and  —  ^ :  fo  that  from  any  two  of  them  given,  the  third 
may  be  found  by  Prop.  8 :  by  applying  of  which  to  the  prefent  Cafe 

you'll  obtain  /ssa^i— irx-f -f.«B\-,>(2^S+^.l*+lirx 
,»&-.#?  or  by  a  due  Substitution  of  xz~*  for  Ax x ~ £+**H«, 

4     -j-A*    f  /— fr_^ .,  the  Area  required. 

284.  And  thus  I  have  fhewn  in  a  Variety  of  Cafes  the  Demon- 
ftrauon  of  the  Quadratures  of  Curves  belonging  to  fcveral  different 

Ee  2  Forms 
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Forms  in  this  Table :  by  obferving  of  which  carefully,  all  the  others 
may  be  demonftrated  in  like  manner :  wherefore,  I  now  proceed  to 
make  fome  general  Qbfervations  upon  this  Affair,  taken  moftly  from 
our  Author. 

285,  i°.  The  Series  of  Curves  in  each  Form  may  be  continued  in 
inf.  towards  both  Hands,  by  the  Help  of  Propofition  third,  fourth, 
feventh  and  eighth :  that  is,  the  Progreffion  of  Curves  may  be  carried 
backwards  by  diminiftiing  the  Index  x>f  z  continually  by  9 ;  as  well  as 
forwards  according  to  the  Order  in  the  Table,  by  increafing  the  Index 
of  z  continually  by  1?.    For  which  purpofc  you  may  confult  the 

•  or  this  Theorems  contained  in  Art.  202,  203,  206,  207,  208,  209  *  :  the 
Expiica-    Application  of  which  Theorems  has  been  exemplified  in  feveral  In- 

ftances,  in  the  preceding  Work.     And  the  Scries  of  Curves  belonging 
to  the  firit,  fecond,  fifth,  fixth,  ninth  and  tenth  Forms  may  be  car- 
ried forward  by  Divifion  only,  after  the  Manner  (hewn  above  in  Or- 
•Art.282.  der  fifth  *.     But  whereas  thefe  Theorems  will  not  ferve  for  finding 
°^1tsi^ix*  the  Curves- belonging  to  the  backward  Progreffion  in  fome  Forma. 

•  of  this  See  Art.  269  *,  therefore  we  (hall  fpeak  of  every  Form  particularly 
Expiica-    afterwards*. 

•Art. 3 1 8.  286.  2°.  Although  the  Signs  of  the  given  Quantities  d,  ',  f,  g>  b 
of  this  Ex-  and  ;  are  all  affirmative  in  the  Equations  to  the  Curves,  contained  in 
plication.  t^\s  Table :  yet  one  or  more  of  thefe  may  be  negative :  and  when  that 
happens,  fuch  Quantity  or  Quantities  mud  be  made  negative  in  the 
Values  of  the  Abfcifs  and  Ordinate  of  the  Conic  Section  or  Sections, 
with  which  any  fuch  Curve  is  compared ;  and  likewife  in  the  Expref- 
fion  of  the  Area,     This  I  illuftrated  in  the  Curves  belonging  to  Spe- 

•  Art.276  cies  firft  Form  third  *.  Wh?r?  it.appears,  which  I  would  have  to 
—27^.  of  ^  0bferved,  that  the  changing  the  Signs  of  thefe  Quantities,  alters  the 
plication.  Conftru&ion  of  the  Conic  Section  or  Sections  with  which  the  Curve 

is  compared.     Thus  I  (hew'd  that  when  the  Equation  belonging  to  the 

Curve,  is  —je-^-fz^—yt  and  confequently  that  to  the  Conic  Sec- 
tion, Vf-J-  ex*  =  v,  fuch  Conic  Se&ion,  with  which  the  given  Curve 
-is  compared,  is  at  Fig.  2.  p;  25  :  if  it  be  —sle — yz*=^,  and  con- 
sequently V— f-\~  ex*  —  v;  the  Conic  Se&ion  is  at  Fig.  3.  p.  25  : 
but  if  it  be  — V—  e  +/*"  —y\  and  \lf —  ex%  ==  v9  in  that  Cafe,  the 

Area  of  the  Curve  depends  upon  -the  Conftru&ion  of  the  Ellipfe  at 
Fig.  4.  p.  2  j*  And  the  like  happens  in  other  Curves,  upon  like 
Suppofitions, 

3  *87- 
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287.  3°,  Thefe  Quantities  d,  e,  f,  g9  &c.  may  be  anv  Quantities 
whatioever,  /.  e,  bear  any  poflible  Relations  to  one  another  j  and  be        % 
affe&ed  with  any  Signs  j  excepting  only  thefe  Cafes.     i°.  That  they  be 

not  fuch  as  to  make  the  Sum  of  the  Quantities  under  any  of  the  radical 
Signs,  negative :  for  that  would  make  an  impoffible  or  imaginary  Ex- 
preffion.  And  therefore  alfo,  2°.  That  in  the  Curves  belonging  to 
Form  fixtb,  when  the  Quantities  e  and  g  are  affe&ed  with  the  lame 

Sign,  \eg  do  not  exceed  ff:  for  then  p  =  *Jff — 4^,  would  be  im- 
poffible, and  fo  render  the  Ordinate  of  the  Cbnic  Section,  and  confe- 
quently  the  Expreffion  of  the  Area  in  the  Table  impoffible. 

288.  40.  In  order  to  conftruft  the  Conic  Se&ions,  which  belong  to 
the  feveral  Orders,  and  Species's  of  thefe  Orders ;  and  every  particu- 
lar Cafe  of  any  Curve,  coming  under  any  Species,  according  to  any 
Suppofition,  either  with  refpedt  to  the  Signs,  or  Proportions  of  the 
given  Quantities  d>  e,fy  g,  &c.  You  muft  confider  the  four  Figures 
annexed  to  the  Table,  p.  25  5  and  inveftigate  the  Equations  cxpreffing 
the  Relations  of  the  Abfcifles  and  Ordinates  in  each  Figure,  from  the 
primary  Properties  of  thefe  Conk  Sections,  and  that,  according  as  the 
Abfcifs  x  is  either  AB,  aB,  or  aB,  the  Ordinate  v  being  always  BD: 
and  then  compare  thefe  Equations  with  the  Equations  to  the  Conic 
Sections  contained  in  the  Table.  For  which  purpofe  I  {hall  run  through 
the  feveral  Figures. 

For  Fig.  1. 

289.  Let  it  be  *B  =  x  .ED=v.  Ax  =  a  a  givenLine;  aG=£ 
a  given  Line  like  wife.  Then,  when  the  Point  .B  is  further  diftant 
from  the  Center  than  *  is,  we  have  from  the  Property  of  the  red- 
angular  Hyperbola  AB  x  BD  =  A«  x  «G,  that  is  in  Symbols  a-\-x  x 
v=za6,  whence  ------------  i°.  v  =  ^^. 

200.  But  if  B  fall  betwixt  A  and  «,  in  which  Cafe  aB  —  x  is  ne- 

gative,  the  Equation  puts  on  this  Form  -  -  20.  v=£j 

291.  And  thefe  two  Forms,  or  Values  of  the  Ordinate,  will  ferve 
for  all  the  Varieties  of  Curves  belonging  t<?  Order  firft.    The  firft 

Form,  viz.  A^  =  v,  anfwers  ejca&ly  to  that  in  the  Table     ,^=y; 

which  is  the  proper  Form  of  the  Ordinate,  when  it  is  ^-^=7.     If 

it  be  jzrf-r>=-y>  and  confequently  — ^  :=  v  j  the  fecond  Form,  viz* 

~  =  v,  anfwers  to  that  Cafe.  If  i{  be  j^j&  =y  that  only  denotes  the 

Area 
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Area  belonging  to  the  firft  Form  taken  negatively :  and  fo  it  will  be 
evident  that  all  the  Varieties  that  can  happen,  by  varying  the  Signs 
of  the  Quantities  d,  e,  f>  after  any  manner  whatfoever,  may  be  re- 
duced to  thefe  two  Forms  expreffed  above. 

292.  As  to  the  Comparifon  of  the  correfponding  Parts  of  the  two 
different  Expreflions  of  the  hyperbolical  Ordinate,  it  is  made  thus : 

fince  ^7-^  =  v = ^4^  you'll  have  a  =  e .  1  ==/*  and  ab = d  or  b— j. 

Therefore  when  the  Conic  Seftion  is  to  be  conftru&ed,  you  ufe/Tor 

linear  Unity,  take  A*  =  ey  *G  =  —  or  £  that  is  a  fourth  Propor~ 

tional  to  the  three  Lines  e,  d  and  fy  or  A»,  d,  and  Unity :  and  there- 
fore, if  through  the  Point  G  you  defcribe  a  rectangular  Hyperbola, 
with  the  Center  A  and  Affymptote  ABN,  that  (hall  be  it  you  want : 
fo  that  taking  «B  =  x>  and  drawing  the  Ordinate  BD,  you'll  have 

•Art.190.  BD  =  v  =  -4?  j  and  *GDB  =  s  ♦. 

of  this  Ex-  +ff* 

plication.      And  after  the  like  manner,  you  make  the  Cooftru&ion  upon  other 
Suppofitions. 

For  Fig.  2. 

293.  Let  it  be  *B  =  x .  BD  =£:  v  .  A*  =  a  a  given  Line  j  the 
tranfverfe  Axe  t  $  it's  Parameter  p.    Then  from  the  Property  of  the 

Figure  BD  -|-  AP  x BD  —  AP  :  AB' ;:  /  ipM  that  is  in  Symbols,  v% 
r-iffiat  +  zax  +  x*  :it: p.    Whence 

...  v  =  v/f2±^  +  ^+p. 

294.  Which  Form  of  the  Ordinate,  when  B  falls  betwixt  A  and  a, 
i.  e.  when  x  becomes  negative,  falls  into  this  other. 

295.  Again,  the  other  Things  remaining  the  fame  as  in  the  firft 
Suppofition :'  only  now  let  A*  =  *  vanifli,  or  the  Points  A  and  « 
coincide,  by  which  it  becomes  AB^r  x :  in  that  Cafe,  die  Equation 
will  appear  in  this  Form* 


3°-  «=v/i*+^. 


For  Fig.  3. 

206.  Let  it  be  «B  =  x  .  BD  =  v  .a*  =  a.  t  and  jft  as  formerly : 
and  let  *  fall  betwixt  a  and  B.    Then  from  the  Property  of  the  Hy- 
perbola, 
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perbola,  KBx*B :  BD*  ::  / ;  #,  that  is  t  + a +***+*  :v*::t:p. 

Whence  we  deduce,  ___ 

207.  Which  by  fuppofing  B  to  fall  betwixt  a  and  a,  and  by  that 
means  rt  to  become  negative,  falls  into  this  other. 

298.  If  in  the  firft  Form,  you  make  **=<*  to  vanifli*  fa  that  it 
be  «B  =  x,  men  you'll  have 

299.  But  further,  if  you  fuppofe  that  the  Point «  fells  beyond  the 
Vertex  a  without  the  Hyperbola,  «B  being  equal  to  x,  as  in  the  firft 
Form :  then  it  will  turn  into  this _^___ 

Which  includes  under  it  three  different  Forms,  according,  to  the 
various  Pofitions  of  0. 

For,  i°.  If  <*  fall  betwixt  a  and  A,  fb  that  *  be  greater  than  iat 
the  Order  of  the  Signs  will  be-- \-  +• 

Bat  if  <*  fall  betwixt  A  and  K,  fb  that  /  be  greater  than  a  j  but  left 
than  2*,  you'll  have  this  Order  of  Signs  -  -  —  -f  4% 

Again,  if  «  fall  beyond  K,  fo  that  a  be  greater  than  /,  this  Or- 
der of  the  Signs  will  arife,  viz. -  "-f  — +•  .      , . 

In  the  other  two  Pofitions  of  «,  viz.  when  it  »Ua  in  either  with 
A  or  K,  the  Radical  is  reduced  to  two  Terms. 

300.  Thus  if  «  fall  in  with  the  Center  A,  £0  that  it  be  za=.t 
and  AB  =  *,  then  k  is  ' 

5'.i;  =  V/'-i/tf-T-7**- 

301.  Laftly,  if  «  fall  in  with  K,  fo  that  K  be  the  Beginning  of 
the  Abfcifc  j  and  /=s at  then  it  is 

6°.  vz=zy/ — px+jx*. 
So  that  in  all,  there  are  fcven  different  Forms  under  which  the 
Value  of  the  Ordinate  BD  =v  appears:  and  one  of  thefe  admits  of 
a  two-fold  Conftruaioo,  viz.  Form  aa  and  Cafe  3"  of  Form  4* 

For  Fig.  4.  ' 

302.  Put  «B  ==*  .  BD  =t» .  «*=«  .  /  the  tranfverfe  Axe  and  p 
it'*  Parameter :  and  let  a  fall  betwixt  a  and  B.    Then  from  the  Pro- 

5  i*rty    • 
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petty  of  the  Ellipfe  KB  X  Ba :  BD? : :  /  ;  p,  that  is  in  Symbols  t—a—x 

x7+~x  :  v* ::  t :/,  or  <tf  —  a a  -\-  t  —  la* x  —  #*  :  -u* ::  /  :  f>. 
Whence  we  have 

Which  according  to  the  different  Values  of  a*  =  #,  will  appear 
diiferentl y  :  for  if  a  be  lefs  than  -j/,  the  Order  of  the  Signs  will  be 

+  +  — 
If  a  be  greater  than  {/,  the  Order  is j . 

303.  But  if  *  fall  in  with  the  Center  fo  that  *B=r*  =  AB,  and 
a —it,  then  the  Ordinate  appears,  in  this  Form 

304.  Again,  if  you  fuppofe  a-=.a*  to  vanifh,  by  which  means 
*B  =x  =  aBy  then  the  Ordinate  appears  thus 

3°.  «=y/px— -lx\ 

305.  Now,  if  inftead  of  fuppofing  the  Point  a  the  Beginning  of 
the  Abfcifs,  to  fall,  betwixt  a  and  B,  you  (hould  fuppofe  B  to  fall  in 

•  betwixt  the  Points  a  and  a,  fo  that  x  =  «B  become  negative,  then  the 
firft  Form  of  the  Ordinate 'will  turn  into  this  other 


r.  •-%/«= 


««/        pt—zap  p 


x— 4**. 


Where  you'll  have  different  Orders  of  the  Signs  according  as  a  is 
lefs  or  greater  than  it.  For  if  it  bea  =  aa  lefs  than  \tt  the  Order 
of  the  Signs  will  be  this 

\     +  ~  - 
But  if  0  be  greater  than  f/,  but  fo  as  that  the  Point «  ftill  fall  within 

the  Ellipfe,  and  therefore  that  a  be  lefs  than  f,  then  the  Order  of 

the  Signs  will  be 

"+  +  -.. 

306.  Again,  fuppofing  the  fame  things:  only  that  now  the  Point 

et  fall  in  with  the  Center  fo  that  a  =  (**==)  \t,  then  the  4th  Form 
appears  thus 

The  very  fame  with  the  fecond. 

307;  And  by  fuppofing  the  Point  *  to  fall  in  with  the  Point  K, 
fo  that  &—{<xa  =)  t  you'll  obtain 

6°.  V=y//K«{«|» 

The 
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The  very  fame  with  the  third. 

308.  But;  now  the  fame  things  remaining  as  in  Form  fourth,  only 
fuppofe  a  —  att  to  be  greater  than  /,  fo  that  the  Beginning  of  the  Ab- 
fcrfs  lye  beyond  R,  then-  you'll  have  that  Form  always  putting  on 
this' Order  of  Sighs  « 

-=+  —  .;. 

309:  Finally,*  flic  fame  things  remaining  as  mentioned?  iri  Form 

firit :  only  now  fuppofe  the  £oint  a  to  fall  without  the  Ellipfe,  be- 
yond the  Vertei  a,  then  the  fir  ft  £orm  will  appear  thus 

Which  always  gives  this  Cfrder  of"  Signs,  viz.  —  -}-  — .  ..  . .  ■ 

316;  4jK56ftfftfertng  the  fevBrat  9afth£  untler  which  the  Ordinate 
of  thfc  Gohic  Setffion-  appears  in  the  foregoing  Articles,*  it  will  be  found, 
that,  whatever  be  the  Signs,  or  Proportions  of  the  given  Quantities  J, 
e,f>  g,  &c.  in  the  Equations  exlpreffing^  the  Nature  of  the  Curves,  con- 
tained in  the  feveral  OrderS  fiicceediri^  the*  firft"  (of  which  we  fpoke 
akeae^r :  *)  and-  Wha*e*dr  be' the  Valtae  of  i>  andr  in  the  .Table;  #  which  •  An.zSg 
denote  the  Ordinates  of  the  Conic  Sections,  by  the  Conftru&ion  of  -t292- 
whteHi  thefe  Curves  are determined;  youMialtfays  find  fom* 'of  theft  $£^ 
Forms,-  that  may  be  compared  with  the  Value  of  v  and  T  in  the  Table. 
For*  there  are  three  generdFormX  under  which  the  Value  of  v  appears 
in  the  Orders  fucceeding  the  firft'  in  tfee  TaHe::  wlitch  rfiay-  brf  rtpre- 

fented  without  theSigns  thiis.  i°.  v==V  .  a.0x*.  26.  v  =  */.  otic .  (3x*. 

3°k  <y  =  \/ .  * ,  j3x .  yx\    The  firft  twa  admit  of  three  varieties  of  the 
Signs;  each :  the  laft  admits  of  feven  Varieties,  all  poffible.     If  it  be  v  =s 

V*r-|-  j3x%  yoi*  have  it  Art.  295  *:  if  it  bey  =  V«  —  j3x\  you  have  *  of  this 

k  Art.  303  and  306+ :  if  oi  =  V —  *H-/3#\  you  fee  it  m  Art,  300  £  X^ 
Thb Varieties  of  the  fecond  art  contained  in  Art.  298,  30 r,  304^  %oy  \  t  Of  &» 
And  the  feven  poffible  Cafes  of  the  third"  aie  contained  in  Art.  293,  294,  tj2f  c*r 
2t>6,  297;  299,302,  305,308, 309'*.  By  ifrhich  it  appears,  that  thicrd  X  Of  'this 
&  no  Gafo  cfcrf  happen,  with  refpeft  to  the  various  Difpofitbns  of  the  ^lica" 
Sigps,  in  any  poffible  Value  of  the  Ordinate  of  the  Conic  Sections  in  h  of  tHis 
AeTablfc,  but  you'll  find  a  correfponding  Form  of  the  Ordinate  in  thefe  Explicit  * 
Articles ;  and  in  feveral  Cafes,  different  correfponding  Fprms ;,  fo  that  ^qV  this 
in  all  poffible  Cafes,  you  may  make  Conftrudtions  of  Conic  Scdtions  j  Expiica-  : 
with  which,  the  feveral  Species's  of  Curves  lii  all  the  different  Orders; tion- 
according'  to  all  poffible  Varieties  iri  the  Signs,  and  ProporticfnS  of  the 
Quantities,  d,  e,f>  &c.  may  be  geometrically  compared.    In  order  to** 
which  Conftruttion,  you  need  only  to  compare  the  homologous  or 

F  f  cor- 
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correfpondent  Terms:  in  doing  of  which  if  any  impoflible  Root  or 
Value  arife,  by  comparing  with  one  Form,  you  muft  make  the  Com- 
parifon  with  another. 

31 1.  Thus  if  it  were  required  to  conftrutt  the  Conic  Section  ne- 
ceffary  to  the  Quadrature  of  the  Curve  belonging  to  Species  firft  Order 

fifth  exprefled  by  this  Equation - Zr^-y2  '  ^nc*  ^  ^r" 

dinate  of  the  Conic  Sc&ion  in  the  Table,   agreeing  to  this  to  be 

IfSis^  y/L+^  +  Wy*  *=v:  therefore  I  compare  this  with  the  Form 
piiratioiL  0f  the  Ordinate  contained  in  Art.  29c  * :  which  ftands  thus  v  = 

•  Of  this  y  a 

Si!ica"  V7#  +  —*z  am*  belongs  to  Fig.  2.  p.  25 :  wherefore  I  compare 
the  correfponding  Terms  or  Parts  of  thefc  two  Expreffions  of  the  Value 
of  v:  which  gives  thefe  two  Equations. 

By  the  firft  you  find  t*=.Zy/~*.  infert  this Vatee  of  /  in  the  fc- 
cond,  and  it  becomes  jv//j==7y^L4<g,  whence  you  obtain /=: 

— ?£ — +/  — ;  fo  that  the  tranfverfc  Axis  and  Parameter  of  the  Hy- 

perbola  being  known,  the  Hyperbola  may  be  conftru&ed :  with  which 
the  propofed  Curve  may  be  geometrically  compared. 

312.  Again>  fuppofe  the  Curve  was  propofed,  whofe  Property  h 

thus  exprefled  dz*~We  -\-f&  -f-  gz**  =y :  which  belongs  to  Species 
Second  Order  feventh,  you  find  the  Ordinate  of  the  Conic  Sedtion,  with 

which  it  is  compared,  in  the  Table  to  be  v  =  V*  -j-  fx  -|-  gx\ 
Where*  fince  all  the  Quantities  e,  f  and  g  are  pofitive,  it  may  be 

•  Of  this  compared  with  the  Form  contained  in  Art.  293  * ;  which  ftand9  thus 

tion.,       v  =  v^gt-  +y^  +  j*\    belonging  to  Fig.  2.  p.  25  :  orx  it 

#   •  Of  this  may  be  compared  with  the  Form  contained  in  Art.  296  *,  viz.  tr= 

Sxplica-  y 1  ' — 

A«.  ^1*  +  *+e±!2x  +  -f  x\  which  belongs  to  Fig.  3,.  p.  25.  By 
the  firft  you  have  thefe  three  Equations* 

1  •        p      — *•     z  •    p  — /•     3  •  p  — £• 
From  which,  fuppofing  e,  f,  g  given,  you'll  obtain  the  Values  of 

/,  p  and  a%  v$z. 

i 


The  Quadrature  of  Curves  explained*  219 

,=v/sa./=iv/s.«=4 

By  the  fecond  Comparifon  you  have  thefe  three  Equations,  viz. 

1  •         /        — r.      ^  .       t      — j.     3  .    f  — g. 
From  whence  you  obtain  the  Values  of  /,  p  and  a%  viz. 

So  that  the  Conftrudtions  of  the  Hyperbolas  are  manifeft :  only  it 
muft  be  obferved  that  if  $e&  exceed  J^  you  muft  ufe  the  Conftruc- 
tion,  arifing  from  the  firft  Comparifon,  reprefented  at  Fig.  2.  p.  25  : 
but  if  f*  exceed  ^eg,  you  muft  make  the  Conftrudtion  that  arifes 
from  the  fecond  Comparifon,  and  is  reprefented  at  Fig.  3.  p.  25  : 
the  Reafon  of  which  is  manifeft,  from  the  Confideration  of  the  ra- 
dical Expreffions. 

313.  And  if  the  Signs  of  one  or  two  of  the  Quantities  e,f,  g  be  ne- 
gative, you'll  always  find  one  or  more  Forms  of  Ordinates  in  the  pre- 
ceding Articles,  with  which  the  Ordinate  of  the  Conic  Se&ion  in  the 
Table  may  be  compared ;  and  one  or  more  Conftrudtions  made  ac- 
cordingly :  by  means  of  which  the  Area  of  any  fuch  Curve  may  be 
found.     And  fo  in  other  Cafes. 

3 14.  50.  It  muft  likewtfe  be  obferved  that  when  the  Signs  of  the 
numeral  Indexes  n  and  0  are  negative  in  the  Equation  exprefiing  the 
Nature  of  the  Curve,  they  muft  be  changed  in  the  Values  of  the 
Areas.    Thus  in  the  Curves  belonging  to  Species  third  Order  fourth: 

which  arc  thus  exprefted   9  .      _ _~  =  y ;  if  n  be  made  negative, 

fo  that  it  ftands  thus      ,  1  ,  _=r  =  y,  by  which  both  the  Sign  of 

9  and  6  =  21  are  changed,  you  muft  change  the  Sign  of  j,  both  in  the 
Equation  expreffing  the  Relation  of  the  Abfciffes,  and  in  the  Value  of 

the  Area:  by  which  means  you'll  have  z*=zxy  and  /== x 

3*-r-2xa; :  that  is,  if  the  Value  of  the  Area  was  formerly  -  x  3$— 2xv9 

it  will  now,  by  the  Change  of  the  Sign  of  *,  become—  x  2;w— 3*  ; 

and  fo  of  others.  You  may  likewife  obferve  that,  when  this  Change 
is  made  upon  the  Sign  of  $it  the  Species  of  the  Curve  may  belong 
to  a  new  Order.     Thus  in  the  prefent  Cafe,    when  you   have 

.a / —  =  .?>  or  ^-'x^/H-^;,  it  is  the  fame 

Ff2  thing 
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corrcfpondent  Terms:  in  doing  of  which  if  any  impoffible  Root  or 
Value  arife,  by  comparing  with  one  Form,  you  muft  make  the  Com- 
panion with  another. 

311.  Thus  if  it  were  required  to  conftruft  the  Conic  Se&ion  no- 
ceflary  to  the  Quadrature  of  the  Curve  belonging  to  Species  firft  Order 

fifth  exprefled  by  this  Equation T—y:  *  fi&d  the  Or- 

dinate  of  the  Conic  Se&ion  in  the  Table,  agreeing  to  this  to  be 
oA£stt'  v^j+^J^**  *  =  v  :  therefore  I  compare  this  with  the  Form 
♦oftid  °^  J^e  Or(ftnatc  contained  in  Art.  295  *:  which  ftands  thus  v  .= 
SS.hca"  .V4"  +  jx%  am*  Wongs  to  Fig.  2.  p.  25 :  wherefore  I  compare 
the  correfponding  Terms  or  Parts  of  thefe  two  Expreflions  of  the  Value 


of  v:  which  gives  thefe  two  Equations. 

By  the  firft  you  find  /  =  2  y/ — :  infert  this  Valae  of  /  in  the  fc- 
cond,  and  it  becomes  j \f-7  =    T  ¥g*  whence  you  obtain  p  =: 

~Ji  A  s/ — :  fo  that  the  tranfverfc  Axis  and  Parameter  of  the  Hy- 

perbola  being  known,  the  Hyperbola  may  be  conftru&ed :  with  which 
the  propofed  Curve  may  be  geometrically  compared. 

312.  Again*  fuppofe  the  Curve  was  propofed,  whofe  Property  is 

thus  exprefled  dzi-We-^Jkp-^-gz^—y:  which  belongs  to  Species 
fecond  Order  feventh,  you  find  the  Ordinate  of  the  Conic  Sedlion,  with 

which  it  is  compared,   in  the  Table  to  be  v  =  *Je  -f-  fx  4-  gx\ 

Where*  fince  all  the  Quantities  e,  f  and  g  are  pofitive,  it  may  be 

♦  Of  this  compared  with  the  Form  contained  in  Art.  293  *  $  which  ftands  thus 

tion.,       v  — : y/a2i±Mljr^x  4.  Lx\    belonging  to  Fig.  2.  p.  25  :  or*  it 

m   •  Of  this  may  be  compared  with  the  Form  contained  in  Art.  206  *.  viz.  v= 

Sxplica-  y . L_- * 

*»•        /^SjS^  -f *\  which  belongs  to  Fig.  j.  p.  25.    By 
the  firft  you  have  thefe  three  Equations. 


1 


0 


*%t+it*t 


«*=,.  «•.*=/  r.i=. 


From  which,  fuppofing  e,  f9  g  given,  you'll  obtain  the  Values  of 
/,  p  and  *>  vjz. 
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By  the  fecond  Comparison  you  have  thefe  three  Equations,  viz. 
From  whence  you  obtain  the  Values  of  /,  p  and  <j,  viz. 

So  that  the  Conftru&ions  of  the  Hyperbolas  are  manifeft :  only  it 
muft  be  obferved  that  if  $eg  exceed  Jf,  you  muft  ufc  the  Conftruc- 
tion,  arifing  from  the  firft  Comparifon,  reprefented  at  Fig,  2.  p.  25  : 
but  if  f*  exceed  ^eg,  you  muft  make  the  Conftrudtion  that  arifes 
from  the  fecond  Companion,  and  is  reprefented  at  Fig.  3.  p.  25  : 
the  Reafon  of  which  is  manifeft,  from  the  Confideiation  of  the  ra- 
dical Exprefiions. 

313.  And  if  the  Signs  of  one  or  two  of  the  Quantities  e,f9  g  be  ne- 
gative, you'll  always  find  one  or  more  Forms  of  Ordinates  in  the  pre- 
ceding Articles,  with  which  the  Ordinate  of  the  Conic  Se&ion  in  the 
Table  may  be  compared ;  and  one  or  more  Conftru&ions  made  ac- 
cordingly :  by  means  of  which  the  Area  of  any  fuch  Curve  may  be 
found.     And  fo  in  other  Cafes. 

3 14.  50.  It  muft  likewife  be  obferved  that  when  the  Signs  of  the 
numeral  Indexes  tj  and  6  are  negative  in  the  Equation  exprefling  the 
Nature  of  the  Curve,  they  muft  be  changed  in  the  Values  of  the 
Areas.    Thus  in  the  Curves  belonging  to  Species  third  Order  fourth : 

which  are  thus  expreffed       .  t  -  =-yi  if  *  be  made  negative, 

fo  that  it  ftands  thus         i     _ —  =zy9  by  which  both  the  Sign  of 

9  and  6  =  2«  are  changed,  you  muft  change  the  Sign  off,  both  in  the 
Equation  exprefling  the  Relation  of  the  Abfcifles,  and  in  the  Value  of 

the  Area :  by  which  means  you'll  have  zt  =  * ,  and  /  =  —  —  x 
3*-J-2xo; :  that  is,  if  the  Value  of  the  Area  was  formerly  -  x  3*— 2xv9 

it  will  now,  by  the  Change  of  the  Sign  of  f ,  become—  x  zxv— 3  s : 

and  fo  of  others.  You  may  likewife  obferve  that,  when  this  Change 
is  made  upon  the  Sign  of  17,  the  Species  of  the  Curve  may  belong 
to  a  new  Order.     Thus  in  the   prefent  Cafe,    when  you   have 

2  1  / —  =>>  or  <fe*'-'  x  e  -f  fz-A  -  *  —y,  it  is  the  fame 

Ff2  thing 
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thing  with  dz*~x  X/?1" +«*■!-* =y,  which  falk  in  with  Species 
third  of  Order  eight,  by  fuppofing  the  Term  *  in  the  Tabic  to.be  no- 
thing, and  fubftituting  e  here  inftead  of  g  there.     By  obferving  which, 

you'll  have  *<  =  *:  ^*+Y*»==vf  and  t  =  (^i~*£A™=)  ~x 
2x^  —  3 J  as  formerly.  Thus  likewife  the  Curve  defin  d  by  the  Equa- 
tion-VT^y^311^  which  belongs  to  Species  firft  Order  third,  by 
changing  the  Sign  of  j,  9137  be  turocd  into  this  Shape  "g^^pi* 

t=^ :  whiph  belongs  to  a  new  Order  of  Carres,  as  our  Author  ob- 
*  of  the  ferve6  at  Art.  64  *. 

Quadra-        j  x  ^  .$<>,  When  the  defiping  Equation  of  any  Curve  is  compounded 
SmL    °f  feveral  Equations  of  different  Orders ;  or  of  different  Speciers  of  the 
lame  Order,  it's  Area  muft  be  compounded  of  th?  corre(pqnding  Areas  r 
taking  ear?  however  that  they  may  be  rightly  eonneftcd  with  their  proper 
Signs :  for  we  muft  net  always  add  or  fubtra&  Qrdinatcs  to  or  frpn* 
Ordinates ;  and  at  the  feme  time  add  or  fubtraft  eorrefjpQnding  Area9 
to  or  from  correfponding  Areas  :  but  fometimes  the  Sum  of  the  Or- 
dinate*, and  the  Diflfercnce  of  the  Areas  are  to  be  taken  to  conftitut^ 
a  new  Ordinate  and  correfponding  Area.     Which  muft  be  done,  when 
the  constituent  Areas  are  pofited  on  the  opposite  Sides  of  the  Ordinate. 
For  underftandtag  of  which,  fee  Scd.  5.  on  the  Pofitioo  and  Limits 
of  Areas :  which  Matter  muft  be  determined  from  the  Nature  and 
Circum fiances  of  the  Curve.     And  that  the  cautious  Geometriciaa 
•  m^y  not  f^ti  ifttQ  any  Jncoraeniency  upon  this  Account,  car  Author 
tells  us,  he  has  prefixt  their  proper  Signs  to  the  Values  of  the  Areas,, 
though  fapigthftefi  nggptyvt*  *s  m  the  fifth  and  feveeth  Qixfan.     And  as 
to  the  Value  of  /,  if  it  cpmes  oijt  affirmative,  it  denotes  the  Area  of  the- 
Curve  propofedx  adjoining  to  its  Abfcifs :  apd  contrary  wife,   if  it  bp 
«egati¥c>  it  reprefents  the  Area  on  the  other  Side  of  the  Ordinate 
And  as  (o  the  Mcaaifig  of  4- '  ***&  -**  sy  it  has  been  explain -d  for- 
♦Art  279.  xnerly  * ;  and  will  further  appear  by  the  (ubfequcAt  Examples, 
ef  thh Ex-      j  i$9  ypm  fa  to  the  initial  Limits  of  the  Areas,  in  every  Cafe ;  they 
fciicadon.  awj  w  ^  determined,  as  direfted  in  Stft  5.  q£  the  Pefttton  and  Limits 
of  Areas.    From  whence  aMb  you  gather  that  if  any  Part  of  the  Area. 
is  pofited  below  the  Abfcife,  /will  denote  the  Difference  betwixt  that 
and  the  Part  above  the  Abfcifs. 

517.  §°.  When  a»y  Curve  is  propofed  to  find  it's  Area,  you  muft 
endeavour  to  bring  the  Va^ije  tf  it's  Ordinate,  ipta  fosb  a  Form,  as- 
that  you  may  be  able  to  compare  it  with  fbme.  Species  of  Curves  be- 
longing 
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Joflgfog  to  forue  of  the  Orders  or  Forms  lofttained  in  the  Tables.  If 
«his  crane*  fee  done^  you  muft  transform  the  Elation,  defining  the 
Nature  of  the  Curve,  into  other  Equations  of  Curves,  bearing  any 
jtffumed  Relations  to  it,  after  the  Manner  ftiewn  in  Art.  225,  226  *,  *  Of  th» 
till  you  find  a  Curve,  whofe  Area  may  be  known  by  the  Tables.  And  ^xPlica- 
when^U  Endeavours  are  ufed,  and  yet  no  fuch  Curve  can  be  found  : 
our  Author  tells  us,  k  may  be  certainly  concluded,  that  the  Curve 
ptopofed  caonot  be  compared  either  with  fe£tHtne*r  Figures ;  or  with 
the  Coatc  Se&ion* .  It  may  he  ob&ived  Bkewife,  that,  when  the  Di* 
menfkms  of  the  Teri»3,  in  the  Values  of  * ,  v  aftd  /  (hall  ftfeend  to* 
high  or  descend  too  low,  in  comparing  *ny  propoftd  Curve  wkh  the 
Forms  of  Curves  in  the  Table,  you  may  reduce  them  to  a  juft  Degree* 
by  dividing  or  multiplying  fo  often  by  any  given  QgjPttity,  iwbkh  wo&j 
be  fuppofed  to  perform  the  Office  of  Unity,  as  {hall  be  neceflary  to 
faring  thefe  Terms  tp  the  juft  Number  of  Dimenfioni  r  as  wMI  appca* 
in  the  fubfequent  Examples. 

318.  90.  With  refpedt  to  the  Continuation  of  the  feveral  Forms, 
botn  forwards  and  backwards,  let  the  following  things  be  obferved* 
i°.  The  Series's  belonging  to  Forms  firft,  fecond,  fifth,  fixth,  math  and 
tenth  may  be  carried  forwards  ftcoofding  to  the  Order  of  Pragneffiofi 
in  the  Table  by  Divifion ;  as  was  faid  in  the  firft  general  Remark  *.  *Art.28^ 
20.  Th«fc  teionging  to  Formg  thirds  fourth,  feventh  and  eighth  art  jJ^ST" 
continued  forwards  by  the  two  Theorems  m  Art.  203  and  206  * ;  and  •  o/chis 
the  Series's  of  Form  eleventh  by  the  Theorem  Step  fifth,  Art.  2 19  *♦  Expiica- 
But  with  J$*pe#  to  the  Continuation  of  the  Series*  in  the  ievem)  »°of  &«• 
Forms,  the  epo.trary  way,  by  going  backwards  from  the  firft  Specie*  &$%*•- 
in  each  Order,  .this  cannot  be  done  in  every  one  of  them,  hy  rropo-  tl0n* 
fitions  feventh  and  rigbtb.     Wherefore,  30.  It  may  be  done  in  Forms 
feeond*  fi*tb,  fcvenm  and  eleventh^  viz.  in  For«i  feooad,  by  Aft.  *  Gf  thi 
203  * :  in  the  ftKth  asd  feventh,  by  Art.  208  f  :  and  i«  Form  Ale-  Expiica-1 
venth,  by  Art.  219  %.     In  the  other  Forms  we  cannot  paft  from  the  *°£ 
firft  Species's  in  the  Table  to  the  Species's  immediately  before  them,  ExpUcL  * 
by  going  backward*,  by  means  of  Propositions  feventh  and  eighth,  as  tion. 
will  appear  by  confuting  what  we  have  faid  in  Art.  209 ■*.     Not-  |  °^  this 
wkhftanding,  thefe  other  Forma  may  be  continued  backwards,  in  the  don!**' 
following  Manner^    40.  The  Series's  in  Form  firft,  fifth  and  eighth  *  °{  &» 

-./••I  Expiica- 

thus*  let/  denote  any  pofitive  Integer,  fofhat— =jt  may  de-tion* 

note  any  Species  in  die  backward  Frogreflion  of  Form  firft  r  divide  the 

Kumfcnrtor  andJOenwHibator  by  z\  and  it  ftandtf  thu«  -^ =zvr 

whkhi 
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which  belongs  to  fome  Species  in  the  other  Progreffion,  by  only  changing 
*Art.3i4.  f]  into  —  ?.     See  Remark  fifth  *.    The  fame  way  you  proceed  in 

of  this  Ex-  -/i-i  »  -^,—2*—  i 

plication.  Form  fifth  and  eighth  :  by  converting  — -,  into— ~ — : 

in  Form  fifth $  and  —=====,  into  1  in  Form  8th. 

The  fame  might  be  done  likewife  in  Forms  fecond  and  fixth.  50.  A* 
to  Forms  third  and  fourth,  the  Curves  belonging  to  the  backward  Pro- 
gression are  quadrable,  and  conftitute  the  Curves  of  Forms  third  and 

•  of  this  fourth  in  Table  1.  See  Schol.  2.  Art.  209  *.  Wherefore,  all  that 
Expiica-  remains  is  to  (hew  after  what  manner  the  Series  of  Forms  ninth  and 
uon'       tenth  arc  to  be  carried  backwards.     6°.  Now  in  order  to  find  the 

Area  of  the  Curve  whofc  Ordinate  is-  £I^L£±^f  let  A  and  B  dc- 

rW  

hote  the  Areas  of  two  Curves  whofe  Ordinates  are  - — v  £mtr%  ,  and 
v  r-t/^  ==  %rmjtj€  ^  fzn .  thc  firft  0f  wj|ich  belongs  to  Species 

firft  of  this  ninth  Form ;  and  the  other  to  Species  firft  Form  third, 
therefore  A  and  B  are  given.  Now  if  you  take  the  indefinite  Quan- 
tities p  and  q>  and  multiply  thefe  Ordinates  and  Areas  by  them,  and 

*  Of  this  proceed  as  in  Art.  219  *,  you'll  have,  by  putting  R  =  e-\-fz*  and 

2SST    S=g-\~bz\  pz'xz^RsS-1,  and  qXg  +  bz'xz-^S-1,  Ordi- 
nates  to  the  Curves  whofe  Areas  are^A,  and  qB ;  and  by  taking  the 

Sum  of  the  Ordinates  and  Areas,  it  is  qg-\-qb-\-p'xz*xz~tR*S~t9 
and  />A  -f-  yB,  for  cprrefponding  Ordinate  and  Area :  whence,  by 
putting  qb  4-  p  =  o  or  p  =  —  qb  ;  and  reducing,  you'll  obtain 

*=i*  the  Area  belonging  to  the  Ordinate  £^SEt  or  'B  ~  SA 

belonging  to  the  Ordinate  — — V'***^  :  which  was  that  fought. 
After  the  feme  manner,  from  the  Areas  of  the  Curves  whofe  Ordinates 
jare       *  and     *  belonging    to    Species's  firft  Forms 

and  fourth,  you  may  find  the  Area  belonging  to  the  OrdU 

nafe 
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nate :  which  is  that  immediately  preceding  Species  firft 

of  Form  tenth :  and  fo  thefe  Curves  being  found  which  immediately 
precede  the  firft  Species's  in  Forms  ninth  and  tenth,  the  reft  of  the 
backward  Progrefiion  in  inf.  may  be  found  by  Prop.  8,  according  to 
the  Theor.  Step  fifth  Art.  219*.     And  thus  I  have  (hewn  particularly,  *  Of  this 
how  the  Series's  of  Curves  belonging  to  each  Form,  may  be  continued  ^P1**- 
both  forwards  and  backwards  in  inf.  uon" 

And  now  I  proceed  to  (hew  the  Ufc  of  the  preceding  Tables  of 
Quadratures  in  fome  Examples. 

319.  Example  1.  Let  QER 
be  a  Conchoidal  of  fuch  a  kind, 
that  the  Semicircle  QHA  being 
defcribed,  and  AC  being  ere&ed 
perpendicular  to  the  Diameter 
AQ/.  if  the  Parallelogram  QACI 
be  completed,  the  Diagonal  AI 
be  drawn,  meeting  the  Semicircle  in  H;  and  the  Perpendicular  HE 
be  let  fall  to  IC,  then  the  Point  E  will  defcribe  a  Curve,  whofe  Area 
ACEQ  'is  fought. 

Therefore  making  AQ=*,  AC  =  #,  CE=y :  becaufe  of  the 
continual  Proportionals  AI,  AQ,  AH,  EC  •   it  will  be  EC  or  y  =  *  Eicm, 

«*  Prop.  4. 

«*+**•  B.  6. 

Now  that  this  may  acquire  the  Form  of  the  Equations  in  the  Ta- 
bles, make  *  =  2,  and  for  z%  in  the  Denominator  write  z\  and  a^2^~ ' 

for  a>  or  a*zJ— J  in  the  Numerator,  and  there  will  arife  y=z 


**z*% 


an  Equation  of  the  firft  Species  of  the  fecond  Order  of  Table  fecond, 
which  ftands  thus  ^ — — =jf.-  fo  that  the  Terms  being  compared  it 

will  be  d—  a\  e  —  a%,  and/s=  1  s  and  further  ^~l—%  ==  x  * 

>Ja *  —  a %x*  =  v  and  xv  —  2  j  =  /.  ' 

Now  that  the  Values  found  of  x  and  v  may  be  reduced  to  a  mft 
Number  of  Dimenfions,  chufe  any  given  Quantity  as  a\  by  which, 
as  Unity,  a>  may  be  multiplied  once,  in  the  Value  of  xy  and  in  the 
Value  of  v,  <P  may  be  divided  once,  and  a*x%  twice.  And  by  this 
means  you'll  obtain  s/-^^  =*,  V* *  —  x2  =  v  and  xv  —  21.=/;. 

Where 


2.2* 
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Where  it  is  evident,  that,  fmce  we  have  */ax  — x1  —  v  for  the  Ordi- 
nate of  the  Conic  Section,  with  which  the  propofed  Curve  is  com- 
pared, that  Conic  Sedtion  becomes  a  Circle  of  which  a  —  AQ^is-the 

Iladius :  for  Vtf*— -xz  =  v  is  the  Equatiorrto  fuch  a  Circle.  Which 
Vikcwife  appears  by.  comparing  this  Value  of  v,  with  that  contained 

*  Of  this  in-  Art.  303  *,  viz.  y/^pt  —.-£**  =  <u:  which  gives  7=  r  and  -J 
J-jf**"   =  a :  that  is  the  tranfverfe  Axe  and  it's  Parameter  art  equal,  and 

either  of  them  equal' to  2a.    Further,  fineeit  is  A?=rv//^-~?  = 

s/-  f^    ■  =  -S*  =  AH,  the  Conftra&k>n  wHI  be  mafiMeft  : 

which  is  this. 

From  the  Center  A  with  the  Radius  AQ  defcribe  the  QjMedram 
QDP,  take  irtthe-  Radios  AP,  A'B=x=AH,  draw  BD  parpeodi- 
cular  to  AB,  fo  is  BD  =  v,  ABDQ=t s>  and  ABD  =a  ixv:  and  there- 
fore xv-^zs = 2ABD— 2 ABDQ==**2 AQg,  or xi> •+  aptsz aABD 
•Art.279.  -\r  2BDP*=:2DAP:  the  lift  of  thefe  Values  is-  a&rmative,.  and 
of  this  Ex-  thefefeire denotes  the  Are*  ACEQr^djaam  to  the  AWcifc  AC,  and 
p  icauon.  jyjng  on  tjje  ncarer  Side  of  the  Ordinate  j  the  negative  V-aW*.—  £AQ£> 
belongs  to  the  AreaJtECR  upon- the  further  Sixle,  of  th«. Ordinate;  ad- 
jacent to- the  AWcifs.  produced  infinitely. 

320.  Ex.  2.  Let  AGE  be  a 
Curve,  which  is  defcribed  by  the 
angular  Point'  E-  of  Ac  Norma 
ASF,  whik'orus  ofthe»Leg6  ABj 
being  indefinite  towards  A,  panes 
continually  through  that  given 
Point;  aad~  the  other  EF  of  a 
given  Length,  Aides  upon  the 
right-  Line  AF  Ei'ven-in*  Pofitiorii 
Let  fall  EH-  perpendicular  to  AF,  and  complete  toe  Parallelogram 
AHE€ ;  and  calling  AC  =  ar,  GE^J' and  EF=±: a:  becaufcHF; 

*  Prop  8.  HE,  HA  are  continual  Proportionals*;  and  HF=s  VEF*  —  EH*=r 

B  6.  Eleir.       .  %* 

t/d^—z*,  you'll  have  HA  or  v  =:  ■    ■  '    ,. 

Now  that  the  Area  AGEC  may  bfe  knoirtv  by  comparing*  thfr 

Equation  to  the  Curve  with  the  Equation  to  fome  Species  of  Curves  in 

iii , ,  i 

tbJtTaWe,  fbppofe  z*-=zz*  or  *==*,  then  you'll  have  -^==tz=^ 


Va*—  «» 


Where 
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Where,  becaufe  z  in  the  Numerator  is  of  a  framed  Dimenfion,  and 
no  Equation  in  the  Table  can  be  found,  with  which  it  may  be  im- 
mediately compared,  I  divide  the  Numerator  and  Denominator  by 
*i«  or  V«"  :    by  which  means,  it  will  be  turned  into  this  Shape 


„n-t 


or 


7)  ~  U1        .  IA/ =  =y  '  which  I  find  to  be  an  Equation 

of  the  fecond  Species  of  Order  fourth  Table  fecond,  which  ftand  thus 
:y.     By  comparing  of  which  Values,  you  have  </=  1, 


'  =  —  *»  and/=*»:  and  becaufe  if  is  negative,  and  equal  to  2,  it 

is  **  =  (.JL.  =)*>•,  V* -*■  =  „,  and  ,_**  —  /.  '      .^^ 

Now  fince  it  is  *=/+=*,  which  is  an  Equation  to  a  Circle  J^SE" 
having  a  =  EF  for  irt  Radius,  hence  it  appears  that  the  Curve  pr- 
oofed is  compared  with  a  Circle  whofe  Radius  is  equal  to  EF  •  and 
fince  moreover  it  is  *  =  *  =  AC,  the  Conftruclion  will  be'thu* 
Upon  the  given  Point  A  as  a  Center  with  the  Radius  AQ  =  EF  de- 
fcnbe  the  Quadrant  QDP,  cutting  CE  in  the  Point  D :  complete  the 
Parallelogram  ACDI,  then  is  AC  =zz  =  x,  CD  =  <y   ACDP=J 

ACD I = IDP  and  th<}  ArCa  f°Ught  AGEC  =  ('  ~  w  =^  ACDP  -' 

321.  Ex.  3.  Let  AGE  be 
the  ChToid,  belonging  to  the 
Circle  ADQ,  defcribed  with 
the  Diameter  AQ.  Let  DCE 
be  drawn  perpendicular  to  the 
Diameter,  and  meeting  the 
Curves  in  D  and  E.  And 
calling  AC=r«,  CE  =y  and 
AQ=  a :  becaufe  of  CD,  CA, 
CE  continual  Proportionals, 
from  the  Nature  of  the  Ciflbid, 

it  will  beCEor^  = 


/I 


vax —  zx 

that  is  by  dividing  by  z,  y  = 

it  will  be  an  Equation  of  the  third  Species  of  Order  fourth 

t  «      •       «  A  «  •  J 


:*-■ 


Table  fecond,  which  Hands  thus 


<2«+ V.  +  a' 


=/.  So  that  by  com- 
paring 
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paring  the  Terms  it  will  be  </=  i,  e  =  —  I  ./=  * .  z  —  f^  =)  x, 

-J  ax  —■  x%  =  v :  and  35  —  2xv  =  /.  Now  fince  it  is  v  =  */ax—x\ 
it  is  evident  as  formerly,  that  the  Ciffoid  is  compared  with  the  Circle 
whofe  Diameter  is  a  =  AQ,  that  is  ADQ.  Therefore  fince  2  =  AC 
=  x,  you'll  have  DC=i>,  ACDH  =  s,  and  (drawing  AD)  AACD. 
=  i'xv  :  confequently  3 AQDH  —  4ACD  =  3 j  -^  zxv=zt  =  Area 
of  the  Ciffoid  ACEG  A,  or  by  adding  ACD  to  both  j  3  Segments  ADH  A 
=  Area  ADEGA,:  or  4  Segments  ADH  A  =  Area  AHDEGA. 

322.  Ex.  4,  Let  PE,  be 
the  firft  Conchoid  of  the  An- 
cient^ defcribed  from  the* 
Center  G,  with  the  Affym- 
ptoteAL,  andDiftanceLE.. 
Draw  it's  Axis  GAPj  and 
let  fell  the  Ordinate  EC. 
Then  calling  AC  =  zt  CE 
==y,  GAmJand  AP=^ 
becaufe  it  is  AC :  CE— AL : : 
GC :  CE,  you'll  thence  ob- 


tain  CE  or  v=  -^-vVa— z* : 

viz.  thus:  with  the  Radius 

AP  defcribe  the  quadrantal  Arch  PDR  cutting  CE  in  the  Point  D, 

join  AD :  then  becaufe  of  parallel  Lines  CA  :  EL  =  PA  =  AD  :: 

•  Prop.  7.  AG  :  GL }  therefore  the  two  Triangles  ACD,  GAL  are  fimilar  *,  and 

•ptop^:  therefore  AL  =  DE  *  and  CE  —  AL  =  CD  =  *lcc  —  z* :  by  fub- 
B.  1.  ibid,  ftttuting  which  Value  for  CE  —  AL,  and  the  Symbols  for  the  other 
Quantities,  in  the  preceding  Proportion,  viz.  AC :  CE —  AL  : :  GC : 
CE,  it  is  z  :  vV*  —  2*  : :  b  -\-z  :  y  $  whence  y  =  -JV«-  —  zz  de- 
fines the  Nature  of  the  Curve  :  which  being  a  compounded  Ordinate,, 
it's  two  Parts  muft  be  confidered  feparately ;  which  two  Parts  are 
— *Jcc  —  zz,  and  */cc  —  zz:  the  Lift  of  which  is  the. Ordinate  of  a 

Circle  having  c  =  AP  for  it's  Radius,  and  z  =  AC  for  it's  Abfcifsj 
which  therefore  is  the  Line  CD.  Therefore,  when  the  Area  PCE 
is  required,  the  Area  PCD  belonging  to  the  Circle  PDR,  makes  one 
Part  of  it,  and  is  therefore  known.     And  the  other  Part  DPED,  de- 

fcribed  by  the  Ordinate  DE  =  -£v*r  — s\  is  to  be  found.    Where, 

if  you  fuppofe  2  ==>?,  it  becomes  j>/cc  —  s*  =  DE>  which  belongs 

to 
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t6  Species  firft,  Order  third  of  Table  fecond,    which  ftands  thus 
-Vc  -\-fz>  =.y :  fo  that,  by  comparing  the  Parts,  you'll  have  d  =  bt 

.<  —  c\  /==  —  1,  7= v/^  =  *,  V—  i-\-czxz  —  v.     In  order  to 
complete  the  Dimensions,  by  fbme  given  Quantity  considered  as  Unity  ; 
which  let  be  c>  there  will  arife  —  _=  x  and  */—  ca-f*  x*  =  v:  by  com- 
paring which  with  Art.  300  *,  you'll  find  it  to  belong  to  an  Hyper-  •  of  this 
bola,  having  it's  tranfverfe  Axe  2c  =  aAP  and  it's  Latus  Redtum  the  Expika- 

______  tion. 

feme  :  and  the  tabular  Area>  viz.  -^  x  ^  —  s,  becomes  —  zbc%  x 
~~  s "+"  £k  —  2^*s  ""IT5  or»  by  completing  the  Dimenfions  ^~ 


_7        T x*  2Jf 


By  oonfidering  of  Which  things,  the  Conftraction  is  thus.  With  the 
Center  A  and  Vertex  Principalis  P,  defcribe  the  rectangular  Hyperbola  PK : 
take  AM=***,  a  third  Proportional  to  AC  and  AP,  for  x=  — :  draw  the  *Art.3oo. 


•fthisEx- 


Ordinate  MK.  which  is  equal  to  v:  join  KC  which  wili  touch  the  Hyper*  plication 
bobin  the,  Pbiat  Kfrom  the  Property  of  the  Tangent.  Then  PMKP_=j, 

and  ACMK=£  (for  which  fee  Art.276  *.)  Whence -CKPC=j-  -,  and  •  of  this 

zGA  r<vt>r>        **       ~»  .  **'  Explica- 

.-^p  X  —  CKPC  =_  7  x  s  —  -  =_  Area  PDEP :  which  comes  out tion' 
negative}  becaufe  that  Area  lyes  upon  the  further  Side  of  the  Ordi- 
nate *.    Therefore  it  is  AP  :  2 AG  ::  CKPC  :  DPED  the  Area«Art3.6 
required.  .  of^Ex. 

323.  Ex.  5.  Let  the  Norma  GFE  fo  revolve  about  the  Pole  G   as  PUcationi 
that  it's  angular  Point  F  may  continually  Aide  upon  the  right  Line 
AF,  given  in  Pofition:  then  conceive  the  Curve  PE  to  be  defcribed 
by  any  Point  E,  in  the  Leg  EF,  while  the  other  Leg  FG  always  paffes 
through  the  given  Point  G.     Now  that  the  Area  of  this  Curve  may 
be  found,  let  fall  GA  and  EH  perpendicular  to  the  right  Line  AF 
and  completing  the  Parallelogram  AHEC,  call  AC  =  *,  CE  =  y 
AG=b  and  EF__v  j  and  becaufe  of  the  Proportionals  HF:  EH ::  AG  J 
AF,  i.  e.  Vtf*—2»  :  z : :  b  :  AF,  you'll  have  AF=-  fe  .  .  therefor^ 

S«— sac 

CEorj  =  (AF--.HF=:)-7^^v^ri-.    But  whereat 

Vrc—xsisthe  Ordinate  of  a  Circle,  defcribed  with  the  Semi-diameter  c 

Gg  *  =EF 
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=  EF  =  AP :   about  the  Center  A,  let  fuch  a  Circle  PDQJ* 

defcribed,  which  CE  produc- 
ed meets  In  D;  then  it  will 
be  DE  =  ( DC  +  CE  =  ) 

— = :  by  the Helpof  which 

Vcc — zz 

Equation,  the  Area  PDEP  on 
the  nearer  Side  of  the  Ordi- 
nate, or  DERQjon  the  fur- 
ther Side  of  the  Ordinate,  re- 
mains to  be  determined.  Sup- 
pofe  therefore  9  =  2,  and  it 

will  be    **       T  an  Equation 

of  the  iftSpeciesOrder4thTab* 

fo  that  the  Terms  being  com- 


*-\ 


firft,  which  (lands  thus    *        =  9 

pared,  it  will  be  d=zb,  e  =  cc,  and/=— 1:  fo  that  /  =  (^R  =) 

—  bhfcc  —  zz  the  Value  of  the  Area  fought :  which  being  negative, 
defigns  the  Area  lying  beyond  the  Line  DE. 

In  order  therefore  to  know  it's  initial  Limit  upon  that  further  Side, 

put  —  b*Jcc  —  zz^=z  o  ;  thence  arifes  z=c=lAQj  wherefore,  draw- 
ing the  Ordinate  QR,  you  have  that  for  the  Limit,  and  confequently 

the  Area  DQRED  =zb*/cc  —  zz  =  Redtangle  contained  under  AG 
and  CD :  fo  that  if  you  complete  the  Parallelogram  PAGK,  and 
draw  DLM  perpendicular  to  AP,  you'll  have  the  Area  DQRED  = 
Parallelogram  AM. 

It  you  would  know  the  Quantity  of  the  Area  PDE,  pofited  at  the 
Abfcifs  AC,  and  co-extended  with  it,  without  inquiring  into  the  Limit 
QR,  fubtradt  the  Value  of  /  at  the  Beginning  of  the  Abfcifs,  1.  e.  when 
z=o,  which  therefore  is  — &,  from  it's  Value,  when  z  =  AC% 

viz.  —  b'Jcc  —  zz;  and  the  Difference  be  —  b*/cc  —  zz=AG x 
AP  —  AG  x  AL  or  the  Rectangle  PKML,  is  the  Value  of  the  Area 
PDE  fought. 

324.  Ex.  6.  Let  AE  and  AF  be  two  given  right  Lines  at  right 
Angles  to  each  other :  and  let  the  right  Line  CD  =  AE,  Aide  along 
AF  with  it's  Extremity  D,  and  at  the  fame  time,  turn  about  D  as 
a  Pole  or  Center,  in  fuch  manner  that,  if  from  it's  Extremity  C  yon 

draw 


/ 
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draw  CB  perpendicular  to  AF,  it  fhall  always  be  AB  :  BD  ::  AF : 
AE,  the  Point  C  touches  a  Curve, 
whbfe  Nature  and  Area  are  re- 
quired. 

Call  AB=*,  BC=j,  AE 
=  *,  AF=:£:  then  becaufe  AF 
=  6  :  AE  =  a  ::  AB  =z  :  BD, 

hence  we  have  BD  =  j :  and  be-      F  B  D 

caufc  of  the  right-angled  Triangle  BCD,    BC  =  VCD*  —  BD*, 

that  is  v  =  x/a*  —  ?:  By  comparing  this  with  Art.  306  *,  where  *  or  this 

•  Explica- 

you  have  v  =  v/' i?*— "7**»  it  appears  to  belong  to  an  Ellipfe :  and 
by  comparing  the  homologous  Terms,  you  have  ±pt  z=zaa  and-^= 

jx\  whence  arifes  t=  2^  =  2AF,  and  ^  =  ^=^p,  that  is  the 

tranfverfe  Axis  is  2AF  and  it's  Parameter  a  third  Proportional  to  2AF 
and  2AE  }  fo  that  it's  conjugate  Axis  is  2AE,  and  A  the  Center. 

325.  Ex.  7.  Let  AB  be  a  given  right  Line,  CAD  a  rectangular 
Norma,  revolving  upon  the  Point  A  as  a  Pole,  of  which  one  Leg  AC 


=  AB 
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=  AB ;  the  other  AD  indefinite:  and  while  the  Norma  revolves,  let 
the  indefinite  right  Line  CE  drawn  through  C  and  cutting  AB  at 
right  Angles  in  G,  always  interfe£t  AD  in  the  Point  F^  the  Point  F 
defcribes  a  Curve,  whofe  Area  is  fought.     Call  AG  =  s,  GFnry, 

AB=*  =  AC:  then  CG  =  ( VAC*  — " AG?  =)  Jaa  —  z*:  and 

becaufe  CG  =  si  a %  —  z*9  AG  =  z,  and  GF  z=y  are  proportional, 

hence  it  is  y=      *  — ,  the  Equation  to  the  Curve  whofe  Area  is 
%/«*  —  ** 

*  of  this  fought.     By  comparing  which  with  Ex.  2,  Art.  320  *,  it  appears  to 
Explka-    be  the  fame  Curve :  and  therefore  it's  Area  is  found,  as  is  there  (hewn, 
tion'        by  comparing  it  with  Species  fecomd,  Form  fourth,  Table  fecond.  But 
that  you  may  fee  how  one  and  the  fame  Curve  may  belong  to  diffe- 
rent Orders  and  Species's  in  the  Table,  you  may  compare  it  with  Spe- 

cies  third,  Form  eight,  Table  fecond,  viz.     ■  -=fl  by  put- 

ting  n  —  1  —d  andy=  o  :   and  moreover  e=zaa%  jgf  =  —  i,  z 

=  *,  si  a %  —  x%  =  v>  and  s  —  xv  =  t>  as  formerly.    Now  fiace  it 

is  x  =  z,  and  v=  vV —  x%  = V**  — %\  hence  it  appears  that  the 
Conic  Sedtion  with  which  the  Curve  is  compared  is  a  Circle,  whereof 
the  Radius  is  a  =  AB,  and  the  Abfcifs  x9  beginning  at  the  Onter, 
equal  to  z  =  AG.  Wherefore,  if  with  the  Center  A  and-Radius  AB, 
the  Quadrant  BCH  be  defcribed,  and  CI  drawn  parallel  to  AB,  then  GC 
=r  v,  the  Re&angle  GI  =  xv,  and  the  Area  AGCH  —  s :  confequent- 
ly  AGCH  —  GI  =  CHI  =  s  —  xv=t=  curvilinear  Area  AGF 
required.  And  if  B*  be  drawn  perpendicular  to  AB,  it  is  evident  it 
will  be  Aflymptote  to  the  Curve ;  and  that  the  remaining  Part  of  the 
curvilinear  Area,  lying  below  GF,  are  infinitely  extended  along  the 
Aflymptote,  viz.  BGF*  =  Area  ABO :  and  therefore  the  whole  cur- 
vilinear Area  ABa  =  the  Quadrant  ABCH. 

326.  Schol.  1.  If  you  draw  the  Tangent  CK,  meeting  AH  pro- 
duced in  the  Point  K,  it  appears  that  the  two  Triangles  AGF,  OK 
are  equal  and  fimilar :  and  therefore  the  Ordinate  GF  =  IK  the  Sub- 
tangent  of  the  Arch  CH  j  and  AF=CK  it's  Tangent :  fo  that  AB«FA 
is  a  Figure  of  Subtangents  in  the  Circle,  prdinately  applied  to  the  right 
Sines  of  the  Arches  as  their  AbfcifTes :  any  Part  of  which  Figure  of 
Subtangents,  as  AGF  is  equal  to  the  correfpondent  circular  Area  CHI, 
and  the  whole  equal  to  the  Quadrant.  And  upiverfally,  fince  in  any 
Curve  whatfoever,  if  you  call  z  the  Abfcifs,  y  the  Ordinate,  and  s  the 
ofrfS'Ex-  Subtangcnt,  you  have  y  :  z  \\y  :  **,  or  ys=zzy,  the  firft  of  which 

plication.  IS 
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is  the  Fluxion  of  the  Figure  of  Subtangents  applied  to  the  Ordinates 
or  right  Sines  as  their  Abfcifles ;  and  the  other,  the  Fluxion  of  the 
curvilinear  Area*:  x  hence  the  Fluents  are  equal,  fince  they  both*  Art3- 
begin  to  be  generated  at  the  fame  time  *,  /.  e.  the  Figure  of  Subtan-  of  this  Ex- 
gents  applied  to  the  Ordinates  of  any  Curve  for  their  Abfcifles,  is  equal  ^cation. 
to  the  Area  of  the  Curve.  ofthisi*- 

327.  Schol.  2.  Moreover,  it  appears,  that  the  Line  CGF,  in  the  plication, 
preceding  Figure,  is  equal  to  the  Secant  of  the  Arch  CH  :  and  there- 
fore AHBaFA  is  equal  to  a  Figure  of  Secants  ordinately  applied  to  the 

right  Sines  as  their  Abfcifles :  which  Figure  of  Secants,  therefore,  ad- 
jacent to  the  whole  Radius,  is  equal  to  the  Semicircle.  It's  Defcrip- 
tion  may  be  thus :  produce  HA  to  L,  fo  that  AL  =  AH,  and  take 
every  where  upon  GF  produced,  FM  =  CG,  then  the  Curve  LM, 
which  M  touches,  belongs  to  a  Figure  of  Secants,  fuch  as  has  been 
mentioned,  having  AG  =  IC  for  the  Abfcifs,  and  GM  =  AK  for 
it's  Ordinate.  And  fo  the  Area  AGML  =  ( AGCHA  +  CHI  =) 
twice  Se&or  ACH :  and  the  whole  Area  AB&ML  infinitely  extended 
along  the  Aflymptote  Ba,  is  equal  to  twice  the  Quadrant  AHB :  and 
when  the  Arch  HC  =  450,  the  Ordinate  GM  bifefts  the  curvilinear 
Area,  making  each  half  equal  to  the  Quadrant    Accordingly  GM  =  v 

(GF+GC  =  — =  +*/a*~  *»=)  — =  or 

which  belongs  to  Species  1.  Order  4.  Table  2,  viz. 

as  appears  by  putting  d=a\  e  =  ~  1,  f—  a%,  9  =  —  2  :  fo  that 
h  is  xx=>  (j-j  =)  z\  or  x  =*  =AG,  v=  (s/a* — x*=.slaa —  z% 

=s)  CGr  and  ^.xixv~s=  2  xs  —  ~xv  =  2ACH  =  AGML  re-' 
quired.    The  fame  may  be  found  by  comparing  the  given  Ordinate 

*       with  Species  1.  Order  8.  as  in  Art.  12  c  *.  ♦  Of  th* 

vV—  «*  Explka- 

328.  Schol.  3.  But  if  the  Secants  be  ordinately  applied  to  the  verfed  tk)a- 
Sines  of  their  Arches,  that  is,  if  the  rectangular  Ordinate  IO  be  always 
equal  to  the  Secant  AK,  then  AI,  AH,  AO  are  proportional :  there- 
fore if  you  complete  the  Square  AN,  it  is  evident  that  the  Curve 


1  When  I  fay  here  that  js  and  ij  are  the  Fluxions  of  the  Figure  of  Subtangents  and  Area  of 
the  Curve,  I  hope  the  Reader  won't  mifkke  me,  or  ailed ge  that  I  have  departed  from  the  true 
Notion  of  Fluxions  laid  down  in  the  Beginning  of  this  Work  :  as  if  I  meant  that  thefe  Ex- 
preffions  were  in  ftricl  Propriety  Fluxions  or  Velocities  Of  flowing :  it  is  enough  that  they  are 
Reprefentations  or  the  Exponents  of  the  Fluxions  and  proportional  to  them,  which  is  all  that  the 
Reafoning  requires.  This  I  thought  proper  to  obferve  in  this  Place  once  for  ali :  that  fo  the 
Reader  may  not  miftake  me  in  any  Place,  where  he  meets  with  the  like  way  of  fpeaking. 

NOP, 
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NOP,  dcfcribed  by  the  Point  O,  is  the  rectangular  Hyperbola  having 
A  for  it's  Center  and  N  for  it's  Vertex  Principalis.  Which  is  the  or- 
thographical Projection  of  the  Figure  of  Secants  applied  ordinately  to 
the  Arches  as  their  Abfciffes,  thefe  Secants,  made  Ordinates,  being 
fuppofed  to  be  perpendicular  to  the  Plane  of  the  Circle,  which  is  itfelf 
perpendicular  to  the  Plane  of  Projection.  Thus  likewife  in  the  Ellipfe 
and  Hyperbola,  if  you  put  a  for  the  half  Axis  and  z  for  the  Abfcifs 

commencing  at  the  Center,  you'll  have  ^  for  the  Secant :  which  fhews 

that  in  thefe  Curves  likewife  the  Secants  applied  as  Ordinates  to  the 
Axis,  will  touch  with  their  Extremities  rectangular  Hyperbolas,  whofe 
Affymptotes  are  the  tranfverfe  and  conjugate  Axes  of  the  Conic  Sec- 
tions, and  the  Axes  of  thofe  are  to  the  Axes  of  thefe  in  the  fubduplicate 
Ratio  of  2  to  1 :  which  rectangular  Hyperbolas  are  likewife  the  or- 
thographic Projections  of  the  Figures  of  Secants  applied  as  Ordinates  to 
the  Arches  for  their  Abfciffes  in  the  Conic  Sections,  in  the  fame  Senfe 
as  in  the  Cafe  of  the  Circle  already  mentioned.  And  the  Hyperbola, 
which  is  formed  by  the  Secants,  in  the  Cafe  of  the  Ellipfe,  ordinately 
applied  to  the  verfed  Sines  or  Sagittas  as  their  Abfciffes,  is  the  fame 
with  the  Hyperbola  which  is  formed  bv  the  Secants  in  the  Circle  fimi- 
larly  applied,  when  the  Diameter  of  tne  Circle  is  the  fame  with  the 
'  Axis  of"  the  Ellipfe :  becaufe  when  a  Circle  is  circumfcribed  about  an 
Ellipfe,  or  infcribed  in  it,  the  Secants  of  the  Arches,  whofe  verfed 
Sines  are  equal,  are  themfelves  equal:  as  is  evident  from  the  common 
Property  of  the  Tangent  in  both. 

329.  Schol.  4.  Let  the  Hyperbola  NOP  remain  as  before,  viz.  a 
Figure  of  Secants  ordinately  applied  to  the  verfed  Sines  of  their  Arches 
as  the  Abfciffes :  and  fuppofe  now  that  the  Quadrant  ABH  is  the  fourth 
Part  of  the  primitive  Circle,  upon  whofe  Plan  the  Sphere  \%ftereogra- 

^  pbically  projected,  that  primitive  Circle 
being  the  Equator :  in  which  A  is  the 
Reprefentation  of  the  Pole,  and  AH 
that  of  the  Half  of  a  meridian  Circle. 
According  to  the  known  Law  of  this 
Sort  of  Projection,  the  right  Line  AI 
is  the  Tangent  of  one  half  of  the  me- 
ridional Arch  of  which  it  is  the  Repre- 
fentation. For  in  the  Figure  adjoined, 
let  the  Eye  be  fuppofed  to  be  at  Q,  one 
of  the  Poles  $  R  being  the  other,  QR 
the  Axis,  AH  the  Line  of  Meafures, 
lying  in  the  Plane  of  the  Equator :  and 

let 
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let  AH  in  this  Figure,  be  equal  to  AH  in  the  preceding  :  then  the 
Quadrant  HR  being  defcribed  is  a  fourth  Part  of  a  meridian  Circle : 
draw  QIS,  cutting  AH  in  I,  and  HR  in  S,  then  it  is  evident  that  AI 
is  the  Tangent  of  the  Half  of  RS.     Now  fuppofe  the  Line  QIS  to 
revolve  upon  Qjis  a  Pole,  while  IO  in  the  preceding  Figure  moves 
parallel  to  itfclf,  fo  that  AI  and  HI  in  both  Figures  be  always  of  the 
fame  Length :  and  let  QIS  move  into  the  new  Place  QJs,  the  two 
Triangles  Q&,  QI/,  in  their  nafcent  State,  arefimilar:  whence  Ss: 
I*  ::  QS  :  Q^or  QI ;  but,  if  you  draw  ST  perpendicular  to  AH  at 
the  Point  T,  from  the  fimilar  Triangles  AIQ,  1ST,  it  is  Q£ :  QI  :: 
AT  :  AI,  therefore  Si  :  1/  ::  AT  :  AI ;  but  Si  :  K  ::  Fluxion  of  HS  : 
Fluxion  of  HI  *,  that  is,  calling  HS=#  and  HI=x,  z  :  x  : :  (AT  :  »Art  2g 
AI ::)  Cof.  HS  :  T.  y  comp.  HSL     Again,    in  the  preceding  Figure,  ofthisEx- 
F.  IN  :  F.  IOHN  (: :  HN  :  IO : :  AI :  AH)  : :  T.  i  comp,  z  :  R  j  but  P^^ 

F.IN  :  F.IOHN  ::  *™  =  *  :  ^,   therefore  i  :  *^::  T.  * 

comp.  z  :  R.     But  it  was  juft  now  demonftrated  that  z  :  x  : :  Cof.  z  : 

T.  t  comp.  z  ;  therefore  by  Equality  z  :    '  ::  Cof.  z  :  R  : :  R  : 

Sec:  z.  But  fuppofing  p  to  exprefs  the  Length  of  the  meridional 
Arch  HS  or  z%  as  protradted  in  the  nautical  Chart,  according  to  Mer- 
ca/or's  Proje&ion,  from  the  known  Property  of  that  Proje&ion,  it  is 

•  F  IONH 

z  :p  ::R  :  Sec.  z ;  wherefore,  by  taking  equal  Ratios,  it  is  z  :  ~^ — 

: :  z  :  p  j  whence     HN    ■  =/>,  and  therefore  -j^-  =  p  *  the  pro-»  Art>40. 

traded  meridional  Arch  HS.     Wherefore  the  hyperbolical  Area  IONH  $£££ 
-  is  equal  to  the  protradted  meridional  Arch  multiplied  into  the  Ra- 
dius.    Now  from  the  known  Property  of  the  Hyperbola,  the  Area 
IONH  is  the  Logarithm  or  Meafure  of  the  Ratio  of  AH  to  AI,  that 

is,  calling  the  Rad.  AH,  1,  the  Logarithm  of  —  =— —^ :  and 

0  °  1 — x         r.  i  comp.  « 

whereas  the  hyperbolical  Logarithm  of  any  Ratio,  is  to  the  tabulat 
Logarithm  of  that  Ratio,   taken  from  Briggs's  or  the  common  Tables 

as  2.302 58  c,  fcfc.  to   1  :   therefore  the  Logarithm  of  - . 

t         r  .  T-  i  comp.  Jat. 

taken  from  the  common  Tables,  being  multiplied  by  2.302585,  &c. 
will  give  the  hyperbolical  Area  IONH,  or  the  Length  of  the  pro- 
traced  meridional  Arch,  the  Radius  being  Unity:  fo  that  the  Rule  is 
this;  fubtradt  logaritbmical Tangent  ofv  comp.  lat.  from  logarithmical 
Rad.  and  multiply  the  Difference  by  2.302585,  &c.  Moreover,  if 
you  put  A  and  a  for  a  greater  and  leffer  Arch  of  the  Meridian,  reck- 
oning from  the  Equator,  and  /  for  an  hyperbolical  Logarithm  :  then 

Hh  it 
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it  appears  from  whit  has  been  faid,  that  the  protradied  Length  of  tber 

meridional  Arch  A  —  a  is  / .  ^  L-    mn  A  —  / .  ,r  ,  ^-         =  /.  T.  f 

comp.  a —  /.T.  v  comp.  A,  that  is,  fubtraft  the  Log.  of  the  TaiK 
gent  of  the  half  Complement  of  the  greater  Arch  from  the  Log.  of 
the  Tangent  of  the  half  Complement  of  the  leaft  Arch,  and  the  Dif- 
ference is  the  protra&ed  Length  of  the  Arch  A  — •  a :  meaning  by  Lck 
garithm  the  hyperbolical  Logarithm,  Wherefore  when  you  take  the 
lpgarithmical  or  artificial  Tangents  from  the  common  trigonometrical 
Tables,  the  Difference  mentioned  above  muft  be  multiplied  by  2.30258$; 
&c.  to  have  the  protracted  meridional  Arch  lying  betvrixt  the  two- 
Latitudes  A  and  * ,  the  Rad.  of  the  Globe  being  1.  But  if  you  would 
have  this  meridional  Arch  exprefled  in  the  common  way  by  Miles  or 
Minutes,  fo  that  each  Minute  of  Latitude  be  called  1,  thea  the  Ex- 
preffion  already  found  muft  be  multiplied  by  3437,74677,  &c.  be- 
caufe  fo  many  times  is  one  Minute  of  a  great  Circle  contained  in  the 
Radius.  Or,  by  one  Operation,  multiply  the  Difference  of  the  arti- 
ficial Tangents  t>f  the  half  Complements  of  the  Latitudes  taken  from 
the  common  Tables,  by  7915,70446789,  &c.  =  2.30258509,  fita. 
X  3437174677078,  &c.  e.  g.  Let  it  be  required  tb  find  the  Length. 
of  the  meridional  Arch  in  Mercator's  Chart,  lying  betwixt  the  Tropic 
in  Lat.  23*  30',  and  the  polar  Circle  in  66°  30' :  which  being  Com- 
plements to  each  other,  therefore  the  Halvfes  of  their  Complements 
are  330  15',  and  ii°  45',  whofe  artificial  Tangents  are  9.8166580, 
and  9.3180640,  whofe  Difference  is  0.498594,  which  multiplied  by 
7915,704,  &v.  gives  3946,722,  &v.  Miles  or  Minutes  of  a  great  Cir^ 
tie,  contained  in  that  meridional  Arch  protrafted. 

330.  Schol.  4.  Becaufe  this  Affair  is  under  Conflderatioi^  and  the: 
Figures  fbltcd  to  the  Purpofe,  I  fhall  fhew  another  Method  of  invef- 
tigatmg  and  demonftrating  this  Property  of  the  meridian  Line  in  Mer~ 
fator's  Proje&ion.  In  the  laft  Figure  draw  IC  perpendicular  to  AH>, 
meeting  the  Circu inference  of  the  Circle  in  C  :  at  C  and  S  draw  the 
Tangents  CK,  SV,  meeting  AH  produced  in  K  and  V.  Then,  ufing- 
the  Symbols  *,  z  and  p  as  formerly,  and  fuppofing  the  fame  things  as 
before,  from  the  Property  of  the  Tangent,  you  have  AV  :  AH  :  AT 
~r  and  AK  :  AH  :  AI  +f-,  whence  AV  :  AK  : :  (AI :  AT  : :  Qli 
QS_::  I/:Sj  ::)*:  ^  that  is  AVx*  =  AKx*  :  but  the  firftis  the 
Fluxion  of  the  Figure  of  Secants  applied  to  their  Arches  as  Abfcifles; 
the  other  is  the  Fluxion  of  a  Figure  of  Secants  applied  to  the  verfed 
Sines  as  their  Abfcifles  5  the  correfponding  or  fynchronal  Abfcifles  be- 
offh7s*Exi  ^8  **s  aQC*  **J l  therefore  the  Areas  of  thefe  Figures  are  equal  *,  that 

plication.  1& 
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it  the  hyperbolical  Acea  HION  (in  the  preceding  Figure)  is  equal  to 
ihe  Area  of  the  Figure  of  Secants  ordinately  applied  to  the  Arches, 
paving  HS  for  the  Abfcifs,  in  this  laft  Figure.  But  the  Area  lad  men- 
tioned is  to  a  Re&angle  having  it's  Safe  equal  to  HS  or  xy  and  Altitude, 
.the  Radius,  as  the  protracted  Length  of  the  Arch  HS,  to  it's  natural 
Length  (for  the  Fluxions  of  thefe  Figures  are  as  the  Secant  of  HS  tp 
jRadius)  therefore  HION  :  *xR  ::p  :  z\  that  is  HIONxz=*X 

R  X/,  or  ^p  =p :  So  that  when  R  =1,  HION  —p  the  protracted 

meridional  Arch  HS:  and  therefore  the  reft  follows  as  before. 

And  here  it  may  he  obferved  that  a  Method  is  fuggefted  of  finding 
a  geometrical  Curve  having  it's  Are^  equal  to  that  of  a  mechanical 
Curve :  fince  it  has  been  deraonftrated  that  the  hyperbolical  Area 
HION  is  equal  to  die  Area  of  the  Curve  which  has  an  Arch  of  a  Cir- 
cle, viz.  HS  for  it's  Abfcife,  and  the  Secant  AV  for  it's  .Qrdinate  : 
of  which  mofe  immediately. 

PROB  L  E  M. 
33:1.  Vbjmd  the  Areas  ^mech^uiical  Curves. 

A  Curve,  whofe  Nature  or  Property  may  be  exprefled  by  an  alge- 
braical Equation  of  any  finite  Order  or  Degree,  which  defines  the  Re- 
lation of  the  Abfcifs  and  Ordinate  to  each  other,  is  commonly  called 
-an  algebraical 'or  geometrical Curve  :  fo  that,  according  to  the  Num- 
ber of  Dimenfions  of  the  Equation  by  which  fuch  Relation  is  defined, 
(Curves  are  difti&guiihed  into  different  Orders :  when  the  Equation  is 
of  two  Dimenfions,  the  Curve  is  of  the  firft  Order,  the  Circle  and 
Conic  Sedtions  are  the  only  Curves  of  this  Order :  when  the  Equation 
16  of  three  Dimenfions,  the  Curves  are  of  the  fecond  Order,  fuch  are 
the  cubical  Parabola,  theCiflbid  of  Diodes-,  and  others,  an  Enume- 
ration of  which  pur  Jearned  Author  hath  made  in  a  ieparate  Treatife 
by  itfelf,  in  which  he  reduces  them  all  to  feventy-two  Kinds.  And 
after  the  like  manner,  Curves  of  the  third,  fourth  and  higher  Orders 
are  fuch,  the  Relation  of  whofe  Ordirrates  to  their  Abfcifles,  is  defined 
*by  Equations  of  four,  five  or  more  Dimenfions  refpeftively.  It  amounts 
to  the  fame  to  fay  that  Curves  of  the  firft,  fecond,  third,  £fa  Orders 
are  fuch  as  may  be  cut  by  a  right  Line  in  two,  three,  four,  &c.  Points 
refpe&ively.  And  a  Curve  of  the  firft  Order  is  efteemed  a  Line  of 
the  fecond  Order ;  a  Curve  of  the  fecond  Order,  a  Line  of  the  third, 
ffc.  the  right  Line  being  the  firft  Order  of  Lines ;  which  can  be  in- 
terfered by  another,  only  in  one  Point.     Accordingly  a  Curve  ,which 
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may  be  interfered  by  a  right  Line  in  an  infinite  Number  of  Points, 
is  faid  to  be  of  an  innnitefimal  Order :  thefe  Curves,  or  fuch,  the  Re- 
lation of  whofe  Abfcifs  to  the  Ordinate  cannot  be  exprefled  by  an  alge- 
braical Equation  of  any  finite  Order  or  Dimenfions,  are  termed  mecha- 
nical or  tr an  peridental,  fuch  as  the  common  Cycloid,  Quadratrix>  Spi- 
ral and  infinite  others J. 

Thefe  mechanical  Curves  (at  leaft  the  Order  of  them)  are  fuppofed 
to  have  the  Abfcifs  or  Ordinate  equal  to  fome  known  Curve,  as  a  Cir- 
cle or  Conic  Sedtion  ;  or  even  one  of  fome  higher  Order ;  or  eife  to 
bear  fome  known  Relation  to  fuch  Curve- line  j  or  curvilinear  Area  ap- 
plied to  Unity.  Now  although  the  Relation  of  the  Abfcifs  and  Or- 
dinate in  thefe  mechanical  or  tranfcendental  Curves,  cannot  be  exprefled 
by  any  algebraical  Equation  of  finite  Dimenfions :  yet  the  Relation  of 
the  Fluxions  of  the  Abfcifs  and  Ordinate,  may  be  exprefled  by  an  al- 
gebraical Equation ;  by  means  of  which  we  may  find  a  geometrical 
Curve  which  has  the  fame  Fluxion :  and  thence  the  Area  of  the  me- 
chanical Curve  may  be  found,  by  the  Quadrature  of  Curves :  of  which 
take  the  following  Examples. 

332.  Ex.  1.  Let  the  common  Cycloid  or  Trochoid  ABCD  be  pro- 
poled,  generated  by  the  Rolling  of  the  Circle  AHGE  upon  the  Bafe 

1  Des  Cartes  calls  thofe  Curves,  in  which  the  Relation  of  the  Abfcifs  and  Ordinate  is  ex- 
prefled by  an  Equation  of  two  Dimenfions,  Curves  of  the  firft  Order  or  Kind,  viz.  the  Circle, 
Ellipfe,  Parabola  and  Hyperbola :  but  under  Curves  of  the  fecond  Order,  he  reckons  both, 
fuch,  the  Relation  of  whofe  Abfcifs  and  Ordinate  is  exprefled  by  an  Equation  of  three  Di- 
menfions ;  and  likewife  thofe,  in  which  it  is  exprefled  by  an  Equation  of  four  Dimenfions. 
And  under  Curves  of  the  third  Kind  or  Order,  he  reckons  all  thofe  in  which  the  Relation  of 
the  Abfcifs  and  Ordinate  is  denned  either  by  an  Equation  of  four  or  of  five  Dimenfions,  and 
fo  on.  See  his  Geometry,  Book  2.  But  the  Divifion  above,  which  is  Sir  Ifaac  Newton's  t  is 
the  moil  funple  and  natural.  See  his  Enumeratio  Linearum  tertii  Ordinis  at  the  Beginning. 
And  whereas  there  have  been  fome  Differences  among  learned  Men,  with  refpeft  to  what 
Curves  ought  to  be  called  geometrical ;  and  as  to  their  Preference  in  geometrical  Conftruc- 
tions  of  Problems.  See  our  Author's  Opinion  of  this  Matter  in  the  Appendix  to  his  Arith. 
Uni*v.  de  ConJtrucJione  Line  art.  Where  he  mews  that  the  Rule  by  which  to  determine  the 
'Preference  of  one  Curve  to  another  in  Geometry,  is  the  Eafinefs  of  the  Defcription  ;  and  not- 
the  greater  Simplicity  of  the  Equation  by  which  it  is  defined  :  which  laft  is  a  Confidcration 
entirely  algebraical,  otherwife  the  Parabola  ought  to  be  preferred  to  the  Circle  in  geometri- 
cal Conflrudions :  which  no  one  will  affirm. 

The  general  Divifion  of  Curves  by  our  Author  is  into  geometrically  rational,  and  geometri- 
cally irrational.  "  Cuvuas  geometric}  rationales  appsllo,  quarum  punda  omnia  per  longitudines 
"  dequatiombus  definitas,  i.  e.  per  longitudinum  rationes  complicatas,  determinari  poffunt  ;  c*ete~ 
"  r of  que  (ut  Spirales,  Quadratrices^  Trochoides)  geometry  cc  irrationales .  Nam  longitudines  qute 
"  funt  *vel  non  fitnt  ut  Numerus  ad  Numerum  (quemadmoduen  in  decimo  Element orum)  funt  arithr 
"  metice  rationales  vel  ir  rationales."  Phil.  Nat.  Prin.  Lib.  1.  Cor.  ad  Lem.  28.  By  which 
it  appears  that  thefe  Curves  which  he  calls  geometrically  rational,  are  the  fame  with  fuch  as 
we  (after  others)  have  called  geometrical  or  algebraical:  and  the  geometrically  irrational,  the 
fame,  we  have  termed  mechanical  or  tranfcendental :  which  include  thofe  called  exponential  by 
Mr.  Leibnitz,  *viz.  fuch  whofe  Equations  involve  fome  Power  of  the  Abfcifs  or  Ordinate,. 

that  has  a  variable  Quantity  for  it's  Exponent  as  x*,  xx  &c 

ED,, 
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ED,  of  which  the  Diameter  AE  is  the  Axis  of  the  Cycloid :  from  any 
Point  of  which  as  B,  having  drawn 
the  reftangular  Ordinate  BGC,  meet- 
ing the  Circumference  of  the  Circle 
in  G,  and  the  Curve  in  C :  complete 
the  Parallelograms  ABCF,  AEDIj 
draw  the  Chord  AG ;  and  fuppofe 
CT  a  Tangent  to  the  Curve  at  C. 
The  Area  ABC  is  required. 

Call  AB  =  z,  BC  =yy  BG  =  v, 
AE  —  d:  then  from  the  Nature  of 
the  Curve  (as  (hall  likewife  be  (hewn 
afterwards)  CT  is  parallel  to  AG,  fo 
that  the  two  Triangles  BCT  and  BGA  are  fimilar,  whence  z  :  y  : : 
(TB  :  BC  *  : :)  z  :  v,   that  is  y  =  ™  =  (by  inferting  V&  — *»  in-  *  Art4». 

.  .  Of  this  Ex- 

(lead  of  y>  from  the  Property  of  the  Circle)  *^—**  .    whence  you  Ptotion- 

have  the  Relation  of  the  Fluxions  of  the  Abfcifs  and  Ordinate.  There- 
fore, while  AB  flows  with  the  Fluxion  z,   BC  or  AF  flows  with 

the  Fluxion  V    ~**:  confequently,  if  you  multiply  this  laft  Fluxion 

into  CF=z,  you'll  have  z*Jdz  —  zzy  for  the  Fluxion  of  the  exter- 
nal Area  AFC,  which,  with  ABC,  completes  the  Parallelogram  ABCF. 
Wherefore  (by  Prop.  9.)  the  Area  AFC  fe  equal  to  the  Area  of  a  geo- 
metrical Curve  having  z  for  it's  Abfcifs,  and  *Jdz  —  zz  for  it's  Ordi- 
nate :  which  is  the  circular  Area  ABG  defcribed  by  the  Ordinate  BG 

==  *Jdz  —  zz  and  Abfcifs  AB  =  z :  fo  that  the  complemental  Area. 
AFC  is  equal  to  the  circular  Area  AHGB  j  and  the  whole  Area  AIDCA 
equal  to  the  Semicircle  AGEA :  therefore  the  Area  ABC  =  ABCF  — 
AHGB;  and  the  Semicycloid  AED  =  AEDI  —  AHGE,  /.  e.  (be- 
caufe  the  Bafe  ED  is  equal  to  the  Semicircumference  AHGE,  and 
therefore  the  circumfcribed  Reftangle  AD=AE  x  ED=AE  x  AHGE 
=  4AHGEA)  the  Semicycloid  AED  =3  Semicircles  AHGEA;  and 
fo  the  whole  Cycloid  is  equal  to  three  times  the  generating  Circle,  and 
ACDEGHA  equal  to  that  Circle. 

333.  Ex.  2.  After  the  fame  manner,  if  ACDE  was  a  Figure  of 
Arches  of  any  geometrical  Curve,  as  the  Circle*  Ellipfc  or  any  other 
known  Curve  :  fo  that  the  Ordinate  BC  applied  to  the  verfed  Sine  AB„ 
were  equal  to  the  Arch  AHG :  you  may  find  the  complemental  Area 
AFC,  and  thence  the  Area  AHGB  as  formerly.    For,  fince  BC= 

AHG, 
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*  Art.40.  AHG,  their  Fluxions  are  equal  *  :  therefore,  from  the  known  .Pro- 

JhS5S!"  Perty  of  the  Curve  ABG>  y°u  mfty  find  tlle  Rdation  of  the  Fluxions 
of  AB  and  AHG  or  BC,  that  is  AF ;  and  then  you  proceed  as  in  the 
laft  Article. 

Thus  if  AGE  be  a  Circle,  ufing  the  fame  Symbols  as  before,  tht 

*  Art.42.  Fluxion  of  BG  or  AHG,  viz.  y  =  Vz2 +  *}**,  that  is,  (by  fubfti- 

of  this  Ex-  #       "^* aJx+a& 

plication,  tuting  for  v%  it's  Value,  viz.  z%  x  — 5 ; — ,  deduced  from  the  Equa- 


tion to  the  Circle,  v  =  */dz  —  z*,   and  reducing)  y  =  -   ^~ 


multiply  this  into  FC  =  ;&,   and  you  have  yz 


\d**L 


fore  a  geometrical  Curve,  whofc  Abfcife  is  zt=zAB,  and  OixJinatc 

*  Prop  o  — ==»  is  equal  to  the  complemental  Area  AFC* :  which  may  be 

reduced  to  Species  fecond,  Order  eight,  Table  fecond,  expreffed  thus 

,  2«— l 

T -~ =y,  by  putting  iy  =  1,  d^\d,   e^o,f^d,  g~ 


—  I,   *  =  (s*  =2)  3  =  AB,'    V*  +  j&  +  £**  =C=  V  =:  \/<fe  -~  JZX  =£ 

BG,  and  /  =  ai  —  xti  =  2  ABGH A  —  zA ABG  5=  2  AGH  A :  which 
therefore  is  equal  to  the  comrpleitiental  Area  AFC;  and  fo  the  whole 
Area  AID  is  equal  to  twice  the  Semicircle.  Whence,  by  fixbtrafting 
twice  the  Segment  AGHA  from  the  given.  Reftaagte  AC,  therjb  re* 
mains  the  Area  ABC  required :  and  fince  ED=rc  AHGE,  and  conse- 
quently the  Redkngle  AD  =  4 AHGEA,  and  AJDCA  =  2AHGEA„ 
therefore  the  Figure  of  Arches  AEDCA  is  juft  equal  to  the  Circle  whole 
Diameter  is  AE :  fo  that  the  Redtangle  AD  is  bifle&ed  by  the  Curve- 
line  ACD,  and  the  Area  AED  by  the  Semicircumference  AHGE. 
The  fame  things  may  be  found  by  comparing  the  'Ordinate,  .sifter 

it  is  reduced  to  this  Form  y  t=.  -tasSsrtesr,  with  Caie  fecond,  -Specif 

fecond,  Order  fourth,  Table  fecond,  by  putting  1?  =  —  1,  &c.  And 
thus  you  might  find  the  Areas  of  Figures  of  Arches  in  the  EUipfe  and 
Hyperbola,  and  compare  them  with  geometrical  Curves :  only  in  thJ6 
Cafe,  it  will  be  proper  to  compute  the  Beginning  of  the  Abfcife  from 
the.Centers  of  the  Conic  Sections,  rather  than  from  the  Extremities  of 
the  Diameters :  as  we  have  done  in  the  Cafe  of  the  Circle. 
*  334.  Ex.  3.  Let  GHI  be  a  Circle,  which  the  right  Line  HK>  touches 
in  the  Point  H,  and  fuppofe  the  right  Line  GK  to  revolve  about  the 
Center  G-as-a  Pole,  and  always  interfeft  theTao^entHK  in  the  Point 
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K,  aftdthcCirctomfoenceoft^Orcleinl:  and  let  FCD  be  a  Curve 
of  fuch  a  Nature 
that  if  s  Abfcifs  A 
B  be  equal  to  the 
Arch  HI,  and  if  s 
rectangular  Ordi- 
nate BC  equal  to 
the   Secant  GK, 
fo  as  to  conftitute 
fuch  a  Figure  of 
Secants    as     was 
mentioned      for- 
merly:  the  Area 
ABCD  is  required. 

Join  GH>  and  let  GlK  move  into  the  oew  Place  Cik ;  draw  KL 
perpendicular  to  Qk  :  call  HI  or  AB=*,  and  GK  or  BC==.y  • 
then  z  is  to  y  in  the  prime  Ratio  of  the  nafcent  Augments  If  and 
L/fc  *,  that  is,  (becaufe  the  Triangles  GI/\  GKL,  and  LK£,  GHK  ♦Art.},i* 
are  in  that  Cafe  fimilar)  z  :y  ::  \i  z  KL  -f  KL  :  U  or  *  :y  ::  GI :  ^JgL. 
GYi^GH  :  HK,  that  is,   if  you  call  the  Radius  r9  z\y  ;:  r%  :  tureof 

rJy%  —  rr,  or  zy<Jy*  —  rr  ^=yrr>  which  defines  the  Relation  of  the 
Fluxions  of  AB  and  BC.  But  whereas  the  Valu*  ofy  ie  mixt,  hav- 
ing  y  in  it's  Compofition,  otherwife  than  happened  in  the  preceding 
Examples,  I  can't  ind  the  complemental  Area  as  in  them ;  but  I  take 

the  Value  of  *,  viz.  z  =    '  J/r     T  and  multiply  it  into  BC  =zy9 

which  produces  ■  JfT  =  zy  the  Fluxion  of  the  curvilinear  Area 
ABCD  :  and  therefore  that  curvilinear  Area  is  equal  to  the  Area  of  a 

TT 

geometrical  Curve  having  y  =e  BC  or  GK  for  it's  Abfcife,  and  i 

**  °  Vyx  —  rr 

for  ifs  Ordinate  *,  that  is,  if  you  draw  GO  perpendicular  to  GK,  *  prop.  g. 
meeting  the  Tangent  KH  produced,,  in  O,  the  Line  HO,  which  is 
the  Cotangent  of  Hi. 

Now  tfaia  Ordinate  ^  «  being  fAade  to  ftynd  thus 


vV— > 


y\/l~i 


belongs  to  Species  i.  Order  4.  Table  2,  exprefled  thus 


-Vi+/kl 


r 
J* 


by  putting  d  =  r\  *  =  lx  f~  -^  r\  z  =  y%  %  —  —  2  •  in  which 

Specie^ 
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HS  in  the  Figure  Art.  329  %,  and  the  Arch  HI  in  this  Figure  are  equal, 
the  Radius's  of  both  Circles  being  fuppofed  equal :  as  might  be  eafily 


Explica 
tion 


Species,  becaufe  ;£=**,  */f+ex*  =  v,  and  -x'ixv^l:  by 
making  a  proper  Subftitution  of  Values  you'll  find  that  the  Conic  Sec- 
tion, with  which  the  Curve  is  compared,  has  it's  Ablcils  x  =y  = 

BC,  or  GK^  and  it's  Ordinate  v  =  V —  r*  -f-  x*  =  </BO AD? = 

HK ;  and  that  the  Area  of  the  Curve  fought  is  2  x  ixv s. 

Which  points  out  this  Conftrudion :  with  the  Center  A  and  half 
tranfverfeAxis  AD,  defcribe  the  rectangular  Hyperbola  DPQ,  through 
C  draw  PCR  parallel  to  AB  meeting  the  Hyperbola  in  P,  and  the 
tranfverfe  Axis  in  R  j  join  AP,  then  the  Curvilinear  Area  ABCD  = 
2  APDA.  For  AR  =  x,  RP  ==  VAR*  —  AD?  =  HK  =  V*»  —  r» 
=  v .  ARP  =  ixv  and  DRP  =  s.  And  this  hyperbolical  Sedtor  APDA 
is  equal  to  one  half  of  the  hyperbolical  Area  IONH  in  the  Figure 
Expiid S  Art*  325  *»  according  to  the  Meaning  of  Art.  329  f,  when  the  Arch 

tj.  J"  UC    in  tka  Vim...     A -4.      -  ^  ~    +         __J    *L_     A 1.     ITI    !_     ^t_  •      T">- 

f  Of  this 

tj££ **"    demonftrated. 

t  Of  th:»      335.  The  Areas  of  Spirals  may  be  determined  in  the  following 
manner.    Let  FC  be  a  Spiral  of  any  Kind  defcribed  from  the  Point 
A  as  a  Pole  j  BC  an  Arch  of  a  Circle  defcribed  from  the  fame  Point 
A  as  a  Center,  moving  uniformly  along  the  indefinite  right  Line  AB 
given  in  Pofition,  as  a  Bafe  or  Abfcifs :  and  let  the  Arch  BC,  while  it 
moves,  always  touch  the  Spiral  with  it's  Extremity  C:  then  it  is  evi- 
dent that  the  fpiral  Space  terminated  at 
BC,  is  defcribed  with  the  fame  Fluxion 
as  a  Curve  having  AB  for  the  Abfcifs, 
and  a  right  Line  equal  to  BC  for  the 
rectangular  Ordinate  ;  and  therefore  the 
fpiral  Area  and  curvilinear  Area  adjacent 
to  the  fame  Part  of  the  Abfcifs,  muft  be 
equal  *.    Thus,    if  at  the  Point  B  of 
the  Bafe  AB,  you  draw  the  right  Line 
BD  perpendicular  to  AB,  and  equal  to 
the  Arch  BC,  fo  that  while  BC  moves 
along  AB,  BD  may  move  together  with 
it,  and  be  always  equal  to  it,  fo  as  to 
defcribe  the  Curve  ^ED,  the  Fluxions  of 
the  fpiral  and  curvilinear  Areas  are  equal : 
therefore  if  from  the  Point  b  you  draw 
the  Perpendicular  A/=  bcy   the  Areas 

bBDJ 


*  Art.4o, 
of  this  Ex- 
plication. 
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hBDd  and  ABCch  are  equal  *     Wherefore  calling  AB  =  z,  BC  or  *  Art.40. 
BD  =  y>  the  Relation  of  z  and  y  are  defined  by  an  Equation  expref-  p^Hon*. 
fing  the  Nature  of  the  Spiral;  and  thence  the  Area  may  be  found,  as 
formerly,  from  the  Quadrature  of  Curves. 

Thus  let  y"  =  ^2?*  be  an  Equation  defining  the  Relation  of  z  and 
y  1  or  AB  and  BC  or  BD -,  which  may  denote  an  infinite  Number  of 

L  JL 
different  Kinds  of  Spirals :  thence  we  have  y=za»z*>  for  the  Value 

of  the  Ordinate  BD  of  the  Curve  dED :  therefore  the  Area  is  — rr~ 

a  *z  *       denoting  the  curvilinear  Area  ABD  or  fpiral  Space  ABCA,  *ByF°rm 

beginning  at  the  Pole  A,  when  the  Exponent  ~"^~  is  pofitive ;  and 

adjacent  to  the  Abfcifs  AB  and  bounded  by  BD  and  DA,  or  BC  and 

CrA*  :  but  if  *^~  be  negative,  the  Area  lyes  upon  the  other  Side  *Art.i6*. 

of  BD  or  BC  f :  and  in  every  Cafe,  the  Area  adjacent  to  any  Part  of  $«£" 
the  Abfcifs  Bh,  viz.  BhcCB  is  found,  by  fubtradting  the  Area  belong-  t  Ibi<*. 
ing  to  the  leffer  Abfcifs  from  that  belonging  to  the  greater  *.  •Art.187. 

Ex.  1.  Let  the  Equation  be  y=ar-xzx>  where  we  have  /»=  j,  of  this  Ex- 

^=—  1  and  tf =2 :  therefore  the  Area  is  77=  (by  fubftituting^  for  — ) 

fsy  =  ABCA  =  ABD  A.  In  which  Cafe  it  appears  that  the  Curve 
AED  is  the  common  Parabola  having  it's  principal  Vertex  in  A,  where 
AB  touches  it,  and  BD  a  Diameter ;  and  a  the  Latus  Re&um  to  the 
Axis :  for  it  is  a  x  BD = AB*.  And  the  Spiral  is  that  of  Archimedes. 
For  fuppofe  ACFM  to  be  his  firft  Spiral,  AM  the  Line  of  the  firft 
Rotation ;  draw  ACG  cutting  the  Circle  MEGM,  which  bounds  the 
Spiral,  in  the  Point  G:  call  AM  =  r  =  AG,  MEGM  =  <r,  MEG 
=  vy  and  retain  z  and  y  as  formerly.  Then  from  the  Description 
of  Archimedes'*  Spiral  z  :  r  ::  v  :  r,  but  z  :  r  : :  y  :  v>  therefore,  by 
equating  the  two  Values  of  v>  deduced  from  thefe  two  Proportions, 

you  have  7=7,  or  77==? ;  which  is  the  lame  with  the  affumed 

Equation  7=^,  by  fuppofing  a  =£,  that  is  a  third  Proportional  tcr 
the  Circumference  and  Radius  of  the  Circle  MEGM  bounding  the 
firft  Spiral :  which  therefore  is  the  Latus  Reftum  of  the  Parabola 
AED,  whofe  external  Area  ABD  is  equal  to  the  external  fpiral  Space 
ABCA. 

Moreover,  if  you  fuppofe  the  right  Line  AD  drawn,  the  parabo- 
lical Segment  AED  A  is  equal  to  die  internal  fpiral  Area  ArCA :  for 

Ii  the 
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AB  x  AC        AB  x  BO 


=  AABD:  but 


the  whole  circular  Se&or  ABC  A  = — - —  = 

2  * 

the  external  fpiral  Space  ABCcA  =  ABDEA,  therefore  the  internal 
Space  A*CA  =  AEDA.  From  which,  as  likewife  from  jzy  denot- 
ing the  fpiral  Space  ABQA,  as  was  demonftrated,  it  follows  that 
ABGrA  =  |  Sedor  ABCA,  and  AcCA  =  f  of  the  fame-,  that  the 
whole  internal  fpiral  Area  AcCMA  =  |  Circle  MEGM,  and  the  ex- 
ternal Part  lying  without  that,  and  within  the  Circumference  of  the 
Circle  MEGM  is  y  of  the  fame  Circle.  And  by  a  like  way  of  rea- 
fbning  it  may  be  (hewn,  that  if  the  right  Line  AM  be  fuppofed  to  be 
produced  indefinitely,  and  by  revolving  to  defcribe  Spirals  of  the  fe- 
cond,  third,  fourth,  &c.  Revolutions  the  Proportions  of  the  fcveral 
fpiral  Spaces,  belonging  to  the  feveral  Revolutions,  may  be  {hewn  to- 
be  what  Archimedes  has  demonftrated  in  his  Treatife  de  Lineis  Spira- 
Hbus.  Moreover,  the  fpiral  Space  AfCA  is  to  the  whole  fpiral  Space 
A<rCMA,  as  the  circular  Seftor  ABCA,  to  the  whole  Circle  MEGM, 
that  is  in  a  Ratio  compounded  of  the  Sedfcor  ABCA  to  the  Se&or 
AMEGA,  and  the  Seftor  AMEGA  to  the  whole  Circle  MEGM; 
or  of  AC?  to  AG*  and  MEG  to  MEGM,  or  AC  to  AG,  that  is  the 
Ratio  of  AC"*  to  AM**,  as  Pappus  has  demonftrated  \ 

Ex.  2»  Let  the  Nature  of  the  Spiral  be  exprefled  by  this  Equation 


y :  whence  the  fpiral  Area  AcCB A  =  ~j^  =  \zy 

=  ABDEA:  where  the  Curve  AED  to  whofe  Area  the  fpiral  Space 
is  equal,  is  a  Parabola  of  the  fecond  Kind :  and  the  external  fpiral  Space 
ArCBA  is  f  of  the  circular  Sedor  ABCA ;  and  therefore  the  internal 
ArCA  is  f  thereof:  and  the  whole  A^CMA  is  ~  of  the  whole  Grcle 
MEGM. 

Ex.  3.  Let  AiCbe  a  Spiral 
defcribcd  from  the  Pole  A, 
of  fuch  a  Nature  that  if  the 
right  Line  AB  (called  the  firft 
Radius)  be  drawn,  and  from 
the  Center  A,  with  any  Dif- 
tance  AB,  the  Arch  BC  of 
a  given  Length,  be  defcribed, 
it's  Extremity  C  may  always 
touch  the  Spiral  CcA.  In 
this  Cafe  calling  AB  =#  and  BC  =  y  as  before;  the  general  Equa- 
tion ym=ia?x\  becomes  y  =  az°  or  y  =  a>  and  therefore  the  Area  is 


Pappi  Collett.  Mathem.  Prop.  22.  Lib.  4. 


az  =yz. 
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cz  z=yz.  Wherefore  if  the  right  Line  HA  be  drawn  perpendicular 
to  AB,  fo  that  AH  be  equal  to  BC j  and  through  H,  HI  parallel  to 
AB;  HI  ihall  be  an  Aflymptote  to  the  Spiral :  and  if  through  B,  by 
you  draw  BD,  bd,  perpendicular  to  AB,  meeting  HI  in  B,  b,  the 
fpiral  Space  BCcb  =  Re&angle  BEW&.  Moreover  let  AC  interfeft  be 
in  the  Point  f9  then,  if  from  BCcb  =:Bbxbc,  you  take  away  BC/b 
=  Bjxti±J^  there  remains  Cfc  =  Bbx£,  to  which  add  Afc  = 

Abx  — ,  and  you  have  the  fpiral  Se&or  ACc = — ~^:  therefore  when 

the  Abfcifles  AB,  Ab  are  given,  the  fpiral  Sedtor  AG:  is  found-  This 
Spiral  is  called  the  reciprocal  Spiral,  with  refpeft  to  the  common  Spiral 
of  Archimedes :  bccaufe,  as  in  that  of  Archimedes y  the  Radius  BC  is  pro- 
portional to  the  Angle  BAC,  which  it  makes  with  the  firft  Radius, 
called  the  Beginning  of  the  Circulation  >  fo  in  this  other,  BC  is  reci- 
procally proportional  to  the  Angle  BAC,  as  eafily  appears. 

Ex.  4.  But  if  the  Spiral  CcA  be  of  fuch  a  Nature,  that  the  Arch 
BC  be  reciprocally  proportional  to  AB,  or  BC  :  be  : :  Ab  :  AB  :  then 
the  Equation  to  it  is  y  —  azr-*,  which  plainly  appears  to  be  an  Equa- 
tion to  the  Hyperbola,  reckoning  the  Abfcifs  z  from  the  Center  of  the 
Hyperbola  upon  one  of  the  Asymptotes,  and  the  Ordinate  drawn 
from  the  Hyperbola  upon  the  Aflymptote,  parallel  to  the  other  Af- 
fymptote.  Therefore,  fuppofe  the  Point  b  fuch,  that  be  =  Ab ;  com- 
plete the  Square  AJ ;  and  with  the  Center  A  and  principal  Vertex  d% 
defcribe  an  equilateral  Hyperbola,  to  which  AB,  AH  are  the  Asym- 
ptotes :  draw  the  Ordinates  BD,  bdy  then  it  is  evident,  the  fpiral  Area 
BCcb  is  equal  to  the  hyperbolical  Area  BDdb,  the  right  Line  dDl  in 
the  former  Example,  becoming  an  Hyperbola  in  this.  This  Spiral 
continually  approaches  to  AB  as  an  Aflymptote.  Moreover,  fince  it 
is  AB  :  Ab::  be  :  BC,  the  Se&ors  ABC,  Abe  are  always  equal,  hence 
it  appears  that  the  fpiral  Seftor  ACc  =  BCcb.  Whence  it  follows 
that  BCcb  and  AO  are  as  the  Logarithm  of  the  Ratio  of  AC  to  Ac. 

And  thefe  Examples  {hall  fuffice  to  (hew  after  what  manner  me- 
chanical Curves  may  be  reduced  to  geometrical  Figures,  and  thereby 
their  Areas  determined  :  which  was  what  we  propofed  to  do  in  this  . 
Problem.  I  (hall  next  (hew  after  what  manner  the  Areas  of  Curves 
may  be  determined,  when  they  are  fuppofed  to  be  generated  by  the 
Revolution  of  a  Radius  round  fome  immoveable  Point  as  a  Pole  or 
Center. 

I  i  2  PROBLEM. 
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PROBLEM. 

336.  "To  find  the  Areas  of  Curves  fuppofed  to  be  generated  by  the  Revo- 
lution of  a  Radius  about  afixt  Point. 

Although  in  this  Treatife  of  the  Quadrature  of  Curves,  the  illujlri- 
ws  Author  confiders  curvilinear  Areas  as  generated  by  the  Motion  of  a 
rectangular  Ordinate  along  a  Bafe  or  Abfcifs :  which  is  certainly  the 
moft  natural  and  convenient  Conception  of  the  Produdtion  of  geome- 
trical Figures ;  and  likewife  the  moft  Part  of  mechanical  Ones  -,  m 
order  to  determine  their  Areas  by  his  Method  of  Fluxions :  yet  the 
Method  of  Fluxions,  as  applied  to  the  Quadrature  of  Curves,  is  not 
limited  to  this  manner  of  conceiving  the  Production  of  curvilinear 
Areas;  but  may  be  applied  to  other  manners  of  conceiving  their  Pro- 
duction or  Generation,  by  Motion  varioufly  modified  :  particularly 
when  they  are  produced,  or  fuppofed  to  be  produced,  by  the  Revolu- 
tion of  a  right  Line  about  an  immoveable  Point,  In  which  Cafe,  even 
as  in  the  other,  to  which  our  Author  confines  himfelf,  there  is  fome 
certain  Line  fuppofed  to  flow  with  an  uniform  or  conftant  Fluxion  5 
and  fome  Area  likewife  to  flow  with  a  conftant  Fluxion,  which  arifes 
from  the  Multiplication  of  the  Fluxion  of  the  uniformly  flowing  Line 
into  a  given  Line  :  then,  the  Relation  of  the  Fluxion  of  the  curvili- 
near Area,  defcribed  by  the  Revolution  of  a  Radius,  to  the  Fluxion  of 
the  uniformly  flowing  Area,  is  inveftigated',  and  thence  by  means  of 
the  Equation  to  the  Curve,,  the  Relation  of  the  Fluents  is  found  as  in 
the  other  Method.  But  whereas  this  way  of  conceiving  the  Defcrip- 
tion  of  Areas,  is  of  very  lktle  ufe,  unlefs  in  the  Cafe  of  Spirals,  I 
fliall  juft  (hew  in  an  Example  or  two,  the  Application  of  it  to  thkr 
#  fort  of  Curves. 

Ex.  1.  Let  ACM  be  the  Spiral  of  Archimedes,  (fee  the  Fig.  at  Art* 

LSic?iS  33£*-  P#  240#)  l^e  Lines  A^,  ACG  M  tefore  :  fo  that  the  Radius 
tlSi.1  ACG  revolving  about  the  Center  A  with  an  uniform  or  equable  Mo- 
tion, may  with  the  Point  G  defcribe  the  Circumference  of  the  Circle 
MEGM,  and  with  the  Point  C  the  fpiral  Line  A^CFM.  In  this 
Cafe,  it  is  evident,  that  both  the  Circumference  and  Area  of  the  cir- 
cular Sedtor  AMEGM  flow  with  a  conftant  Fluxion  :  and  moreover 
that  the  Fluxion  of  the  fpiral  Sedtor  A^rCA  is  to  the  Fluxion  of  the 
circular  Seftor  AMEGM  as  AC?  to  AG?  5  for  this  is  the  prime  Ratio  of 
the  nafcent  Augments  of  thefe  Sedtors.  Wherefore,  call  AG  or  AM 
=zzak  MEGM=r,  MEG=^,  AC=y,  the  circular  Seftor=S,  the 

fpiral 
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fpiral  Sector  =  s,  and  you'll  have  S  :  i  ::  a*  :y*,  or  i  =  ~S.  But 
fince  the  Fluxion  of  MEG  or  z  is  z  j  or  of  1  X  *  is  1  X  z,  thence  the 
Fluxion  of  the  circular  Sector  is  -  *  :  fubftitute  this  for  S  in  the  pre-  *£rt.3 

*•  of  the 

ceding  Equation  i=*^,  and  you'll  have  i  =^j,  which  is  the  gene-  2£  oT 
nil  Formula  for  the  Fluxion  of  all  Spirals.  But  from  the  Property  of  Curvcs% 
the  Spiral,  it  is  y  :  a  : :  z  :  cy  or  y  =7  >  by  fabftituting  of  which 


•12 


*K* 


Value  of  y  in  place  of  it,  you  have  i=— :  wherefore  it  is  ^=g^r  *,  *  Art.42. 

ac         of  this  Ex- 

the  Value  of  the  fpiral  Se&or  AfCA:  and  when  #==*,  it  is  7-  =  plication, 

*  °  and  Form 

am*megm__^  of  ^  arcle  MEGM = A^FMA,  as  before.    Since  «• Tab-  '* 
it  is  *=£'»  »f  you  fubftitute  for  z  it's  Value,  viz.  2,  the  fpiral  Sec- 
tor AcCK  will  be  otherwife  expreffed  thus  2L  :  which  includes  the 
fame  things  that  were  demonftrated  above. 

Ex.2.  Let  MFC  (fee  the  fame  Fig.  p. 240.)  be  fiippofed  a  Spiral 
of  fuch  a  fort,  that  if  from  it's  Pole  A  with  the  given  Diftance  AM, 
the  Circle  MGEM  be  defcribed,  and  any  Radius  ACG  be  drawn,  the 
Sum  of  the  Squares  of  AC  and  MG  be  equal  to  a  given  Area,  e.  g. 
to  the  Square  of  AM.  Then  putting  AM  =  a,  MG  =z,  and  AC 
==y,  it  is  f  4-  «*  =  *%  or  >*  =  <**  —  z% :  but  the  Fluxion  of  the 
fpiral  Sector  is  yj?>  as  was  fhewn  in  the  preceding  Example,  in  which 

fluxionary  Expreffion  infert  a*  —  z%  for  ft  and  it  becomes  — — — • 
the  Fluent  of  which,  viz.  7  —  ^  is  the  fpiral  Area  fought,  viz. 
AMFCA  :  which  Expreffion  confifts  of  two  Parts  j  the  firft  —  de- 
notes  the  circular  Seftor  AMGAj  the  other  g,  the  external  fpiral 
Space  MFCGM.     And  when  z=a  or  MG=AM,  the  Point  C 

falls  into  A  *  and  the  whole  internal  fpiral  Space  is  ±a* 4**  =  -<** 

=|AM7.  *  J 

And  thus  you  may  feign  any  Relations  of  z  and  y,  you  pleafe,  by 
which  an  infinite  Variety  of  Spirals  will  arife,  whofe  Areas  may 
be  determined  after  the  like  manner  as  in  thefe  two  Examples  j  or  elfe 
may  be  compared  with  the  Areas  of  Conic  Sections,  or  other  the  mofl 
fimple  geometrical  Curves,  they  can  be  compared  with. 

5ECT. 


2^6 


The  Quadrature  of  Curves  explained. 


SECT.    X. 

Of  the  ReduBion  of  the  Hyperbola  and  Ellipfe  ;  together 
with  all  curvilinear  Areasy  and  Fluents,  which  depend 
upon  thefe  Conic  Se&ionsy  to  the  Meafures  of  Ratios y 
and  Angles ;  or  Logarithms  and  circular  Arches. 

337,  T\ER  Let  the  right  Line  BC  move  along  the  right  Line 
J  3  AB  in  a  given  Angle,  fo  that  while  AB  increafes  or  de- 
creafes  with  an  equable  or  uniform  Velocity,  the  Ordinate  BC  in- 
creafes or  decreafes  with  a  Velocity  always  proportional  to  itfelf :  then 
AB  is  called  the  Logarithm  of  the  Ratio  of  BC  to  AD  ;  AD  being 
the  fame  whh  BC  when  the  Points  B  and  A  coincide  ;  and  the  Curve 
DC  which  the  Point  C  defcribes  is  called  the  logarithmical  or  kgifti- 
cat  Curve :   becaufe,   if  the  Abfcifs  AB  be  divided  into  very  fmall 

and  equal  Parts,  and 
Ordinates  drawn  thro' 
all  the  Points  of  Di- 
vifion,  they  will  con- 
ftitute  a  Series  of  con- 
tinual geometricalPro- 
portionals,  falling  in 
betwixt  BC  and  AD ; 
fo  that  if  the  Ratio  of 
BC  to  AD  be  confi- 
dered  as  compound- 
ed or  made  up  of  the 
equal  Ratios  of  all  the 
adjoining  Ordinates  beginning  with  BC  and  ending  with  AD,  the 
Abfcifs  AB  will  exprefs  the  Number  of  the  equal  compounding  Ra- 
tios, which  make  up  the  Ratio  of  BC  to  AD :  which  is  the  true  and 
original  Notion  of  the  Word  Logarithm.  The  right  Line  AB  is  like- 
wife  called  the  Meafure  of  the  Ratio  of  BC  to  AD.  According  to 
which  Meaning  of  the  Word  Ratio,  the  Meafure  of  the  Duplicate, 
Triplicate,  Quadruplicate,  &c.  of  any  Ratio  is  double,  triple,  qua- 
druple, &c.  and  the  Meafure  of  the  Subduplicate,  Subtriplicate,  Gfc. 
is  t>  f»  &c.  of  the  Meafure  of  the  fimple  Ratio :  the  Meafure  of  the 
Ratio  of  Equality  is  o  5  becaufe  the  Duplicate-triplicate,  &c.  or  Sub- 
duplicate- 
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duplicatc-fubtriplicate,  &c.  of  a  Ratio  of  Equality  is  ftill  the  fame 
with  itfelf,  and  therefore  according  to  the  former  Notion  of  Ratio, 
it's  Meafure  mull  be  o :  accordingly  when  BC  coincides  with  AD, 
the  Abfcifs  AB  vaniflies.  And  when  the  Meafure  of  the  Ratio  of 
greater  to  lefs  is  confidered  as  pofitive ;  upon  the  contrary  the  Meafure 
of  the  Ratio  of  lefs  to  greater,  is  negative :  for  when  BC  by  moving 
towards  AD,  and  getting  upon  the  oppofite  Side  of  it,  comes  into  the 
Pofition  bc%  the  Abfcifs  AB  by  diminifhing  firft  becomes  nothing, 
from  being  pofitive  5  and  afterwards  becomes  negative,  reprefented  by 
Aby  which  is  negative  with  refpedt  to  AB,  and  denotes  the  Meafure 
of  the  Ratio  of  be  to  AD,  or  it's  Logarithm. 

338.  Let  the  Parallelogram  ADFH  be  completed ;  and  with  the 
Affymptotes  AD,  AH,  and  principal  Vertex  F,  defcribe  the  Hyper- 
bola FG:  through  C  draw  CEG  parallel  to  ABy  cutting  AD  in  E, 
and  the  Hyperbola  in  G,  the  hyperbolical  Area  DEGF  is  proportional 
to  the  right  Line  AB.  For,  from  the  known  Property  of  the  Hyper*- 
bola,  EG  is  reciprocally  proportional  to  AE,  that  is  to  the  Velocity 
or  Fluxion  of  AE  =  BC,  fince  BC  was  fuppofed  to  increafe,  or  de- 

.  creafe  with  a  Velocity  proportional  to  itfelf  * :  in  which  Cafe  the  *Att.M7%. 
Fluxion  of  the  hyperbolical  Area  DEGF  is  conftant  and  invariable  (as  of  this  Ex- 
cafily  follows  from  Art.  37  *.)  but  fo  is  the  Fluxion  of  AB  alfo ;  S1  o?°£s. 
therefore  the  Fluents  being  as  the  Time  in  which  they  are  defcribed,  Expika- 
thefe  Fluents,  viz.  the  right  Line  AB  and  hyperbolical  Area  DEGF  tion- 
are  always  proportional.    Whence  it  follows  that  the  Area  DEGF  is 
the  Logarithm,  or  Meafure,  of  the  Ratio  of  AE  to  AD,  or  DF  to 
EGl     And  in  this  Cafe  likewife,  as  in  the  preceding,  the  Meafure  of 
the  Ratio  of  Equality  is  o,  for  DEGF  vaniflies,  when  the  Point  E 
falls  in  with  D  •>  and  the  Logarithm  or  Meafure  of  the  Ratio  of  lefs 
to  greater  is  negative,  for  DegF,  the  Meafure  of  the  Ratio  of  Ae  to 
AD,  is  negative,  viz.  when  the  Point  E  falls  in  e  betwixt  A  and  D. 

339.  If  through  any  two  Points  K  and  M  of  the  Hyperbola,  the 
Ordinates  KI,  ML  be  drawn,  parallel  to  the  Affymptote  AH,  the 
Area  IKML,  will  be  the  Logarithm  or  Meafure  of  the  Ratio  of  AL 
to  AI  or  IK  to  LM  :  for  if  you  take  AE :  AD  ::  AL  :  AI,  and  fup- 
pofe  the  Fluxions  of  AE,  AL,  as  formerly  to  be  proportional  to  thefe 
Lines,  the  Lines  DE,  IL  ;  and  confequently  the  Areas  DFGE,  IKML, 
are  generated  in  equal  Times ;  and  therefore,  fince  the  Fluxions  with 
which  the  Augments  DFGE,  IKML  are  defcribed,  are  likewife  con- 
ftantly  the  fame  *  thefe  Augments  are  equal :  but  DFGE  is  the  Lo-  *Art .^8.. 
garithm  or  Meafure  of  the  Ratio  of  AE  to  AD,  therefore  IKLM  is abovc- 
likewife  the  Meafure  of  that  Ratio,  i.  e.  of  AL  to  AI  or  IK  to  LM. 

340-  Hence; 


7te  Quadrature  c/Curves  explained. 

340.  Hence  follows  the  fundamental  Property  upon  which  loga- 
rithmical  Arithmetic  is  founded,  viz.  that  the  Logarithm  of  any  Ratio 
made  up  or  compounded  of  other  Ratios  is  equal  to  the  Sum  of  the 
Logarithms  of  the  compounding  Ratios :  and  the  Logarithm  of  a 
Ratio,  which  arifes  by  filbdufting  f  one  Ratio  from  another  is  equal  to 
the  Difference  of  their  Logarithms.  For  let  the  Ratio  of  AR  to  AD 
be  compounded  of  the  Ratios  of  AP  to  AN  and  AL  to  AI ;  through 
R,  P,  N  draw  the  Ordinates  RS,  PQ,  NO.  Take  the  Point  E  fuch 
that  it  may  be  AP  :  AN  ::  AR  :  AE  j  then  muft  it  be  AL  :  AI :: 
AE  :  AD,  otherwife  the  Ratio  of  AR  to  AD  would  not  be  compound- 
ed of  the  Ratios  of  AP  to  AN,  and  AL  to  AI.  Wherefore  it  ap- 
pears, by  the  laft  Article,  that  the  Sum  of  the  two  Areas  NOPQ, 
IKML  is  equal  to  the  Area  DFSR :  the  firft  of  which  is  the  Sum  of 
the  Logarithms  of  the  compounding  Ratios,  and  the  laft  is  the  Lo- 
garithm of  the  compounded  Ratio,  and  the  reft  eafily  follows.  Whence 
it  follows  that  the  Sum  of  the  Logarithms  of  two  Numbers  is  equal 
to  the  Logarithm  of  their  Produdt,  and  the  Difference  of  the  Lo- 
garithms of  two  Numbers  is  the  Logarithm  of  their  Quptient,  &c. 
For  what  is  ordinarily  called  the  Logarithm  of  any  Number,  is,  pro- 
perly fpeaking,  the  Logarithm  of  the  Ratio  of  the  Number  to  Unity. 
341.  If  BQ  and  confequently  AD,  be  perpendicular  to  AB,  the  Hy- 
perbola FG  is  redangular :  in  which  Cafe,  if  you  call  AD  =  a,  a 
conftant  Quantity,  DE  =  *,  and  EG  =^,  two  variable  Quantities, 
then,  from  the  Property  of  the  Hyperbola  a  -}-  x  xy  =  a *,  or  y  = 
-J- :  but  the  Fluxion  of  DFGE,  that  is  of  the  Logarithm,  or  Mea- 

furc  of  the  Ratio  of  AE  to  AD,  or  a  +  x  to  a ,  is  xy  =  ^-^  fo 
that  if  AD  =  (a  =)  1,  the  Logarithm  or  Meafure  of  the  Ratio  of 
1  4-  x  to  1  is  jx^=  (by  Divifion)  x  —  xx  -|-  xx%  —  xx*  -J-  *x+ 

—  Sfr.  in  inf.  all  the  Terms  of  which  being  fquared,  you'll  have 
x  _  1**  +  lxi  _  i*+  4,  ±xs  _  fifo  in  inf9  for  the  Value  of  the 
hyperbolical  Area  DFGE ;  and  confequently  of  the  Logarithm,   or 

1  By  fubdu&ing  of  one  Ratio  from  another,  I  mean  the  Reverie  of  that  which  is  called 
compounding  of  Ratios,  agreeable  to  the  Way  in  which  we  confider  the  Do&rine  of  Ratios 
in  this  Place.  Thus,  if  the  Ratio  of  A  to  B  were  compounded  or  made  up  of  the  Ratio  of 
C  to  D,  and  of  E  to  F ;  which  is  when  A:B::CxE:DxFj  fo  contrarily  the  Ratio 
of  E  to  F  fubdu&ed  from  the  Ratio  of  A  to  B,  leaves  the  Ratio  of  C  to  D,  viz.  when 

A     B 

—  :--::  C  :  D.     This  laft  Operation  might  be  called  Refolution  of  Ratios,  being  the  op- 

•pofite  of  Compofition  of  Ratios.  But  it  is  all  one  how  it  be  termed,  if  the  thing  itfelf  be 
underftood, 

Meafure 
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Meafure  of  the  Ratio  of  x  +  x  to  1 :  which  is  commonly  called  it's 
hyperbolical  Logarithm,  to  diftinguifh  it  from  the  common  or  tabu- 
lar Logarithm  of  that  Ratio,  commonly  called  fimply  the  Logarithm 
of  1  -f"  x  x.     By  the  fame  way  of  reafoning,  the  Area  DFge  will  be 
found  to  be  —  x  —  |x*  —  f  x*  —  -  x4  —  &c.  in  inf.  by  fuppofing  De 
r=  —  x  * :  which  therefore  is  the  Logarithm  of  the  Ratio  of  1  —  x  »  Art. 
to  1 :  or,  which  is  the  fame,  x-{-  f**+  jX*  -}-  ±x+  -|~  &c*  *n  *nf-  7°.,.l^f 
is  the  Logarithm  of  the  Ratio  of  AD  to  Aey  or  1  to  1  —  x.     Confer  jfiStiS!" 
quently  if  it  be  De  =  DE,  the  Logarithm  of  the  Ratio  of  AE  to  Ae 

or  1  +  x  t0  1  """  x>  v*z*  EGg?, ls  equal  to  the  Sum  of  x  —  ±x%-\-  j** 

—  i*4  +  &c*  and  *  +  ^**+  T*3  +  ^4+  *  &C'  that  is  2*  +  7*3  +  •Aft.340. 

^5  4.  ±*7,  GV.  in  1*/  =  2  x*  + j*'  +  f**  +  ±X7  +  ^.  ,*  /*/;  JS^ 
which  Series  converges  twice  as  faft  as  the  former  ones :  and  affords 
one  of  the  moft  convenient  and  expeditious  Methods  of  conftru&ing 
and  computing  a  Table  of  Logarithms.  If  the  Difference  betwixt  the 
two  Areas  DFGE  and  DFge  be  fought,  fubtraft  the  leffer  DFGE  = 
x  —  ±x%  -+■  f x3  —  ±x+  -f  &c.  from  the  greater  DFge  =  x  -f-  j-x*  -f 
f*3  4.  J-x+  -f  &c .  and  there  remains  **  +  t*4  +  i*6  +  i*%  +  Gfr. 
=  DF#?  —  DFGE. 

Now  if  you  fuppofe  DG=D£=  0.1,  that  is  AG=i.i  and  Ag= 

0.9  :  by  fubftituting  o.  1  for  x  in  the  Series  2  *  *44*34-t*s4-t*74-  &c. 
you'll  find  the  Area  EGge  =  0.200670695462,  Gfc  * :  which  is  there-  •Art.191. 
fore  the  hyperbolical  Logarithm,  or  Meafure  of  the  Ratio  of  1.1  to  0.9  tfthisEx- 
or  ii  to  9,  in  this  particular  Sxftem.    And  by  fubftituting  0.1  for  x  plication- 
in  the  other  Series  x*  4-  ±x*  4"  t*6  4"  i**  4"  &*•  you'll  obtain 
0.0 1005033 58,  &c.  for  the  Value  of  DFge  —  DFGE :  wherefore  by 
adding  this  Number  to  and  fubtra&ing  it  from  the  former,  the  Half 
of  the  Sum,  viz.  0.1053605156=  DFge-,  and  the  Half  of  the  Dif- 
ference, viz.  0.0953 10 1798,  &c.  =  DFGE ;  the  firft  of  which  is  the 
Logarithm  of  the  Ratio  of  1.1  to  1  j  and  the  other  the  Logarithm  of 
the  Ratio  of  1  to  0.9.     After  the  fame  manner  by  fuppofing  DG  = 
0.2  =  Dg,  you'll  find  the  Logarithm  of  the  Ratio  of  1.2  to  0.8,  or  12 
to  8,  or  3  to  2  to  be  0.405465 108 1,  &c.  of  the  Ratio  1.2  to  1  to 
be  0.2231435513,  &c.  and  of  1  to  0.8  to  be  0.18232 15567,  &c. 
And  thus  by  fuppofing  DE  =  D*  =  o.oi,  0.02,  &c.  0.00 1,  0.002, 
&c.  you  may  inveftigate  the  Logarithms  of  other  Ratios,  in  the  fame 

1  The  Tables  of  Logarithms,  which  are  in  common  ufe,  are  called  BriggSs  Logarithms, 
to  diftinguiih  them  from  that  Form  of  Logarithms  firft  invented  by  Lord  Neper :  which  laft 
are  the  iame  with  thofe  which  I  have  mentioned  under  the  Name  of  hyperbolical  Logarithms. 
The  Difference  betwixt  the  two  Forms  will  appear  in  what  follows. 

K  k  manner : 
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manner :  by  the  Addition  of  which  Logarithms,  their  Subtra&ion, 
Multiplication  and  Divifion,  all  other  Logarithms  belonging  to  this 
Syftem  may  be  found  mod  conveniently  and  expedkioufly  r  particular- 

JX  fince^lX^8=^or  2>  andTX^f=f=:3,  and  ixo-f-g 
=  1  =  5,  and  |Xt  =  -tl  =  10:  hence  you'll  find  by  Addition  of 
the  Logarithms  formerly  found,  agreeably  to  what  was  iaid  in  the 
preceding  Article,  the  Logarithms  of  the  Numbers  2,  3,  5,  10  ;  or 
rather  of  their  Ratios  to  Unity,  to  be  0.693 147 1 805,  Gfc.  1 ,0986 122886,. 
&c.  1.6094379124,  &c.  and  2.30258509299,  &c.  And  fince  the 
Logarithm  ot  10,  or  of  the  decuple  Ratio  in  the  common  or  Brtggs's 
Tables  is  1,  hence  you  fee  what  Proportion  the  Logarithm  or  Meafure 
of  the  decuple  Ratio  in  the  hyperbolical  Logarithms,  bears  to  the  Lo- 
garithm of  that  fame  Ratio  in  the  common  Syftem  of  Logarithms,  viz; 
that  of  2.30258509299,  &c.  to  1  :  and  the  fame  is  the  Proportion 
that  the  hyperbolical  Logarithm  of  any  other  Ratio  bears  to  the  tabu~ 
lar  Logarithm  of  that  fame  Ratio :  whence  the  hyperbolical  Logarithm* 
being  found,  in  the  Manner  juft  now  (hewn,  the  tabular  Logarithms 
may  thence  be  found,  and  contrarily :  more  of  which  by  and  by. 

342.  Schol.  As  there  may  be  an  infinite  Variety  of  different  Hy- 
perbolas, hence  it  appears  that  there  may  be  an  infinite  Variety  of  dif- 
ferent Syftems  or  Scales  of  Logarithms,  or  Meafures  of  Ratios :  and 
what  Proportion  the  Logarithms  or  Meafures  of  the  fame  Ratio,  in 
the  different  Syftems,*  bear  to  each  other,  will  appear  by  what  follows* 

P  R  0#P. 

343.  If  from  any  two  Points  K  and  S  of  an  Hyperbola  FSK  (fee 
the  foregoing  Fig.  p.  246.)  the  Semi-diameters  KA,  SA  be  drawn,  and 
the  two  Ordinates  KI,  SR,  as  before,  the  hyperbolical  Sector  KAS  is 
equal  to  the  Area  KIRS  s  and  confequently,  is  the  Logarithm  or  Mea- 
fure of  the  Ratio  of  AI  to  AR,  or  RS  to  IK,  in  that  particular  Syftem. 

For  the  two  Triangles  ARS,  AIK  are  equal,  fince  the  Angles  at  R 
and  I  are  equal,  and  the  Sides  about  thefe  equal  Angles  reciprocally 
proportional :  wherefore,  if  from  the  Area  ASKIA,  thefe  Triangles  be 
fubtra&ed  feparately,  there  remains  KIRS  ='  KAS.  Wherefore  alfo 
KAS  is  the  Logarithm  or  Meafure  of  the  Ratio  of  AI  to  AR,  or  RS 
•Art.338.  to  IK  * 

of  this  Ex-  D 

plication*  PROF. 

344.  Let  aC  be  an  Hyperbola  defcrib'd  with  the  Centre  A,  femi- 
tranfverfe  Aa,  and  Aflymptotes  AD,  AE :  through  any  Point  of  the 

Hyperbola 
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Hyperbola  C  draw  the  Ordinate  CBF  to  the  tranfverfe  Axis,  cutting 
it  in  B,  the  Curve  in  C  and  F,  and  the  Aflymptotes  in  D  and  E  j 
draw  likewife  CLK  an  Ordinate  to  the  conjugate  AK,  meeting  the 
Aflyrnptote  AD  in  Lj  draw 
alfo  the  Semi-diameter  AC  : 
let  tfMG  bo  a  Tangent  at  a 
meeting  AC,  AD  in  M  and 
G :  and  through  a  and  C 
draw  aHy  CI  parallel  to  the 
Aflyrnptote  AE,  and  meet- 
ing the  other  Aflyrnptote  AD 
in  H  and  I :  then  I  fay  the 
Area  *HIC,  or  Sector  AC*, 
is  the  Meafure  of  the  Ratio 
of  FD  to  aG  or  aG  to  CD ; 
or  KC  4-  KL  to  Aa  or  Aa 
to  KC  —  KL;   or  BD  4. 

BC  to  VBD*  —  BC*  or  «G 

4-  aM  to  <s/*G»  —  aMt;  or  KC -f  KL  to  VKC*  —  KL'.  For 
from  parallel  Lines,  «H  :  CI : :  aG  :  CD.  Again,  from  the  Pro- 
perty of  the  Hyperbola,  aG :  CD  : :  CE  =  DF :  aG.  Likewife,  from 
fimilar  Triangles  A*H,  LCI,  it  is  aH  :  CI ::  AaihQi  and  from  the 
Property  of  the  Hyperbola  Aa  :  LC  ::  KC  -|-  KL  :  Aa.  Since  thsn, 
all  thefe  Ratios  are  equal  to  the  Ratio  of  aH  to  CI,  which  the  Area 
0HIC  or  Sedtor  AGz  is  the  Meafure  of:  hence  it  appears  that  0HIC 
or  AGz  is  the  Meafure  of  any  of  thefe  Ratios,  which  have  been  men- 
tioned, in  the  Syftem  belonging  to  the  given  Hyperbola.  And  as  to 
the  other  Ratios  mentioned  in  the  Prop.  viz.  thefe  of  BD  -4-  BC  to 

VBD*  —  BO  &c.  fince  it  is  BD  4-  BC,  aG>  and  BD  —  BC,  propor* 

tional ;  hence  BD  +  BC  =  FD  :  aG  ::  VBD  +  BC  :  VBD  —  BC  :: 

BD  4-  BC;  vTO'  — BPz  hence  it  appears  that  the  Ratio  of  BD  4- 

BC  to  VBDf  ~  BO  is  the  fame  with  the  Ratio  of  FD  to  aG.  And 
by  the  fame  way  it  may  be  fhewn  that  the  Ratio  of  KC  4-  KL  to 

VKO-c  KL'  k  the  fame  with  that  of  KC  -f  KL  to  Aa.  Moreover 
it  is  BD  :  BC ::  aG  :  aM,  therefore  it  follows  that  BD  -f  BC : 

*/BD»  —  BC  ::  aG  4-  »M  :  V*G»  —  aM?.  Whence  it  follows,  that 
*HIC  or  AaC  is  likewife  the  Meafure  of  the  Ratio  of  BD  +  BC  to 

Kk  2  VBDf-BC 
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VEEK  —  BC?  or  a G  +  *M  to  V*  G'  —  aW,  or  of  KC  +  KL  to 

VKC*  — KL*  in  the  fame  Syftcm. 

345.  Schol.  It  would  be  the  fame  thing  if  Aa  and  AK  were  any 
two  conjugate  Diameters,  for  the  Demonstration  is  the  fame,  as  .when 
they  are  the  two  Axes. 

PROP. 

346.Let*IandBC 
be  any   two  Hyper- 
bolas defcribed  from  a 
common  Centre    A, 
with  the  femi-tranf- 
verfc  Axes  A*,  AB; 
and  Affymptotes  AF, 
AD  refpedtively ;  draw 
*N,  BE  Tangents  to 
the  Corves  at  a  and  B; 
meeting  their  Affymptotes  in  N  and  E :  then  I  fay  the  Logarithm,,  or 
Meafure  of -any  Ratio,  in  the  Syftem  belonging  to  the  Hyperbola  el* 
is  to  the  Logarithm,  or  Meafure  of  the  fame  Ratio,  in  the  Syftem  be- 
longing to  the  Hyperbola  BC,  as  the  Triangle  A*N  to  the  Triangle 
ABE. 

For  with  the  Center  A,  principal  Vertex  a,  and  Aflymptote  AD> 
defcribe  another  Hyperbola  *K,  which  therefore  is  fimilar  to  the  Hy- 
perbola BC.  From  any  Point  O  in  the  Axis  produced,  draw  the 
Ordinate  OP,  cutting  the  Affymptotes  AF,  AD,  in  P  and  T,  and 
the  Hyperbola's  *I,  aK  in  Q^and  M  :  join  AQ,  AM,  interfeftmg 
*N  in  d  and  b :  and  let  AM,  produced  if  need  ber  meet  the  Hyper- 
bola BC  in  the  Point  C :  through  C,  draw  the  Ordinate  RCS  to  the 
Axis,  meeting  it  in  R,  and  the  Affymptote  AD  in  S :  moreover  let 
;  the  Aflymptote  AD  and  Tangent  *N  interfedt  each  other  ia  the  Point  a 
Then  becaufe  the  Hyperbolas  BC  and  aK  are  fimilar,  their  fimilar 
Sectors  ABC,  A*M  are  to  one  another,  as  the  Triangle  ABE  to  the 
Triangle  Aac  (as  is  demonftrated  in  the  Lemma  annexed.)  Again, 
Seftor  AjM  :  Sedtor  A*Qj :  AA*r  :  AA*N  (as  is  there  demonftrated 
alfo)  therefore  ex  aquo  Sector  ABC  :  Sedor  A*Q  : :  AABE  :  AA*N. 
:  Now  it  appears,  by  the  Lemma,  that  AC  :  AM  : :  AB  :  Aa ;:  BE  : 
ac ;  but  AC  :  AM  ::  CS :  MT,  therefore  CS  ;  MT  ::  BE  :  ac\  or  by 
Alternation,  CS  ;  BE  ::  MT  :  ac. 

Again, 
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Again,  in  compering  the  two  Hyperbolas  *K,  a\  together,  you'll 
have,  from  the  Property  of  the  Hyperbola,  OT'  —  OM* :  OP*  — 
OQL::  {a&  :  *N' ::)  OT* :  OP*j  and  by  Alternation,  Inverfion,  and 
Divifion,  OT' :  OM* ::  OP* :  OQ? .  0r  OT  :  OM  ::  OP  :  OQj  by 
Divifion,  OT  :  OP  ::  MT  :  QP ;  but  OT  :  OP  ::  ac  :  *N,  whence 
MT  :  QP  ::  ac  :  *N,,  or  MT  :  ac  ::  QP  :  *N  ;  but  it  was  (hewn  at 
the  End  of  the  laft  Paragraph,  that  MT  :  ac  ::CS:  BE,  therefore 
QP  :  *N  ::  CS  :  BE :  wherefore,  by  the  laft  Prop,  the  Sedors  A*Q 
and  ABC  are  Logarithms  or  Meafures  of  the  fame  Ratio,  in  their 
refpe&ive  Syftems,  belonging  to  the  Hyperbolas  a\  and  BC  :  but,  a9 
has  been  laid,  and  is  demonftrated  in  the  Lemma  fubjoined,  thefe 
Sedtors  are  as  the  Triangles  A*N,  Aac:  therefore  the  Logarithms  or 
Meafures  of  the  fame  Ratio,  in  the  different  Syftems,  are  as  the  Tri- 
angles A*N>  Aac.     Q^E.  D. 

LEMMA. 

347.  It  was  faid  that  Sedor  ABC  :  Seflor  A*M  ::  A  ABE  :  AA^;: 
and  that  SeftorA^M:  Se&or  A*Qj:  A  Aac  :  AA*N;  and  confequent- 
Iy,  by  Equality,  that  Seftor  ABC  :  Sedtor  A*Qj :  AABE  ;  AAaN. 
Which  things  appear  thus. 

Becaufe  the  tranfverfe  and  conjugate  Axes  of  the  two  Hyperbolas 
BC  and  alL  are  in  the  fame  Ratio,  therefore,  from  the  Property  of 
the  Ordinates,  AR*  —  AB* :  AO* :  —  Art  ::  (RC  r  OM' : :)  AR'  r 
AQ*  5  or  by  Divifion,  AB* :  Ad* : :  AR* :  AO* : :  AO  :  AM' ;  but 
F.  ABC  :  F.A*M  : :  AO  :  AM*,  fince  this  is  the  Ratio  of  their  nafcent 
Augments,  and  AC*  :  AM' : :  AB*  :  A& :  r  AABE  r  aAj*;  therefore 
F.ABC  z  F.A*M  ::  AABE  :  AAac,  which  is  a  given  or  conftant  Ra- 
tio,  hence  it  follows  that  Sedtor  ABC  :  Se&or  A*M  *  : :  ABE  :  AAac  :*  Art.40;. 
which  was  the  firft  thing  to  be  fhewn.  of  this  Ex- 

Again  it  is  demonftrated,  as  in  the  Prop,  itfelf,  that  OM  :  OQ::.Plication" 
ac :  jN  : :  AAac  :  AA^N,  which  is  a  given  Ratio  -,  and  that  being  the 
Ratio  of  the  Fluxions  of  the  hyperbolical  Areas,  or  half  Segments, 
*OM,  <?OQ,  hence  thefe  Areas  themfelves  are  in  the  fame  Ratio :  but 
the  Triangles  AOM,  AOQ^are  in  that  Ratio,  confequently  the  hy- 
perbolical Se&ors  AiM,  A*Q,  which  are  their  Differences,  are  in  the 
feme  Ratio,  viz.  of  the  Triangles  Aac,  A*N.  By  comparing  of  which 
with  the  Proportion  at  the  End  of  the  laft  Paragraph,  viz.  Sedtor 
ABC  :  Seftor  A*M  ::  AABE  :  AAac,  it  is,  by  Equality,  Sedlor  ABC  :. 
Sedtor  A*Qj/.  AABE  :  AAac.    Q;  E.  D. 

348.  Def.  The  Triangle  A*N  is  called  by  the  learned  and  inge- 
nious Mr.  Cotes,  the  Modulus  of  the  Syftem,  belonging  to  the  Hyper- 

1  bolai 
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bola  al;  and  the  like  in  other  Hyperbolas.  It  is  the  lame  thing  to 
take  the  Parallelogram  AHtfG,  infcribed  betwixt  the  Hyperbola,  and 
it's  Affymptotes  AF,  AG;  for  AN  =  2 AH:  yea,  and  although  Aa 
be  not  the  Axis,  but  any  other  Diameter,  the  Triangle  AjN  and  Pa- 
rallelogram AH*G  are  always  equal  to  one  another,  and  to  the  Pa- 
rallelogram AHrfG  infcribed  at  the  Vertex  Principalis :  therefore  any 
of  them  will  be  the  Modulus.  Whence  it  follows  that  the  Logarithm 
or  Meafure  of  any  Ratio,  in  one  Syftem,  or  Hyperbola,  is  to  the 
Logarithm  or  Meafure  of  the  fame  Ratio  in  another  Syftem ;  as  the 
Modulus  of  the  firft,  to  the  Modulus  of  the  other. 

*  Of  this  349.  Wherefore,  by  the  Help  of  what  was  demonftrated  Art.  341  *, 
^*£llca"    the  Modulus  of  the  common  Syftem  of  Logarithms,  is  eafily  found  : 

for  fuppofing  Aal  to  be  an  equilateral  Hyperbola,  in  which  AH=  1 
or  A*  =  V2  =  tfN,  the  Modulus  is  1,  and  the  Meafure  of  the  decu- 
ple Ratio,  as  was  there  (hewn,  is  2.302585092994,  &c.  and  the  Lo- 
garithm of  the  Number  10,  /.  e.  of  the  decuple  Ratio  in  Briggs's 
Logarithms,  is  1  :  therefore  a  third  Porportional  to  2.30258,  Gfr.  and 

J>  that  is  n.$o2S*swh  &c-  =  °43429448i9°3>  #'•  is  the  Modulus  of 
the  common  Syftem  of  Logarithms. 

350.  From  what  has  been  faid,  it  likewife  appears,  that  the  hy- 

*  Of  this  perbolical  Logarithm  of  any  Ratio  being  found  by  Art.  341  *,  in 
Expiica-    which  the  Modulus  is  1,  that  Logarithm  multiplied  by  the  Modulus 

of  any  other  Syftem,  will  give  the  Logarithm  of  that  fame  Ratio,  in 
that  other  Syftem.  Moreover,  that,  if  the  tabular  Logarithm  of  any 
given  Ratio  be  called  /;  and  M  denote  the  Modulus  of  any  other 
Syftem,  and  in  the  Meafure  of  the  given  Ratio  in  that  Syftem,  then  it 

WillbeM  =  "»°-r9>&C-:  and«  =  5^TST.  o^Mx/x 
2.30258509,  &c.  fince  the  Meafure  of  any  given  Ratio  is  always  as 
the  Modulus  of  the  Syftem  to  which  it  belongs. 

351.  Def.  The  Ratio,  of  which  the  Modulus  in  any  Syftem,  is 
the  Meafure,  is  called,  by  the  fame  ingenious  Author,  the  Ratio  Mo- 
dularis.  And  it  is  evident,  that  this  Ratio  is  the  fame  in  every  Sy- 
ftem :  for  the  Meafure  of  any  given  Ratio  is  as  the  Modulus  of  the 

*Art-348.  Syftem  *.  Therefore,  if  in  the  forementioned  equilateral  Hyperbola, 
plication!  you  &n&  the  Ratio  whofe  Meafure  is  1,  that  (hall  be  the  Ratio  Mo- 

*  Of  this  dularis.  In  order  to  which  (fee  Fig.  Art.  337  *.  p.  246.)  if  you  put 
Expiica-  AD  =  ^  and  DEz=x  —  Dey  then  by  Art.  341  f  you  have  the 
f  6f  this  Logarithm  or  Meafure  of  the  Ratio  of  AE  to  Ae  =  2x  -f-  jx*  -f" 
Expiica-  ±xs  -|-  jlxi^  ©v.  which  Series  expreffes  the  Value  of  the  Area  EGge. 
tl0n'  Where- 
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Wherefore,  if  you  put  that  Series  equal  to  Unity,  and  by  the  Method 
of  Reverfion  of  Series  (taught  by  our  Author  *)  find  the  Value  of  x 
zzz  DE  or  De9  by  a  converging  Series,  and  add  that  Value  of  x  to 
AD=  1,  and  fubtradt  it  from  AD  5  the  firft  will  give  AE  the  An- 
tecedent, and  the  fecond  Ae  the  Confequent  of  the  Ratio  Modular^, 
it's  Meafure  being  j,  which  is  here  the  Modulus.     You  might  find 
the  feme  Ratio  by  putting  x  —  ~xz  +  jx*  —  ±x\  &c.  —  1 ;  or  x 
-j-  \x%  +  j#3  -f"  ix\  &c*  =  *  >  an<^  ^e  Value  of  x,  refulting  from 
the  firft  added  to  AD  =  1,  will  give  the  Antecedent  of  the  Ratio 
Modularis  to  AD  or  1,  the  Confequent  >  and  the  Value  of  x  refult- 
ing from  the  other,  fubtrafted  from  1,  gives  the  Confequent  of  that 
Ratio,  to  the  Antecedent  1  :  as  appears  from  Art.  341  *,  and  what  *  of  this 
hath  been  faid :  but  the  former  Series  converging  twice  as  faft  as  thefe  E*pi»ca- 
two  laft,  is  to  be  preferred.     By  which  means  it  \yi\\  be  found,  thatnon# 
the  Ratio  Modularis  is  that  of  2.7 1828 18 1828459,  &c.  to  1,  or  1 
to  0.367879441 171,  &c.  the  firft  of  which  Numbers  has  0.43429448, 
&c.  it's  Log.  in  the  common  Tables: 

352.  And  here  by  the  by  you  fee  the  Solution  of  this  Problem, 
From  the  Logarithm  of  a  Number  or  Ratio  given,  to  find  the  Number 

or  Ratio  :  which  is  the  Converfe  of  the  Prob.  treated  of  Art.  341  *.    *  Of  this. 

353.  According  to  the  Notation  made  ufe  of  by  Mr.  Cotes,  let^lica" 

M|-§  denote  the  Meafure  of  the  Ratio  of  A  to  C,  in  the  Syftem  whofe 
Modulus  is  M ;  A  being  the  Antecedent,  and  C  the  Confequent :  then 
if  n  denote  any  Number,  integral  or  fractional,  you  (hall  have  M  l-p 


=  *M 


A  ^  I  A  M  -n.  -n.  jtm. 

— ,  andMh  =  7^.    For  M  hn  :  nMl-^i:  i:n*-,  and*Art.34& 

C*  |.C         «  ^  I  L  I  C  >  of  this  Ex- 

1  1  plication. 

"..  ri    *Art.337. 

i  ••  *•*•  of  this  Ex- 
plication.- 


A        „A' 


A"       ^        „|A  „|A 


A 


»M  \-q  :  nM  —  ::  «  :  1  *.     Therefore  ex  aquo  M  -q  :  «M 
1  ^* 

And  the  fame  is  the  Reafoning  in  the  other  Cafe. 

354.  Hence  it  follows  (fecr>Fig.  Art.  344* .  p.  251.)  that  the  Area  *  of  this 

aHlCa,  or  Setfor  A*C  =  iAAaG  |£-  or  iAA*G  l-S^S :  hkewife  S£^ 


c 


CD  w   *-**—  j  BD— BC 

aHICa,  or  AaC  =  ±AAaG  |4§§jv    For  EC  :  aG  r  CD-H-,  and 

alfo  KC  +  KL  :  Am  :  KC  —  KL  -H-,  from  the  Property  of  the  Hy- 
perbola: hence  the  thing  is  evident  by  comparing  the  laft  Article 
with  Art.  348  *  *  of  this 

Explica— 
1  Sec  Analyfis  by  means  of  Equations  infinite  in  Number  of  Terms,  Sc&.  Invention  of  the  cation*. 
Bafe  from  the  Area  givenr  likewife  our  Author's  Letter  to  Mr.  Oldenburg,  z^Odob.  1676. 

1  ?cc.  Schol. 
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355.  Schol.  What  is  principally  to  be  remarked  here  is,  that  by 
means  of  a  logarithmical  Canon,  any  hyperbolical  Space  may  be  found. 
•For  let  *GDS  be  any  conical  Hyperbola,  defcribed  with  the  Center  A, 
tranfverfe  and  conjugate  Axes  Ka,  PQ  ;  and  Affymptote  AC.   Draw 
the  Ordinates  DB,  DO,  meeting  the  Axes  in  B  and  O,  and  the  Af- 
fymptote in  C  and  I :  likewife  from 
any  other  Point  G  the  Ordinates  Ga, 
GF,  meeting  the  tranfverfe  and  con- 
jugate Axes  in  the  Points  a  and  F  : 
at  a  draw  the  Tangent  *H,  meet- 
ing the  Affymptote  in  H :  join  AG, 
AD,  KD ;  and  let  DT/  be  a  Tan- 
gent  at  D,   meeting  the  tranfverfe 
Axis  in   T,    and  Conjugate  in  /. 
Then  it  appears  from  what  has  been 
iaid,  that  the  hyperbolical  Spaces  ADG*,   *GDB,   *GDB,  aGDa% 
aGDT,  *GDK,  AODG*,  FODG,  &c.  may  be  found  by  logarithmi- 
cal Canon.    For  the  Se&or  ADGa  is  the  Mcafure  of  the  Ratio  of 
♦  of  this  *H  to  DC,  as  it  is  varioufly  expreffed  Art,  344  *,  in  the  Syftem  whofe 
£****"    Modulus  is  the  Triangle  AdH,  and  therefore  if  the  Logarithm  of  that 
Ratio  be  taken  from  the  logarithmical  Canon,  the  Modulus  of  the  lo- 
garithmical Canon  is  the  Logarithm  of  the  Ratio  of  iH  to  DC ;  as 
*Art.3$o.  the  Triangle  ha H  is  to  the  Seftor  ADG*  *,  which  therefore  is  found. 


plication. 


The  fame  way  is  the  Sedtor  AGa  found.  And  therefore,  fince  all 
the  other  hyperbolical  Areas  are  made  up  of  thefe  and  known  right- 
lined  Figures,  they  are  found. 

356.  Wherefore,  if  the  Lines  belonging  to  the  hyperbolical  Areas, 
be  expreffed  by  Numbers,  thefe  Areas  are  moil  conveniently  found 
by  a  common  Table  of  Logarithms :  which  is  a  Syftem  of  the  Mea- 
fures  of  Ratios  cxprefled  by  Numbers  (for  there  may  be  a  great  Va- 
riety of  Syftems,  in  which  thefe  Mcafujes  may  be  expreffed  by  any 
other  Kind  of  Quantities).  Thus  in  this  Figure,  fuppofe  Ka  =  1  . 
*H  =  o,4  .  *B  =  o,5 :  fo  that  the  Triangle  AaH  =0.1,  the  Mo- 
dulus of  the  Syftem.  And  becaufe  A<7=o.5  :  tfH=o.4  : :  AB=i : 
BC,  therefore  BC  =  o.8  :  again,  fince  aW=  BC*— •  BD*,    there- 

fore  BD  =  (VBC*  —  aW=  V0.64  — 0.16  =)  0.6928203,  &c.  and 
therefore  DC  =  (BC  —  BD  =  0.8  —  0.6928203  =)  0.1071796, 
&c.  Wherefore  the  Se&or  A*GD  =o.ix  2.30258509  x Log.  Ratio 
of  0.4  to  0.107 1796.  ^ow  ^c  Logarithm  of  any  Ratio  taken  from 
a  Table  of  Logarithms,  is  found  by  fubtradting  the  Logarithm  of  the 
Confequent  from  the  Logarithm  of  the  Antecedent :  for  if  N  and  n 

denote 
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•denote  any  two  Numbers,;  then  N :  n  :::  N  :  1  -f-  1  :  n;  but  the  Lo- 
garithm of  N  to  ,i,  is  that  which  is  called  the  Logarithm  of  N;  and 
<he  Logarithm  of  1  ton  is  the  oppofite  of  the  Logarithm  of  n  to  1, 
that  is  —  Lqg.  n :  fo  that  the  Logarithm  of  N  to  n>  is  Log.  N  — 
Log.  n  *      Therefore  Sedtor  A*GD  =  o.  i_x  2.30258509_x  Log  0.4  •Art.340. 

^—  Lqg.  O.IO71796  =  O.2302585,  &C.  X  1. 6020600  —   1 .030 1 12  I  of  this  Ex. 

=  0.2302585  x  Q-57 19479  =  0.13 1696, &c.  =  Sedor  A^GD  nearly.  Pllcatlon- 

Subtraft  this  from  AABD  == AB  *  Bh  =  0.346410,   &c.   remains 

0.2 147 14  —  ==  aGDB.    Subtract  the  fame  Se&or  from  AADa  = 

•A*  x  uB  _  0,^320.501  remains  0.041509  —  =  Segment  aGDa. 

Again,  to  the  Sector  A*GD  add  that  AAD*  =  AADK,  the  Sum* is 
0.3049©!  =  *GDK.  Then  for  the  Space  *GDT,  from  the  Pro- 
perty of  the  Tangent,  you  have  AB  =  1  :  Aa  =0.5  : :  Aa  :  AT= 

0.25.    Therefore  AADT  =  4 — ^ — =0.0866020;  which  fubtraft- 

ing  from  the  Scdtor  A* GD  =  0.131 696,  remains  0.045094  =  *GDT. 

Further  to  the  Sedor  AaGD  add  AAOD  =  AB '*  BD  =  0.34641b, 

the  Sum  is  0.478 106  =  Area  AODG*.  And  it  is  abundantly  evident, 
how,  by  the  fame  Method,  the  Se&or  *GA  may  be  found,  and  from 
thence  the  Areas  a G*  and  AFG*  :  which  being  (ubtrafted  from  aGDB 
and  AODG*,  you  (hall  thereby  find  aGDB  and  FGDO.  Which  were 
the  things  I  propofed  to  (hew. 

357.  Hence  it  appears  that  the  Areas  of  all  thoie  Curves,  which 
are  capable  of  being  compared  with  the  Hyperbola,  riiay  be  found, 
by  the  Meafurcs  of  Ratios,  or  hy  the  Help  of  a  Table  of  Logarithms : 
and  therefore  alfo,  all  fuch  Fluents  of  any  kind,  whofe  Fluxions  are 
analogous  to  the  Fluxions  of  thefe  Curves.     More  of  which  afterwards. 

PROP. 

358.  Every  elliptical  Area  may  be  reduced  to  a  circular  Area :  and 
fo  be  found  by  means  of  the  trigonometrical  Canon,  and  the  known 
Proportion  of  the  Radius  of  a  Circle  to  the  Circumference. , 

Let  a GS  be  any  given  Ellipfe,  defcribed  with  the  Center  A,  tranf- 
verfe and  conjugate  Axes  Ka ,  PH  :  let  AD  be  any  Radius  of  the  El- 
lipfe and  aGDA  a  Seftor  adjacent  to  the  tranfverfe  Axe,  and  DPA  a 
Seftor  adjacent  to  the  (horter  Axe  :  with  the  Radius  Aa,  defcribe  the 
quadrantal  Arch  *QR,  meeting  AP  produced,  in  R :  through  D  draw 
the  Ordinate  DB,  meeting  the  tranfverfe  Axis  in  B,  and  produce  it 
till  it  cut  the  Circle  in  Q,  join  AQ.    I  fay  the  elliptical  Sedtor  aGDA  : 

LI  *   circular 
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circular  Sector  jQA  ::  BD  :  BQ  ::  AP :  A* ;  and  therefore  SeAor 

.r  *GDA  =  MP  x  *Q. 

!V  AndSeaorDPA=iAP 

xQR.  For  from  the 
Property  of  the  Ordi- 
nate! BD  :  BQ  ::  AP : 
AR,  therefore  aGDB  : 
«QB::AP:  AR,  fince 
their  Fluxions  are  in  that 
given  Ratio :  but  A  ABD : 
AABQj  :  BD  :  BQ^: : 
AP  :  AR  t  therefore 
aGDA  :  tfQA  ::  AP: 
AR : :  BD j  BQ }  where- 
fore  it  is  «GDA  = 

Aod  thence  it  follows  that  Sedor  DPA  =  |APxQ£. 

PROP, 

2  59-  If  with  the  Radius  AP  (fee  the  preceding  Figure)  you  defeat* 
the  quadrantal  Afcfa  Fqr>  meeting  the  longer  Axe  in  r,  and  the  Or- 
dinate D4,  belonging  to  the  Shorter  Axe,  in  the  Point  q%  the  Sc&or 
DPA  =  iA^xP^  andtheScaor*GDA=;£A*Xff.  It  is  demon-. 
ftrated  the  fame  way  as  the  preceding. 

360.  Since  it  is  bD  :  Aqi:  (Aa ;  Ar ::)  BQ  :  BD,  and.  by  Divifion 
&b  =*  AB  :  qD  : :  DB  :  QD1  hence  it  appears  that  the  Points  A,  q% 
QJyc  in  the  fcme  right  Line:  fo  that  the  circular  Se&ora RQA  and 
PyA  5  aQA.  and  rqk  \  and  Arches  RQ^juid  Py,  a Q^and  rq%  in  this 
and  the  preceding  Proposition,  are  fimilar.  Moreover,  if  the  Tangent 
*C  be  drawn  at  the  Point  ay  and  AyQ  be  produced  till  it  meet  it  in 
C,  the  Arch  aQ  is  fuch  an  Arch  as  has  Aa  for  it's  Radius,  aC  for  it's 
Tangent  and  AC  for  it's  Secant :  which  are  proportional  to  ABX  BQ^ 
and  AQ^or  Aa»  And  it  is  evident  that  the  like  Conftrufiion  may  be 
iWe  fan  the  Circle  ?qr ;  and  that  the  Arches  RQjuid  Pqf  are  fuch 
that  A£,  bq  and  Aq  or  AP  are  as  the  Radius*  Tangent  and  Secant  of 
theib  Arches. 

36*.  Hente  it  appears  that  as  the  hyperbolical  Sectors  are  Mea- 
fores  of  Ratios,  fa  the  elliptical  Sectors  are  Meafures  of  Angles :  thus 
the  elliptical  Sfc&or  aGDA  is  the  Meafure  of  the  Angle  aAQj  for 
'tee  *UDA  z=  fAPj^Q,  it  appears  that  aGDA  increafes  and  di- 

miniihes 
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minKhes  in  the  feme  Ratio  the  Arch  iQjioth,  that  is  in  the  fame  Ratio 
the  Angle  *AQjloth.  But  as  the  Meafure  of  any  given  Ratio  is  not 
fufficiently  determined,  unlefs  you  know  to  what  Syftem  it  belongs : 
which  may  be  known  from  the  Modulus  (as  was  explained  at  full 
Length)  fo  neither  can  the  Meafure  of  a  given  Angle  be  known,  un- 
lefs you  know  to  what  Syftem  of  Meafures  of  Angles  it  belongs. 
Therefore  it  is  neceflary  to  confider  the  Meafure  of  fome  certain  de- 
terminate Angle,  as  a  Modulus,  fp  which  the  Meafures  of  all  other  An- 
gles in  the  Syftem,  may  be  referred  and  compared,  and  thereby  de* 
termincd.  Now  there  may  be  conceived  various  Kinds  of  Meafures 
of  Angles :  Arches  of  Circles,  the  angular  Point  being  at  the  Center, 
make  one  Syftem  of  Meafures :  circular  Sectors  make  another. 

ThcMeaiwes  in  the  6r ft  Cafe  being  Lines,  in  the  other  plane  Sur- 
faces ;  but  both  increafe  and  decreafe  in  the  fame  Ratio  with  the  An- 
gles *.    Theic  may  be  different  Modulus's  i  but  the  rtioft  convenient  *  Eud. 
in  the  Syftcms  of  Arches,  upon  feveral  Accounts,  particularly  beiauft  5^^ 
of  the  jtysfygy  betwixt  the  Meafures  of  Ratios  and  Angles,  and  the  33.  °p' 
natural  Paflage  from  the  one  to  the  othef ,  is  the  Radius.     Which  be- 
lts cftaWiflwdfor  die  Modulus  in  this  Kind,  the  Half  of  the  Square 
or  the  Radius  will  be  the  Modulus  in  the  Syftems  of  circular  Sedtors : 
for  the  Radios  bears  die  fame  Ratio  to  an  Arch,  which  fubtehds  any 
given  Angle,  as  half  the  Square  of  the  Radius  bears  to  the  circular 
Itdor,  winch  ta#  the  feme  Arch  for  it's  lfefe ;  and  is  the  Meafure  of 
tbafcme  gnren  Angle  in  the  Syftem  of  circular  Sedors :  which  is  the 
Firopetty  fto£  NotfofV  of  a  Modulus. 

362.  Hence  if  follows  that  in  a  Syftem  of  elliptical  Sedors,  con- 
fidmd  as  die  Mea&te*  of  Angles,  the  Modulus  is  half  the  Redangle 
contained  under  the  fcmitranfverfe  and  femiconjugate  Axes,  /.  e.  (hi 
the  foregoing  Pig.)  if  you  fcppofe  the  right  Line  Fa  joined,  the  Tri- 
angle' A* P :  which  is  the  fame  with  the  Modulus  of  the  Syftem  of 
Meafures  of  Ratios,  belonging  to  an  Hyperbola,  having  the  fame  Axes 

with  the  Ellipfe.    For  ^-^  :  -45^f ::  *GDA  ;  *QA  j  which 

two  laft  are  the  Meafures  of  the  fame  Angle  jAQJn  the  refpe&ive 

Syftems :  and  therefore  finceAR  *  **  is  the  Modulus  of  the  one  Syftem, 

Mjlif  wUl  be  the  Modulus  of  the  other  Syftem. 

363.  From  what  has  been  faid  it  appears,  that/  in  a  given  Ellipfe 
tfP,  whofe  tranfverfe  and  conjugate  Axes  are  known,  if  moreover  the 
Ratio  of  Aa  to  aC  or  to  AC,  which  are  the  Tangent  and  Secant  of 
the  Angle  *AQ,  in  the  Circle  whofe  Radius  is  Aa>  be  given,  the  Arch 

L  1  2  *Q, 
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*Q,  and  elliptical  Seder  «GDA  may  be  found.  Now  the  Ratio  of 
A*  to  aC,  or,  which  is  the  fame,  of  AB  to  BQJs  given,  when  AB 

is  given,  for  BQj=  -Jhef  —  AB* :  fo  that  the  Sedtor  aGDA  is  the 
Meafure  of  an  Angle  whereof  the  Radius,  Tangent  and  Secant  *  are 

AP         A 

A*,  aCand  AC;  orAB,  BQ^and  A*,  the  Modulus  being — | — . 

And  it  is  evident  from  kb  given,  by  the  like  means  the  other  ellip- 
tical Sedtor  PDA  is  found,  by  fuppofing  a  Tangent  to  the  Circle  Pyr, 
drawn  at  the  Point  P,  and  produced  till  it  meet  AjC.  For  it  is  the 
Meafure  of  an  Angle,  whofe  Radius,  Tangent,  and  Secant  are  as  A£, 

bq  and  AP,  the  Modulus  being  the  fame  as  before,  viz.  — - — f# 

364.  Hence  it  appears,  that,  when  the  Lengths  of  the  given  Lines 
are  exprefled  by  Numbers,  the  Number  of  Degrees,  Minutes,  &c. 
contained  in  the  Arches  *Q  and  Vq  may  be  found,  with  great  cafe, 
by  means  of  the  trigonometrical  Canon  :  and  consequently  the  ellip- 
tical Sectors  will  be  found,  from  the  known  Ratio  or  the  Radius  of  a 
Circle  to  it's  Circumference,  whereby  the  Length  of  an  Arch  of  a 
known  Number  of  Degrees,  Minutes,  &c.  with  refpefl:  to  the  Length 
•  Of  this  of  the  Radius  is  determined:  thus,  in  the  preceding  Fig.  p.  258  *. 
Sf*   *GE>A=!APx*Q*,  and  PDA  =  £AP  x  RQJ*.    And  therefore, 
*Art.2c8.  in  this  Cafe,  the  Areas  of  any  other  elliptical  Spaces  may  be  found. 
of  this  Ex-  That  is,  if  you  join  KD,  draw  the  Tangent  DT  meeting  the  Axis  in 
plication.  ^  ancj  ^  Ordinate  G*,  you  may  find  the  Areas  of  the  elliptical 
Spaces  *GDB,  aDGa,  *GDT,  *GDK,  A^DG^  PiD,  ABDP,  *GDB, 
&c.  after  the  fame  Manner  as  was  (hewn  formerly,  in  the  Cafe,  of  the 
Hyperbola  :  fince  all  thefe  elliptical  Spaces  are  made  up  of  elliptical 
Seftors  and  known  right-lined  Figures,  by  Addition  or  Subtraction. 

Ex.  Let  us  fupppfe  Ktf  =  1,  HP  =0.8,  AB  — o.2£.  Then  AB 
=  0.25  :  AQj=  0.5  ::  Rad. :  Sec.  L  aAQ\  whence  Sec.  L  *AQ  = 
2  X  Rad.  wherefore  add  the  Log.  of  2  to  the  logarithmical  Rad.  /.  e. 
0.3010300  to  10.0000000,  and  the  Sum  10.30 10300  will  be  found  in 
the  Table  of  artificial  Secants,  oppofite  to  an  Angle  of  6o° :  therefore  the 
Arch  * QJs  an  Arch  of  6o°,  i.  e.  £  of  the  whole  Circumference.  But  the 
Circumference  of  a  Circle  is  to  the  Rad.  as  6.283 185307 179,  &c.  to  1 : 
therefore  that  Number  divided  by  6,  quotes  1047 197551 196,  ©^  the 
Length  of  £  of  the  Periphery  of  a  Circle  having  it's  Radius  1 :  and 
fince  it  is  ha  =  {>  if  you  divide  the  former  Number  by  2,  you'll 

1  When  in  this  Place,  or  any  other,  I  mention  the  Radius  of  an  Angle,  in  conjunction 
with  the  Tangent  and  Secant,  I  mean,  as  is  evident,  the  Radius,  Tangent  and  Secant  of  a 
circular  Arch  which  meafures  that  Angle. 

have 
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have  0.523598775598  the  Length  of  *Qj  which  multiplied  by  ^AP 
=  0.2,  gives  0.1 047 1 9755 1196  =  aGD A  nearly. 

Again  a¥J=  1 :  HP*=o.64  : :  KB  x  Ba  =  o.  1 875  :  BD* ;  there- 

fore  60  =  ^/0.64x0. 1875  =  0.346410 16 1513,  &c.  and  therefore 

the  Triangle  ABD  =  — \ — 0.04330 1270 189,    which  fubtra&ed 

from  tfGDA  =  o.io47i9755U9,  leaves  0.06141848493  =  *GDB 
nearly.  And  we  need  not  infift  particularly,  in  (hewing  how  all  the 
other  elliptical  Areas  mentioned,  are  deduced  after  the  fame  Manner : 
after  what  has  been  done  already,  in  the  like  Cafe  of  the  hyperboli- 
cal Areas. 

365.  And  from  what  has  been  faid,  with  refpeft  to  the  Ellipfe,  it 
appears,  that  the  Areas  of  all  fuch  Curves  as  are  capable  of  being  com- 
pared geometrically  with  the  Ellipfe :  and  univerfally,  all  Fluents, 
whofe  Fluxions  are  analogous  to  the  Fluxions  of  fuch  curvilinear  Areas, 
or  are  expreffed  by  the  fame  algebraical  Quantities,  may  be  found, 
and  exhibited,  by  the  Meafures  of  Angles,  i.e,  by  circular  Arches,  or 
Sedtors,  in  a  linear  Defcription  :  or,  by  means  of  the  trigonometrical 
Canon,  (when  the  Values  of  the  Quantities  arc  given  in  Numbers)  in 
an  arithmetical  Expreffion. 

366.  And  now,  it  will  be  proper 
to  fhew  the  Analogy  there  is  betwixt 
the  Meafures  of  Ratios,  and  the  Mea- 
fures of  Angles,  as  they  belong  to  the 
Hyperbola  and  Ellipfe.  In  order  to 
which  let  aC  and  a ?Jbe  an  Hyperbola 
and  Ellipfe,  defcribed  with  the  Center 
A,  and  the  fame  femitranfverfe  and  femi- 
conjugate  Axes,  A*,  AP;  and  let  AE 
be  an  Aflymptote  to  the  Hyperbola  aC: 
draw  the  right  Line  ArC,  and  from  C,  r,  the  Lines  CB,  cb>  perpen- 
dicular to  the  Axis  A*,  at  the  Points  B,  b:  at  the  Vertex  ay  draw  the 
Tangent  apq,  cutting  AC,  AE  in  q  and  p.  I  fay  the  hyperbolical  Sec- 
tor A*C  =^L^  1  AP  +  «*  :  and  the  elliptical  Seftor  Aac =^ 

2  W  APT -of  .  z 

\  A?af  :  by  the  laft  of  which  two  Notations,  I  mean  the  Meafure 
|</AP*+*?*      J  -        ' 

of  an  Angle,  whofe  Radius,  Tangent,  and  Secant  arc  AP,  aq,  and 

«/AP'  -J-  aqJi  to  the  Modulus  — \ — :  where  it  muft  be  obferved  that 

of  the  two  Quantities  as  AP  .  aq  .  the  firft  always  defigns  the  Radius 

.  and 
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and  the  fecond  the  Tangent.  For  if  with  the  Center  A,  and  Semiax» 
ha,  the  equilateral  Hyperbola  *D,  ami  qnadrantal  Aich  «R  be  de- 
scribed j  the  Affymptote  ANF  to  the  Hyperbola  aD  be  drawn  :  and 
if  BC  be  produced  till  it  meet  the  Hyperbola  aD  in  D,  and  the  Af- 
fymptotes  AE,  AF,  in  E  and  F }  and  k  be  produced  till  it  meet  the 
Circle  in  the  Point  d;  and  moreover  aqp,  produc'd,  if  need  be,  till  it 
meet  the  Affymptote  AFbNr  then,  hecaufe  it  is  be :  bd :  r  fAP= 
.Art.346.  at  :  AR  =  *N  : :  BE  :  BF  : v)  BC :  BD  *   therefore  the  Points  A  d 

"SSL  \  ¥  in  lhe  *■»  ri3ht  Line-    **  ***  *%**  Line  hdD  be  joined! 
and  mterftd  *N,  in  the  Point  o. 

mJ&&     No«  *e  hyperbQlicaJ  Sector  A^C^^-P  k-g*^*:  for  AP 

plication.  1 

«&&  =  at'  A*ain  **  4*9**  &^  **± ££  fer  * 55 ~ 

pIiCati0"'  f^^«(»«Mft^:<owHP:BD  r:  BE  rBCrt^terAP:^) 

3,67,  CoCi  1..  L*t  P^  he  joined  and  prefaced  indefinitely  towards 
r*  and  AtC  produc'd,  if  need  be,  meet  it  in.  r :  then,  frgaft  fiouUe 
Triangles,  it  is  AP  :  aq ::  Pr  :  Aa?  tharefoee  it  follow*  that  the 

lame  hyperbeRcal  Sefior  A»C=r  *Li£ 

Hs====z*:  and  thwUioticalSe&OF  Adc=5 

« -JU~  |„   y,  .«  ,.    And.whro  the  Point* 

q  and  *  by  approaching  to  the  Pointy, 
coincide  with  it,  the  hyperbolical' Scclor 
AtfC  becomes  infinite* 'and  fo  doth  the 
Mcafure  of  th#  Ratio ;,  for  the  CojiJequent  of  the.  Ratio,  vanishes.  But 
the  elliptical  Sector  has  become*  the  Meafure  of  an  Angle  of  45*,  be- 
came AP  and  aq  or  Pr  and  ha,  that  is  the  Radius  and  Tangent  be- 
came equal.    And  if  q  and  r  appear  upon  the  oppofite  Side  of  p,  viz. 

inland  R,  the  hyperbolical  Sector  A<*C  becomes £^j  **Hjg* 
or  — - —         ^     ■  both  impofltbfe,  as  including  negative  Squares. 

But  the  elliptical  Sector,  now  A«*  =  ^ j^pE^*  <*  -  *AP 
)■■»•*»  ,  * 

368.  Cer. 
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368.  Cor.  2.  In  this  loft  Cafe,  viz,  when  the  Points  q  and  r  fall  in 
Q  and  R,  with  the  femitranfverfe  and  femiconjugate  Axes  AP,  A<r, 
defcribe  PK  a  conjugate  Hyperbola  to  the  former  aC,  then,  by  the 
feme  way  of  reafoning  as  before,  the  hyperbolical  Sector  APK  =s 
A.xAP|  AH-PR      orA^?|^^L:andtheeUipticalSecTorAPiii»: 

*       WA4— PK»  *       WeKli—ACt 

AaxAPI   At.  PR  A**AP     *Q_.  AP 

369.  Cor.  3,  By  the  fame  way  of  reafoning  it  appears,  that  the 
hyperbolical  Sector  A*C =~^~  -»    ^r"1  "^  t*16  elliptical  Sedtor 

a^api^^    And  APKag^'  *j*g.  :  and  AP* 

/UxAPl    AQL-AR 
"*     «     I^AQr+ARr* 

370.  Schol.  Bccauie  the  Meafure  of  any  Ratio  of  Angle  is  ittfreafed 

and  diminished  in  the  fame  Proportion  as  the  Modulus  is  *,  hence*  it  •  Art 

t       **.      r*         a-         A«x API     AP+ao  _ .  Aax APl    AP .  aq       3?o,  361: 

appears  that  the  Expreffione  — r—  [-====,  and  — —-  -^sa&^ofthisEx- 
are  the  feme  thing  as  4AaxAPf-4^e>  and  iA**APh~±^i-i 

0  |y^AF»— «f<  !•*!  *-$-««* 

in  which  laft  two  Exprefftona,  AP  dtily  i*  Coafidcrtd  as  th©  MojW* 
Jus,  and  the  Meafore  of  the  Ratio,  or  Angle,  to  that  Modulus,  is 
multiplied  by  ?Aa ;  and  fo  in  other  like  Cafes.    Moreover  it  rtiiy  be 

obferved,  that  the  Terms-  AP .  aq .  <s/AP»  ^  aq*  may  be  multiplied 
or  divided  by  any  Quantity »  without  altering  the  Mfcafilfd  of  the  Ratio 
or  Angle. 

371.  I  have  infifted  the  longer  upon  this  Affair  of  the  Meafures  of 
Ratios  and  Angles,  as  it  is  connected  wkh  hyperbolical  and  eiUfrtfcal 
Areas,  that  I  might  thereby  (hew  the  Connection  there  U  betwixt  our 
Author's  Method  of  reducing  curvilinear  Areas,  and  ednfeqtfently  other 
analogous  Fluents,  to  hyperbolical,  elliptical  and  circular  Areas ;  and 
the  Method  of  the  ingenious  Mr.  Qbtti,  by  which  he  reddens'  fUch 
Fluents,  (with  many  other  befides)  to  the  Meaftrcev  of  Ratios  and  An* 
ties,  in  his  Uarmtnia  Mntfifrafum,  pubrfthed  and  enlarged  by  the 
learned  Dr.  Smith.  So  that  what  \  hate  feid,  may  ferve  at  an  In- 
trodcrftion  fo  the  young  Gcometrichnt,  to  (he  reading  and  ofidefrtanrd- 
ing  Mr.  Cotes'i  Method,  in  the  Book  juft  now  mentioned.  For  a  fur- 
ther Commentary  upon  which,  the  Reader  may  confult  a  Performance! 
entided  Epificla  ad  Ami  cum  de  Coteju  Invent  is, 

372.  And 
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372.  And  now  I  (hall  illuftratc  this  Connexion  of  the  two  diffe- 
rent Methods  by  an  Example.  Take  the  Curve  belonging  to  Forth 
third  Species  firft  of  Sir  Jfaac  Newton's  fecond  Table,  defined  by  this 

Equation  —  *ie  -\-fz'>  =y  t  the  Quadrature  of  which  was  demonftrat- 
ed, and  explained  at  full  Length  already,  according  to  our  Author's 
♦Art. 276  Method  *.    The  analogous  Fluxion  and  Fluent  are  found  in  Form 

tfttokx-  third  of  Mr.  Cotei%  firft  Table,  "w'z.  dzz-We  +/&",  and  -</P  — 

plication.    2-       iD-j.'f  '     * 

-iR|^p.:  where  the  Values  of  P.  R.  T.S.  are  ¥=;>Je+fz*, 

R  =  ^.T  =  ^+/«'.S  =  V^'. 
•  Of  this     Now  by  what  was  demonftrated  Art.  276  *,  if  (fee  Fig.  2.  Tab.  2. 
SxpUca-   p.  25.)  with  the  Center  A,  and  half  tranfVerfeAxis  AP  =  v/*  and  half 

Parameter   ^j  you  defcribe  the  Hyperbola  PGDS  j  and,  upon  the 

conjugate  Axis  AN,  you  take  AB  =  (x=:)  -^  ,  draw  the  Ordinate 
BD,  and  the  Tangent  DT  meeting  AB  in  T  :  then  the  Area  of  the 
Curve  fought  is  ^xTDB.— APDB.  Join  AD,  and  £  the  conju- 
gate Axis  is  v"t *  therefore  if  to  A0=r </J '  -\- ex*,  OD  =  at,  and 
AP  =  ^  you  find  a  fourth  Proportional,  viz,  —~z=  (by  in- 
fating  ~,  for  x)  y/.-£-— :  then  you'll  have,  by  what  has  been 

•Art.366.  demonftrated  *,  the  Sector  APGD  =r£; 


of  this  Ex- 
plication. 


v/t+v/^  =  (by 


7        / 


reducing)  jjY'^jff^ '  to  which  if  you  add  the  Triangle  ADB= 

z  z  '  z  ~  z^/t\  ^f& 

=  APDB.    But  the  Triangle  TDB  was  (hewn  to  be  equal  to  ^  = 
fSEl  — ZEZE^ZEE.1  ^C±SLZ/^? :  tbereforeTDB--APDB 

^^         2*  •  J  z  zJ 


Zt  I  J*"  Z  z^/t 


1_   /  h* +•*+/*  _  Lje  4-fz'—  L*Je 


*  « 

4/'+ */'+/*'—/>—  /R 


|r4-t 

S 


5 
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M£:  Wherefore  ^'xTDB-APDB=-P-.-R  I— +-:  asitis 


in  Mr.  Cotes's  Table. 

373.  But  if /be  negative,  fo  that  it  be  ^*/e  —fin*  ==y :  then  by 
■what  was  {hewn  at  Art.  277  *,  (fee  Fig.  3.  Tab.  2.  p.  25.)  if,  with  •  Of  this 

_  *  f  £xplic&~ 

the  Center  A,  half  Tranfverfe  Aa  =  ^/  —  and  half  Conjugate  =  >Jft  turn. 

you  defcribe  the  Hyperbola  aGDS-,  take  AB=  (#=)  —,  draw  the 
Ordinate  BD,  the  Line  AD,  and  Tangent  DT,  then  the  Area  of  the 
Curve  (ought  is  equal  to  —  ^  x  oGDT.  But,  by  what  has  been  de- 
monftrated  Art.  366  ♦,  if  to  AB = x,  BD  =  v  = «/— /-f  «*%  and  •  of  this 

y -X Explica- 

,f  ^Y —  4L  ±.  f&  60&. 

Aa  =  ,y/—%  you  find  a  fourth  Proportional,  viz.  ' — ! 

=v/'  ~      ,  then  you  (hall  have  the  hyperbolical  Sector  AtfGD  = 


Zt/t 


sf+y*=M 


.,+..  , j* 


S*f 


=  ^^'*jfc"/**  fr^  which  fubtraa  the 


Triangle  ADT  =  (42*2  =  EE^E  =  *JZE^fLll  = 

*  +  •~r!  X  ^""^  ***  =)  &e  -\-fx\  there  remains  <*GDT  = 

9W*£=£  -  ^?T^r=  £r  |*+I _  ZPj  wherefore- 

^X«GDT=:^P  — ^|*+I,    the  fame  as  in  Mr.  Cb/«*s 
Table. 

374.  Finally,  if  it  be  iv-^+/z-=^;  then,  by  what  was  de- 
monftrated  Art.  278  *  (fee  Fig.  4.  Tab.  2.  p.  25.)  if  with  the  Center  .  or  *b 
A,  Semitranfverfe  Aa  =  ^Z,  and  Semiconjugate  AP  =  */  (the  ££**" 
feme  as  in  the  preceding  Figure)  the  EUipfe  aGDS  be  defcribed  j  the  ""' 
Radius  AD,  and  Tangent  DT  be  drawn  .;  and  you  take  AB=(x=) 
^r,  the  Area  of  the  Curve  fought  is  £x*GDT.    But  (by  what 
has  been  demonftrated  Art.  366  *.)  if  to  AB  =  x,  BD  =  */f—ex\  •  of  this 

M  m  and  ^P1"*- 


bon. 
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and  ha  =  v'     »  y011  ^°^  a  ^ourt^  Proportional,  viz. - 


y/~*+fl*t  the  elliptical  Seftor  <*GDA  =  -±-      '^ 


tt/e 


y*i 


■^lef''  ^jZ+/k*:  which  king  fubtraaed  from  the  Triangle  ADT 


=  ( — 5 —  =s j— J  ^-e+fz«t  there  remains  j?/-e+fz!> 

-iP  —  -<*R 1^ :  the  fame  as  in  Mr.Cotefs  Table. 


s 

375.  Schol.  It  may  be  obferved  that  the  lame  Notation,  making 
allowance  for  the  Difference  of  the  Signs,  ferves  all  the  Cafes,  in  this 
Example  :  and  the  fame  happens  in  all  others :  when  the  Fluents 
are  exprefied  by  the  Meafures  of  Ratios,  and  Angles.  In  the  laft 
Cafe,  where  the  Area  is  exprefied  by  the  elliptical  Area;  and  the 
Fluent  by  the  Meafure  of  an  Angle,  we  might  have  taken  AB  for  the 
Radius,  and  VA**  —  AB*,  for  the  Tangent  of  the  Angle  to  the  fame 

■  f..yrz 

Modulus  as  before :  and  fo  it  would  have  been  -fj-  ' 


W* 


yf- 


T$€  *m?—*  for "to  Vak,e  of  to  Sedor  *GDA,  as  be- 
fore. It  may  likewife  be  obferved  that  the  two  Hyperbolas  are  con- 
jugate to  one  another,  the  tranfrerfe  Axis  of  the  one  being  the  conju- 
gate Axis  of  the  other ;  and  the  conjugate  Axis  the  fame  with  the 
tranfverfe :  and  the  Ellipfe  has  the  fame  Axes  with  the  Hyperbolas  -T 
fo  as  to  be  that  which  is  inlcribed  within  the  conjugate  Hyperbolas,  as 

•  of  this  reprefented  by  the  Fig.  at  Art.  367  *.    Moreover  the  Expreffions  for 
Exptica-    tjje  Meafures  of  the  Ratios  and  Angles  might  have  been  deduced 

*  Of  this  otherwife,  by  confidering  what  was  fhewn  Art.  367,  368,  3 69  *. 

£n.Uca        376-  #  the  Area  of  the  Curve  whole  Equation  is  -p/—  e  -\-fi& 

—y\  or  the  analogous  Fluent  of  the  Fluxion  dzz~W — e  -\-fz*,  be 
required  in  a  linear  Defcription  by  means  of  a  Circle,  it  may  be  thus* 
Take  fome  Quantity  for  linear  Unity  in  the  Conftru&ion,  by  which 

let 
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let  the  Dimensions  of  the  feveral  Terms  be  reduced  to  the  juft  Num- 
ber, by  Multiplication  and 
Divifion  thereby :  fuppofe 
it  be/  Then  take  AP 
z=f>  and  upon  AP  pro- 
duced beyond  A,  takeAB 
=  e,  and  AC  =  z* ;  and 
having  defcribed  upon  PB 
and  PC  as  Diameters,  two 
Semicircles ;  through  A 
draw  ADE  perpendicular 
to  AP,  meeting  the  Semi- 
circles in  D  and  E :  with 
the  Radius  AD  defcribe 
the  Quadrant  DHF,  draw 

the  Tanwnt  DG ;  and  with  the  Radius  AE  defcribe  the  Arch  EG 
cutting  the  Tangent  in  G,  job  AG :  and  the  Area,  or  Fluent  required 
is  equal  to  7XDG  —  DH. 

,  For  k  is  evident  by  the  Conftrudion,  that  AD  =  >Je  and  AE  = 
h/Jz*=:AG,  and  therefore  DG  =  V-- * -}-/g« :  whence  it  follows 
that  the A^chDH==^l^^;tA%  and  DG  —  DH  V-*+/s- 


*«* 


Z    m  i    m    IR.T  ..  .  ... 


£4P— ;4R.  |5jl,  as  it  ought  to  be*. 


•Art.$24' 
,  of  this 


Ex. 


377.  The  Conftrudion  may  be  made  otherwife  thus.  Suppofine  of.*1*** 
as  before  AP  =/=  ,,  AC  =  *,,  AB  =  ,,  AB  =  </J*  =  > Ifo?  phcatMm* 
and  AD  =  *Je :  produce  E A  towards  L,  upon  which  take  AI  a  third 
Proportional  to  AE  =^**  and  AP  =  i,  fo  is  AI=  (-=)  *  (fee 
Table  2.  Form  3.  Quad.  p.  25.  and  take  ka  a  third  Proportional  to 
AD=  */e  and  AP=  1,  fo  is  ha  ='  With  the  Radius  Ka  de- 
fcribe the  Quadrant  *MO  :  through  I  draw  IM  perpendicular  to  A*, 
cutting  the  Quadrant  in  M :  draw  the  Radius  AM,  and  the  Tangent 
ML  mceun|  Aa  produced  in  L,  then  the  Area  of  the  Curve  whofe 
Ordinate  is  ->/—  e  -\-fz\  or  the  analogous  Fluent  whofe  Fluxion  is 
^V—  e-\-Jz'  is  7XLMXAB— tfMxAB.    For  with  theSemi- 

M  m  2  axes- 


« 
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axes  Aa,  AP,  defcribe  the  Quadrant  of  the  Ellipfe  <*NP,  cutting  IM 
in  the  Point  N  j  join  NL,  which  is  a  Tangent  to  the  Ellipie  at  the 
ofthkEx  *>0*nt  **»  l^en  ^  w*ut  was  ^Prmer'y  demonftrated  *  the  Area  or 
pikation.  Fluent  is  equal  to  ^  x  aNL ;  but  it  is  *NL  :  aML  : :  (IN  :  IM  : :) 
AP  =  i  :  A<x  =  -^ ,  therefore  a  NL  =  aML  xV;= LM  —  aM  x 
7X^  =  LM-flMx^X^=LM-flMxT:  fubflkute  this 
for  «NL  in  the  foregoing  Expreffion  ^  XtfNL,  i  for^  and  AB  for  e, 

and  it  becomes  —  X  LM  x  AB  —  aM  x  AB  for  the  Area  or  Fluent 
required. 

SECT.    XL 
Containing  the  Demonftration  of  Prop.  u. 

3781.  Q*Uppofing  the  fame  Things  as  are  fuppofed  by  our  Author  m 

^  this  Propofition,  (which  fee  with  the  Figure  belonging  to 

ft)  only  let  us  further  fuppofe  that  the  Areas  of  the  Curves  ADB» 

AEB,  AFB,  &c.  are  represented  by  «,  0,  y,  &c.  and  confequently 

that  the  Ordinates  BE,  BF,  BG,  &c.  are  -J,   y,  •£,  #<;    Then  I 

fay,  if  the  Areas  «,  /3,  7,  Gfr.  be  terminated  at  the  whole  given  Ab- 
fcifs  AC  ==  t,  and  at  the  Ordinate  CI  given  in  Pofition  and  infinitely 
produced,  /.<?.  when  they  are  the  Areas  ADIC,  AEKC,  AFLC,  ©V. 
and  the  Areas  A,  B,  C,  GV.  be.  terminated  at  the  fame  Abfcus  and  Or- 
dinate, then  it  fhall  be 

i\  ADIC  =  A. 

2°.  AEKC=  /A  —  B. 

3-.AFLC=^-f  +  c. 
^AGMC='-^^±i£z^. 

r.AHNC=/4A-^B^26;C"^'fE- 
&c. 

That  is  to  fay  univerfalty,  if  t  reprefent  the  Area  of  any  Curve  ia 
the  Series  a,  /3,  %  &c.  at  any  Diftance  of  Place  from  the  firft  a ;  and 
fuch  indefinite  Diftance  be  called  d,  then,  when  <  and  A,  B,  C,  6cc. 
are  terminated  at  the  whole  given  Abfcifs  AC,  and  infinite  Ordinate 
CI,  it  fhall  be 

t  = 
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4/  X  ^ —  I  X  ^  —  2  &C. 

Where  the  numeral  Coefficients  of  the  Terms  in  the  Numerator,  viz. 
j,  —  d,  dx  -y^  &c.  are  the  fame  with  thofo  which  belong  to  the 
Terms  of  a  Refidual,  fuch  as  *— b+  railed  to  the  Power  whofe  Ex- 
ponent is  d,  i.  e.  of  a  —  btf  when  actually  involved :  the  Exponent 
of  the  Power  of  /  in  the  firft  Term  is  d,  *n  &*  fecond,  </  — :  i,  ii* 
the  third,  ^  —  2,  &c*  the  lame  as  the  Exponents  of  the  Powers  of  a 
the  firft  Member  of  the  Refidual,  and  A,  B,  C,  &c.  are  Faftors  of 
the  firft,  (ccond,  thirds  &c.  Terms  refpedtively.  And  the  Factors  by 
whofe  Multiplication  the  Denominator  is  formed,  diminifh  each  by 
Unity  from  the  firft  d,  and  are  continued  till  the  laft  be  equal  to 
Unity  j  or  which  is  the  feme,  till  their  Number  be  equal  to  d. 

379.  To  demonftrate  which,  I  ftiall  prove  that,  when  the  Areas  A^ 
B,  C,  D,  &c.  and  1,  have  any  common  Abfcife  z  =  AB,  the  Rela- 
tion of  the  Areas  (hall  be  exprefled  after  the  feme  maimer,  viz.  thus 

d  x  «/'—  1  x  i—z  tec 

For  by  Propofition  i,  the  Fluxion  of 

dxd—i  xd—ztcc. 

■  a.      J-'xA  .      t  «'A 

v  1—.     1 — .  "  T 


■ix<*— *&c       d  x  d—i  x  d—z  See 
Tx.^'iB  dz^S 


-ixd—ztcc        dxd-*i  xd— a&c 
•</— *  /    tt .„         .    d — t 


7^1  x  — -*»«C       dx  -r-  *"C 
■\r    —    *      4"     -I   — 

4— 1  x*—*&c.  dxd-ixd-z&c. 

*-ix-— -x-t-»     **D        ^x— -x— -*:      *I> 

mmm  *  3 » 3 


-r  x  <*— 2  &c.  dxd—i  x  d—z  Sk. 


But  A =£7  .  B  =  (szy  =)  zk  .,  C  —  (2^=)  z*K. D=:(zz^ 
;=)  s*A,  &e.  which  Values  of  B,  Cj>»Sbe..  being  put  for  them,  in 

the: 
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in  the  Terms  which  conftitute  the  fecond  Column,   it  becomes 

d-  d-  <*—*  d\       .     * — l     ^mmmZ  d\    .    #  . 

x*A  —  dzaA  +  dx  —  **A-/x— x— *  A+te.  xdK 

d  x  d—  1  x  <*—  2  &c.  d  x  d —  1  x  d — 2  See. 


XI — ^rfx^-^Xy  +  &c  where  the  laft  Faaor 

1  —  jj^Jx^-  —  &c.  being  the  numeral  Coefficients  of  a  Refidual 

raifed  to  the  Power  whofe  Exponent  is  d,  is  therefore  equal  to  no- 
thing :  confequently  all  the  Terms  conftituting  the  fecond  Cblumn, 
taken  together  are  equal  to  nothing.  Wherefore  the  Terms  conftitut- 
ing the  firft  Column,  make  up  the  Fluxion  of  the  Quantity 

A^^^'B  +  ^x^^C^^x^x^^D^^ 

d  X  ^—  I  X  ^— 2&C. 

Which  therefore  is 

£x = = 

^_  I    X  */—  2    &C. 

Wherefore,  if  the  firft  of  thefe  exnrefs  the  Area  of  a  Curve  whoie  Ab- 
fcifs  is  z,  die  fecond  will  exprefe  the  Fluxion  of  that  Area :  and  there- 
fore, if  it  be  divided  by  zy  it  will  exprefe  the  Value  of  the  Ordinate 
of  that  Curve.  In  which  laft  Expreffion,  the  numeral  Coefficients  of 
the  Terms  in  the  Numerator  are  the  lame  with  thole  of  the  Power 
of  a  Refidual,  whofe  Exponent  is  d —  i :  the  Indexes  of  the  Powers 
of  z  are  d —  i,  d  —  2,  d—  3,  &c.  and  A,  B,  C,  &c.  are  Fa&ors 
of  the  firft,  fecond,  third,  &c.  Terms  refpedfcively.  Whence  it  ap- 
pears that  the  Number  of  Terms  in  this  Expreffion  of  the  Ordinate, 
is  one  lefs  than  in  the  Expreffion  of  the  correfponding  Area :  and  fur- 
ther, the  Denominator  of  the  laft  Expreffion  is  equal  to  the  Denomi- 
nator of  the  former  divided  by  d. 

Moreover  if  d  be  1 ;  fo  that  the  Area  of  the  Curve  be  z A  —  B, 

the  Fluxion  is  £A  +  As  —  B  =  (zA  +  %zy  —  zzy  ==)  *A,  and 
confequently  the  Ordinate  is  A,  by  confidering  of  which  things  it  ap- 
pears that  in  the  Series 

a  a  p  g*A—  z*B4-C  g*A-3«*B4-3«:C-D  g*A— 4*?B+  6**C — 4*D4-E 
A  .  Z  A  -~  U  .  2 -   g  •   ^J 

($c.  in  inf. 

If  you  take  any  two  next  adjoining  Terms,  the  firft  of  the  two  be- 
ing the  Ordinate  of  a  Curve  whofe  Abfcifs  is  z,  the  laft  of  the  two 

will 
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will  be  the  Area.  Or,  which  is  the  fame,  if  you  confider  all  the 
Terms  as  Areas  of  Curves,  having  the  common  Abfcifs  z ;  and  fup- 
pofe  z  or  z  x  1  =  1,  then  each  Area  will  be  the  Fluxion,  or,  if  you 
pleafe,  the  Exponent  of  the  Fluxion  of  the  one  immediately  follow- 
ing. But  a.fi.y.i  &c.  is  a  Series  of  Areas  having  the  fame  Abfcifs, 
and  Relation  as  the  former :  and  the  firft  Area  A  is  equal  to  the  firft 
Area  «,  fince  they  have  the  fame  Abfcifs  z  and  Ordinate  y :  there- 
fore all  the  fucceeding  Terms  of  the  one  Series  are  equal  to  all  the 
fiicceeding  Terms  of  the  other,  each  to  each.  Now  fuppofe  the  Ab- 
fcifs z  to  become  equal  to  AC  or  /,  then  a,  /3,  y,  },  &c.  become 
ADIC,  AEKC,  AFLC,  &c.  and  therefore  it  will  be 

1°.  ADIC  =  A. 

20.  AEKC=/A  — B. 

30.  AFLC=  ££=2S2±£.  i 

4o.  agmc=  ^-yB^sic-D  ;r 

C*.  AHNC=  ^-4/>Bt^C-4/D  +  E 
^  24 

.  &c. 
This  was  the  firft  thing  to  be  demonftrafeed. 

J 80.  The  fecond  thing  to  be  demonftrated  is,  that,  if  #=/  —  2^ 
P .  Q .  R .  8,  &e.  be  a  Series  of  Areas  having  x  for  their  common 
Abfcifs,  and  y>  xy,  x*^,  xfy  fee.  for  their  Ordinates  refpe&ively,  when 
the  Areas  P .  Q .  R .  o  &c.  as  well  as  A .  B .  C  .  D  &c.  are  terminated 
at  the  whole  given  Abfcifs  AC =/,  and  infinite  Ordinate  CI,  it  (hall  bo 

P=A. 

Q  =  /A  — B. 

R=/aA  — 2/B  +  C. 

S  =  /*A  —  $P&  -f  3/C —  D. 

&c.  in  inf. 

Or  univerfally>  if  d  denote  the  Diflance  of  Place  of  any  Area  from 
the  firft  P,  in  the  Series  of  Areas  P .  Q .  R  •  S .  &c*  that  Area  fhaii 
be  equal  to 

yA-^-'B  +  rfx—  /*-*C-</x— x  —  **-«D,  &c. 

the  fame  Series  as  that  mentioned  in  the  preceding  Part  of  the  Pro- 
pofition,  only  wanting  the  Denominator. 

For  the  Curve  belonging  to  the  Series  P .  Q.  R .  S  &c.  which  is  at 

the  Diftance  d  from  the  firft,  has  xdy  for  it's  Ordinate  1  but  x=t^z9 

or 
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or  **=  {t^zY  =)  y—  </**-«*  4.  «/x d-=±t<i-*z*  -^x^x 

JZf/^-j^  4.  &c.  therefore  a^  =  /"^— dtt—*zy  -\- 4y.-~t^-*z*y 

—  ^/X  ^  x  £=?/*-**»/  +  &c. 

Now  the  Ordinates  ^,  «y,  «•_?,  &c  belong  to  the  Areas  A,  B,  C, 
&c.  confequently,  fince  /  is  a  given  Quantity,  the  Area  belonging  to 

the  compounded  Ordinate  /^  —  <&d-*zy-\-dx^td-~xz*y—>d  x 
i=l  x±=?tJ-izu  _|_  &c.  will  be  *A—  ^-'B4-</x  — /*-*C— 

2  3  "2 

^X^X^yV-3E>  +  &c.  the  Abfcifs  being  z:  and  the  fame  is 

true,  when  the  Abfcifs  z  grows  into  the  whole  given  Abfcifs/.  There- 
fore, fince  the  Ordinate  #*y  at  every  Point  of  the  given  Abfcifs  AC 
=/,  is  equal  to  the  compounded  Ordinate,  the  Area  defcribed  by  the 
Ordinate  xdy  drawn  along  the  whole  Abfcifs  AC,  is  eaual  to  the  for- 
mer compounded  Area.  Hence  the  fecond  Part  of  the  Propofition 
appears. 

And  therefore  by  confidering  what  has  been  demonftratcd  in  this, 
and  the  preceding  Article,  the  Truth  of  what  our  Author  afferts  in 
this  Propofition  is  manifeft ;  and  the  Corollary,  thence  deduced,  plain- 
ly  appears  from  the  Propofition  itfelf. 

SE  C  T.    XDL 

Containing  an  Explication  of  our  Authors  lafi  Scholium  ; 
with  the  Application  of  the  preceding  Do&rine  to  the 
Solution  of  fome  Problems. 

381.  rTpHE  Aflair  of  the  different  Orders  of  Fluxions  was  fully 
X     explained  at  the  Beginning  of  this  Work  in  Sedfc.  2  ;  and 
the  Juftnefs  of  the  Conception  vindicated  from  the  Objections  that 
have  been  raifed  againft  it  by  a  late  Author.    In  the  fame  Place  I 
likewife  (hewed  how  thefe  different  Orders  of  Fluxions  may  be  ex- 
pounded by  the  Ordinates  of  Curves,  after  fuch  manner  as  is  men- 
*  Of  the  tioned  by  our  Author  here  in  Art.  71— 74  *  :  fo  that  it  would  be  to 
Quadw-    no  Pmpofe  to  fpend  more  Time  in  explaining  that  Matter.    But  what 
Curves,    is  contained  in  Art.  70  -j-  muft  be  illuflrated  a  little :  and  fo  much 
t  of  the  the  rather,  that  there  feems  to  be  fome  Miftake  in  the  Text. 

Quadra- 
ture of 
Curves.  382.   Let 
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382.  J*et  ARC  be  a.Curvc  ddcrihed  by  the  Ordinate  BC moving  Arrt-  7°- 
«longtheAWcifsAB.    Call  ABz^.RC  ofthc 

zzzy: and  let  .the- CurvjHw^f  that  Nature 
that^rz^".  LetBC;B2C2>B3C3>B4Q4, 
&c.feefiiceeflive  Portions  of  the  Ordi- 
;a^te9  fi> -that. the -Difonees  B  Ba,  Jte 
.B3,  63,84,  &q.  bojequal,  afiy  of  which 
'Pittances  call  o.    Then  the  fucedftve 
;  Values  of  the  .Abfctfs  are  «,  .«  4"-9> 
z  +  29,  '  #  ^f-  3$,   &c  :  to  .which  the 
Xucceflive  cprrefpondiogValues  of  the  Or- 
dinate *re  Wi&^-qW  jkt|-2o1%  24-30K 
JBy -throwing  thefe  ^Values  -of  y  into  rSc- 
iries's,  you'll  haw  i  them  ^expreifcd  thus. 

2°.  &  ^z^o  4-  9  x  ^s'-'op.-f  n  *  .-" 


— 1    »»— 2 


K  — 4B^?03  +fl  X 


2 


-,  n-^*i     -«i.w»2      w-3         .    m 
•*  -5  '4 


4°.  ^4-3fW^"o+9f  x'—a^-oo+a^x^  X~^«^-»oH8it 


^ 


»-»-l         »Tt2        «•— -3 


4 


©If.  in  inf. 

Where  the  .firft  Term  of  each  Series  is  the  flowing  Quantity  z*  itfelf : 
the  numeral  Coefficients  of  the  fecond  Terms  are  i .  2 .  3 .  4  (jfr.  0f 
the  third  Terms,  j  .  4  .  9  .  i6f&c  j  of  the  fourth,  1 . 8.  27  .'64  ©«:  • 
of  the  fifth,  1 .  ,16  . 8.1 .  256,.^.  that  is,  the  numeral  Coefficients  of 
the  fecond,  third,  fourth,  &c.  Terms  are  Series's  of  the  firft,  fecond 
third,  fourth,  Qfr.  Powers  of  the  natural  Numbers.  '    ',    * 

If  you  fabtraa  the  firft  Value  of  the  Ordinate  from  the  fecond  the 
fecond  from  the  third.,  the  thirdfrom  the  fourth,  (Sc.  you'll  have  the 
firft:Di£eren.ocs  of  the  Ordinates  .BC,  B2C2,  B3C3,  B4C4,  &e  the 
firft  Term  .of  which  in  them  all  is  ,a^-'o.  Again,  by  Sbtracline 
thetfrft  Differej^irom  «ach  other,  you  have  the  Differences  of  the 
Differences,  or  fecon^  Differences  of  the  Ordinates,  the  firft  Term  of 
each  of  which  is  arx  ^-,»»-»oo  =  t,  x.*^i**--*oo.    After  the  fame 

N  n  manner, 
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manner,  by  fcbtra&ing  the  fecond  Differences  from  each  other,  you'll 
find  the  third  Differences  of  the  Ordinate*,  the  firft  Term  of  which 

in  all  is  6v;X ^  X .i=i»r-sos  =  * x »— i  X »  —  ax*«-*o».  &> 
likewife  the  firft  Term  of  the  fourth  Differences  will  be  249.  X 
^  x~x*-j1z*-*o+  =  'iXn--  ix^-a  x  *  — "ix**-*©^ 
and  fo  on  through  the  fubfecjuent  Differences  in  inf.  as  is  deduced 
from  the  Differences  of  the  Series's  of  Powers  of  the  natural  Numbers, 
to  which  the  numeral  Coefficients  of  the  Terms  in  the  fucceffive  Values 
of  the  Ordinate  z*  correfpond.  Now  bjr  confiderine  thefe  feveral 
Orders  of  Differences,  it  will  appear  that  there  are  infinite  Ordfers  o£ 
diem  in  every  Cafe,  unlefs  when  9 is  a  pofitive  Integer:  in  which  laft 
Cafe  the  Number  of  Orders  is  the  fame  with  *  And  the  firft  of 
die  firft  Order  is  called  the  firft  Difference  &*„  the  firft  of  the  fecond 
Order  is  called  the  fecond  Difference  of  z*;  the  firft  «f  the  third  Or- 
der,  the  third  Difference  of  z*y  and  faon.  Only  it  maybe  ohferved 
that  thefe  various  Orders  of  Differences  of  #\  are  generally  underffood 
by  Writers  upon  this  Subjedt,  as.  meant  of  them  when  infinitely  dimi^ 
nUhed :  in  which  Cafe  any  one  of  the  fame  Order  of  Differences  of  the 
Ordinates  is.  the  fame  with  the  firft  of  that  Order.  And  fo  it  appears* 
that  the  firft  Terms  of  the  different  Order*  of  Differences  of  z*9  are 
equal  to  the  fecond  Term ;  twice  the  third  Term ;  fix  times  the  fourth 
Term  j  twenty-four  times  the  fifth  Term,  &c.  refpedively,  of  the 

converging  Series  sj-Hs'— 'o-jr*  K5y«,j— *o*-|-^x  —^  K~z^^o^ 

+  9X^1^^x^^^o^^.===^T^^ 

Now  when  the  Increment  of -z,.  viz.  o,  which  denotes  the  Diftan* 

oes  of  the  Ordinates,  is  diminifhed  more  and'  more  in  inf.  the  prime 

or  ultimate  Ratios  of  the  firft  Terms  of  the  Differences,,  to  the  whole 

Differences  refpeftively,   will  be  a  Ratio  of  Equality,   by  reafoning 

♦  Of  the  after  the  fame  Manner  as  in  Art.  11*,  and  in  the  Notes  upon  it : 

twc^T    wherefore;  hence  it  appears,  that,  in  the  converging  Series  z?  -|-  #&»— 'o- 

Curvcs.     _|-  n  x  ^*r-*Q*  +  *x  ^  x  ^s^o*  *  +  #*  th«  firft.  Term  3' 

being  the  Fluent,  the  fecond*  third,  fourth,  &c  Terms  will  be  pro* 

portional  to  the  firft,  fecond,  third,  &c.  Differences  of  **,  it  being 

underftood  that,  the  Quantities  *rc  taken  in  their  prime-'or  ultimate - 

Ratio,  viz.  when  thefe  Differences  are  in  their  nafcent  or  evanefcent 

State. .    But  from  what  was  demonftrated  in  the  Beginning  of  thi* 

Work,  the  Eluxioa  of  z  being  uniform  ancLconftant,  and  put  equal* 

tfc> 
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to  Unity,  the  firft,  fecond,  third,  &c.  Fluxions  of  z*  will  be  ^z^\ 

if  X17  — i  X **— •,  ^ X ?—  1  X^f  — 2  x *r»— *,  ©f.  Hence  k  appears, 
that  thefe  firft,  fecond,  third,  &c.  Fluxions  are  proportional  to  the  fe- 
cond; third,  fourth,  &c*  Terms  of  the  converging  Series;  and  con  fe- 
quently  to  the  firft,  fecond,  third,  fourth,  &c.  Differences  of  fc*,  wheh 
thefe  Differences  are  in  their  nafcent  or  evanefcent  State; 

But  here  you  muft  obferve,  that  I  don't  mean  that  there  Is  any  Ra- 
tio fubfifts  betwixt  Fluxions,  reprefented  here  by  finite  affignable^Quan*- 
tities,  and  evanefcent  Differences :  but  only  that  a  Ftuxioh  of  any 
Order  is  to  a  Fluxion  of  that  fame  Order,  as  a  Difference  of  the  lite 
Order  is  to  another  Difference  of  that  Order,  taken  in  their  prime 
Ratio.  And  this  I  take  to  be  the  Meaning  of  what  our  Author  here 
advances,  which  feems  not  to  be  expreffed  with  that  Clearnefs  and 
Accuracy,  which  he  was  Mafter  of  upon  other  Occafions,  For  the 
fecond,  third,  fourth,  &c.  Terms  of  the  converging  Series  are  faid  to 
be  equal  to  the  firft,  fecond,  third,  ©V.  Increments  or  Differences  • 
which  certainly  is  not  true.  Therefore  Dr.  Keil  ( fee  Commercium 
Epift.  pag.  41.)  fupjpofcs  that  the  Particle  ut  has  flood  originally  be- 
twixt the  Word  ertt  and  Incrcmentum,  fo  as  to  make  the  Text  run, 

tertius  —j—oos*— *  erit  ut  ejus  Incrementum  fecundum :  and  again,    - 

quartus  »,-3<.«»-H0>gl>— }  erit  ut  ejus  Incrementum  tertiumt  &c,  and  that 

this  Particle  ut  by  fome  Accident  or  another  hath  been  left  out.  But 
oven  when  this  Correction  is  made,  I  don't  think  the  Text  clear'd : 
becaufe  die  plain  and  natural  Meaning  would  ftill  appear  to  be  that 
the  fecond  Term  of  the  converging  Series  will  be  the  firft  Increment 
or  Difference  abfoktefy ;  and  the  third  Term  of  the  Series  will  be  as 
the  fecond  Increment  or  Difference  abfolutety,  &c.  contrary  to  what 
has  been  (hewn.  But  if  we  mall  fuppofe  that  by  firft,  fecond,  third, 
&c.  Increments  or  Differences  of  z«,  Sir  Ifaac  Newton  meant  the  fe- 
cond, third,  fourth,  &c.  Terms  of  the  converging  Series  z*  -f-  *os»— * 

+  *~W»-»  +  "  ~  3n*+  Zno*z*-\  &c.  (as  he  might  have  done) 
the  Addition  of  cut  nqfeenti  is  fuperfl uous.  However  I  fuppofe  I  have 
explained  the  Author's  Meaning:  and  the  OmiJJion,  Inaccuracy,  or 
Mi/lake,  no  way  affects  the  Subject  There  was  no  left  than  twenty* 
eight  or  thirty  Years  interven'd  betwixt  Sir  Ifaac's  writing  the  former 
Part  of  the  Treatiie,  and  this  Scholium,  which  was  annex'd  A°.i704. 
.  383.  And  hence  by  the  by  it  appears  how  the  differential  Method 
of  Mr.  Ldbnitz,  and  the  foreign  Mathematicians,  will  agree  with  the 

Nn  2  .      -Method 
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Method  of  Fluxions  in  it's  Conclufions ; .  becaufe- the  Ratios  of  the  Dif- 
ferences are  the  fame  with  the  Ratios  of  the  Eluxions,  although*  the 
Principles  they  reafon  upon  are  notfo  juft  and  geometrical 

In  order  to  underftand  the  fubfoquent  Part  of  this  Scholium  :  the 
Application  of  which  is  of  very  great  Extent,  there  are  feveral  things 
to  be  taken  Notice  of,  and  a  little  explain  d,  with  iefpc&  to  the  Na- 
ture of  Fluents  and  Fluxions,  and  the  Confutation  of  Equations  de- 
fining the  Relations  of  the  one  or  the  other; 

384.  It  was  obferved  in  Section  feoond,  that  every  fiuxional  Equa^ 
tion  muft  contain  the  Fluxions  of  two  Quantities  at  leafy  either,  ex- 

*  Art.95.  prefled  or  underftood  * :  beeaufe  Fluxion*  or  Velocity  being  a  relative 
of  this  Ex-  Xerin,  there  muft  always  be  the  Fluxions  of  two  flowing  Quantitiea 
P  cation.  ^  k^  -n  wcf^  ^c^  Eqpatjon  .  c?en  ^  ti5Crer  mail  he  afr  leaft.  two; 

flowing  Quantities  in  every  fUiential  Equation.  Wherefore  if  any 
fluxional  Equation  be  propo&d*  in  which,  the  Ftaurioniof  one  Quantity 
only  is  expre&d,  the  Fluxion  offome  other  fiowingQgantity  ia under- 
ftood>  although  it  don't  appear  ;>  by  which  all  the  Teems,  that  don't 
include  the  Fluxion  of  the  firft  mentioned?  Quantity,  muft  be.  fiqx 
pofed  to  be  multiplied.  Which,  other  flowing.  Quantity  is  fiippofcd  toi 
flow  uniformly,  and  to  have  it's  Fluxion  equal  to  Unity;  by  which, 
means  it  difappears  in  tfrefeTetfiSs,  itA  tauft  be  fupplied,  after  the 

•  Art..    Manner  taught  in  that  Place*. 

2fth?s9Ex-  3^5-  *n  ™c%  Dodnne  of  fluxions,  there  are  two  different  ways  o£ 
plication,  exprefling  each  of  the  Wd  gtntfiX  Pro!)fems>  that  contain  the  dire&9 
and  irroetje  Method  of  Ffoifons:  which,  although  they  may  be  re- 
duced to  6ne  iftaflhtf  of  Ifrpfeffidri,  v*et  that  the  young  Geometriciaa 
*ay  i>iR  prtlefve  deaf  and  diftirtfiT  Ideas,  1  (hall  explain  a  little  ia 
this  Place,  t<t  ittakd  tfte  Way  plainer  to  what  follows. 

In  thtf  ditedJ  Method,  an  Equation  is  Sometimes  $ivcn,  which  muft 
contain  %t  teaft  mo  triable  or  fWing  Quantities,  and  die  Problem 
is  CxtStfeffed  thus  :  Ft6ni  the  pven  Equation  exprejjmg  the  Relation  of 
ibe  Ftuenfs,  to  find  an  Equation  defining  the  Relation  of  the  Fluxions. 
Thus  our  Author  expfeflc*  k  in  Prop.  1 :  and  the  Meaning  of  k  was 
explained  at  full  lengthy  in  the  Notes  upon  that  Prop,  which  fee. 
Again,  the  fame  Problem  is  expre&d  othcrwifc  thus :  Any  Fluent 
being  given,  to  find  it's  Fluxion.  Thus  the  flowing  Quantity  x*  be- 
ing given,  to  find  it's  Fluxion  :  the  Fluent  ax*  —  4^**  4.  9J*»  4. 
ah  being  given,  to  find  it's  Fluxion :  likewife,  the  flowing  Quantity 
*3  —  j**j  -|-  3*7*  — -y3  ^-  ub  being  ptopbfed,  to  find  it's  Fluxion  : 
and  fo  for  other  Fluents,  including  more  variable  Quantities  than  two. 
iThe  Meaning  of  all  which  muft  be  conceived  to  be  this.  The  Flux- 
ions 
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ions  or  Velocities  of  flowing  of  the  variable  Quantities,  which  coai- 
ppfe  tbefe  Fkienttt,  being  fuppofed  to  be  known,  to  find  what  are  the 
Fluxions  or  Vclootfef  with  which  the  whole  Fluents  flow :  or  what 
Relation  they  bear  to  the  Fluxion,  or  Fluxions  of  the  flowing  Quan- 
tity, or  Quantities  of  which  they  are  compounded.  Thus  the  Flux- 
ion of  x*  is  /wr-1*  \  the  Fluxion,  of  a&  *—  4*Av*  -f-  8£#*  — *£,  & 
$axzx  —  dabxx  +  i66xx ;  of  x*  -—  $x*y  -fc  sof^y*  +  ^  *  3*** 
—  6xxy  —  $x%y  \  3^y*  -f  6xyy  —  $y*y :  the  Meaning  of  all  which 
is,  that,  wlien  Fluxions  of  x  and  y  are  *  and  y%  the  Fluxions  of  the 
Fluent*  meijttioned,  are  fuch,  or  bear  focb  Rejatipn  tp  them,  aa  the 
fluxionai  Exprefijons  fet  down,  import.  Whence  the  two  different 
Ways  of  exprefiinz  the  fqcond  gewjral  Pfoblero^  containing  the  in* 
verfe  Method  of  Fluxions,  m^y  be  eafily  uiklerftppd.  One  of  which 
is  this :  Jny  Equation  being  £«w,  defining  fa  Relation  of  the  Fluxi^ 
ens  of  any  flowing  ^tfantities^  (0  f&4  an  Mqwtkn%  defining  tke  Rfi*. 
lation  of  the  Fluents.  The  other  runs  thus  :  To  find  fa  Fluent  of 
any  fluxionary  Expreffon  propofod.  Wftch  are  the  Converfc  of  the 
former  two  Problems. 

386.  Now  although  the/e  he  diflfereojt  Way*  of  fraefiittg  the  twau 
Kneral  Problemst  yet  in  ffifft  tW  «WJR  tJ»  &WC  thidg.  For  any 
Fluent  being  propofed,  to  find  it's  Fluxion,  and  QQ&ucr&lyv  yon  may 
put  the  flowing  Quantity  in  the  firft  Cafe,  eaual  to  fome  flowing 
Quantity  expreffed  by  a  Letter  or  Symbol:  and  the  fluxionary  Ex- 
preifton  in  the  feepnd  Cafe,  to  the  Fluxion  pf  him  *Wi»g  Qwrnify 
exprefled  by  the  proper  Notatiop  qf  a  fluxionary  SyrabpJ,  Tbu* 
when  it  is  propofea,  as  above,  to  find  the  Fluxion  of  ax*  —  ^abx%  -f- 
%bx%-~ab  \  fuppafe  the  Fluent  equal  to  *s  fe  that  it  ftand  thus  ax* 
«—  \akx%  4-  &bx*  -~,ab  —  %.  And  then  front  this  Equation  expreffing 
the  Relation  of  the  Fluents  *  and  *,  yon  find  W  £qi#tioi»  «pre(8ng 
the  Relation  of  their  Fluxions.  Again,  when  the  fluxionary  ExpreP- 
fion  $x%x  -~  6x£y  —  $xzy  4-  j*y*  +  &*&  —  %fjt  w  propofecj,  tp  find 
it's  Fluent :  you  fuppofe  it  equal  to  the  Fluxion  of*,  fb  as  to  ftand 
thus,  3**#  —  6*#y  **- 3xajr +3*9*+  fay**- U#  w**  andib  it  will 
amount  to  this,  from  the  Equation  juft  now  mentioned,  expreffing 
the  Relation  of  the  Fluxions  x%  y  and  K  to  find  an  Equation  exprek 
fing  the  Relation  of  the  Fluents  1  for  the  Import  of  which  fee  Art. 

8g,  90  *,  fo  that  the  two  different  Ways  of  expreffing  the  two  gene-  ♦  0/  thl*> 
ral  Problems,  will  in  efleft  amount  tp  one  and  the  fame  thing.  ExpHca- 

387.  But  here  fomething  occurs  that  muft  be  carefully  obfervedr  aon# 
viz.  that  the  Fluent  belonging  tp  any  Fluxion^  is  either  pure  or  mixt* 
Thus  u\  one  of  the  Examples  above*  it  was  fhewn  that  ysx%x  — 

%abxk 
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Qabxx  -f-  \bbxx  was  the  Fluxion  of  ax*  —  ±abx%  +  Sbx%  —  ab :  but 
it  is  alfo  the  Fluxion  of  the  Expreffion  ax*  —  ^abx*  +%bx\  becaufe 
—  ab  is  a  conftant  Quantity,  producing  no  Fluxion.  The  laft,  I 
•call  a  pure  Fluent  5  becaufe  it  contains  no  Part  but  what  flows,  and 
leaves  fome  Veftige  of  it  in  the  Fluxion :  whereas  the  other  is  called 
a  mixt  Fluent,  as  being  made  up  of  Parts,  which  don't  all  flow ; 
there  being  a  Part  '— .  ab  which  is  conftant,  producing  no  Fluxion, 
and  therefore  leaving  no  Veftige  of  itfclf  in  the  fluxionary  Expreffion, 
fay  which  one  might  know  that  it  was  in  the  Fluent. 

Now  the  finding  the  pure  Fluents  from  the  Fluxions  given,  is  a 
determinate  Problem,  which  in  many  Cafes  may  be  folved  by  the 
Quadrature  of  Curves,  or  the  Method  of  finding  their  Areas  taught 
by  our  Author  in  thisTreatife :  whereas,  to  find  a  mixt  Fluent  be^ 
longing  to  any  propofed  Fluxion  is  indeterminate,  fince  there  may  be 
an  infinite  Number  of  fuch.  However,  there  may  be  fuch  Limita- 
tions either  a^gmed,  or  arifing  from  the  Conditions  and  Circumftances 
of  the  Cafe,  as  may  make  this  laft  Problem  determinate ;  although 
otherwife  k  would  not.  Thus  if  you  know  that  the  Fluent  ought  to 
be  equal  to  a  certain  known  Quantity  in  certain  Circumftances,  you 
raav  thence  find  the  mixt  Fluent  you  want  $  provided  you  can  firft 
&na  the  pure  Fluent 


axx 


Thus  if  the  Fluxion     _  was  propofed,  in  order  to  find  a 

mixt  Fluent,  to  which  that  Fluxion  belongs,  fo  circumftantiate  or 

limited,  as  that,  when  *  =  £,  the  Fluent  may  be  o,  or  b;  or  —  or 

b—a\  or  any  other  known  Quantity  whatfoever :  then  I  firft  leek  a 
pure  Fluent,  which  will  be  the  fame  Expreffion  with  that,  which  ex- 

hibits  the  Area  of  a  Curve,  whofe  Abfcifs  is  x,  and  Ordinate 


ax 


TJ^xxV 

as  will  be  (hewn  more  clearly  below :  this  Area  or  pure  Fluent  you'll 
•jOfthis  find  (by  Prop.  5.  or  Art,  147  **  or,  more  fliortly,   by  comparing 

Won*  ■  with  the  Ordinate  of  the  Curve  belonging  to  Form  fecond, 

b  +1  cxx\ 

Table  firft)  to  be  ^T^*    Which  found,   fuppofc  you  take  q 

ax* 

for  any  given  Quantity,  to.be  juft  now  determined:  put  26x.xk^, 

•f-  jr  =  o,  or  b,  or  — ,  Or  £  —  a,  or  any  other  given  Quantity,  to 

which  the  mix'd  Fluent  muft  be  equal,  when  xz=.b,  that  is,  (by 

putting 
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putting  x= b)  n£g;+  £  =  o,  or  b%  or 7;  or  £  —  a,  Sec.    Whence 


OF 


Jou  find  q  ==  —  qp^j  or  q=t — j^j  or  y=7  —  j— 

Fluents  anfwering  to  thefc  feveral  Cafes  or  Conditions  *~  to  the  pure 
Fluent  formerly  found,  you  mull  annex  the  correfponding  Values  of 

fr  which  wilt  give  ^|^-iysr  2fr+2lcx*+* — T^fc* 

2i*+2hxx  +  7  —  it^*  «i»  +  ito>  +  •* —  *  ~ht3>  **•  for 

the  true  Fluents  required*  correfponding  to  the  feveral  Cafcs>(  or  Sup- 
pofitions  put.  And  the  fame  may  be  done  in  other  Cafes;  when  like- 
Limitations,  or  Conditions  of  the  Fluent  are  affigned  or  known. 

388.  It  may  likewifc  be  ohferved^  that  there  are  fometimes  two* 
pure  Fluents  belonging  to  one  and  the  lame  Fluxion  v  thus  the  fluxion- 

ary  Expreffion.     ***  y,  mentioned  above,  has  another  pure  Fluent,, 
*  +  cx*\. 

viz.    1^},  which  is  found  by  changing  the  Form,  of  the  given: 

Fluxion  -■.  into  this,  other  ■==-»  y  and  finding,  the  Area  of  a. 

b  +  <*M  **— *+d  **• 

Curve  correfponding  to.  the  Ordinate      **~  .-;-  which  Area  is  the- 

kft  mentioned^  Fluent,  2^cTlccx%  5  as  you  find  by  Prop,  $>  or  by  con- 
futing Form  fecond  of  Table  firft.     So  that  the  fame  Rules,  which 
were  formerly  given  in  Art.  147—176*,  for  determining- when  a^Qfthia 
propofed  Curve  is  quadrable,  or  not ;  and  when  it  is  doubly  quadra-  Explica- 
ble, equally  ferve  to  find  whether  a*  propofed  fluxionary  Expreffion,  >tkw- 
has  any  finite  Fluent,  /.  e.  fuch  as-  can  be  fully  exprefled;  or  not: 
and  when  there  are  two  Fluents,  and  likewife  to  find* what  that  Fluent 
or  thefc  Fluents  are. 

The  two  pure  Fluents  of  any  fluxionary  Expreffion,  including  only, 
one  unknown  or  variable  Quantity;  with  it's  Fluxion  multiplied*  into* 
each  Term,  (when  there  are  two  fuch  Fluents)  correfpond  to  the  two 
Areas  of  a  Curve,  which  lye  upon  the  oppofite  Sides  of  the  Ordinate:: 
hence  it  follows  that  thefe  two  Fluents  will  be  afieftecL  with  oppo- 
fiteSigps- 

3£9,.Fuah 


*8o 


*  Art.95, 
of  this  E* 
plication. 
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389.  Further  it  is  to  be  obferved,  that  when  any  Equation,  exhi- 
biting the  Relation 
of  the  Fluxions  of 
any  two  flowing 
Quantities,  is  given, 
the  Relation  of  the 
Fluents  defin'd  by 
the  fluential  Equa- 
tion thence  de- 
rived, is  the,  fame, 
whether  you  fup- 
pofe  the  one,  or 
the  other ;  or  nei- 
ther of  the  Quan- 
tities to  flow  with 
an  unfform  an3  contknt  Fluxion.  For  as  thefe  different  Suppofitions 
don't  alter  the  Relation  of  the  Fluxions  * ;  fo  neither  will  they  alter  the 
Relation  df  tthfc  Fluents,  Which  depends  upon  the  Reflation  of  the 
Fluxions.  Thus  in-  the  curvilinear  Figure  ABC,  whole  Abfcifs  is  AB 
tttodttoiinateBCi  arifi  XJV  a  Tangent  'meeting  AB  id -the  Point  V; 
calling  AB  =  zy  BC  =y,  the  Relation  of  z  to  y%  is  the  fame  Whe- 
ther z  4low  dniforttity,  Or  y  flow  uriifornfly ;  or  though  neither  df 
them  do  fo,  viz.  that  of  VB  to  BC :  and  the  Relation  of  the  Fluents 
AB  And  BC  in  every  Cafe  is  the  fame. 

390.  The  finding  the  Fluents  from  the  Fluxions  given,  by  means  of 
the  Quadrature  of  Curves,*  depends  upon  this  Principle  or  Pofition,  That 
any  variable  or  flowing  Quantity,  which  flowsat  the  fame  Rate,  or  accord- 
ing to  the  fame  Law,  that  any  curvilinear  Area  flow,  may  be  reprefented 
or  expounded  iyfltcb  curvilinear  Area,  For  whatever  Relation  a  fuper- 
ficial  Unit  boars  to  the  curvilinear  Area,  that  .feme  Relation  will  an 
Unit  of  any  other  ^Kind  bear  to  a  variable  or  -flowing  Quantity  of  that 
Kind,  which  flows  man  analogous  Manner.  Hence  it  is ,that  bjnthe 
Quadrature  of  Curves,  we  may  determine  the  Lengtbsof  Curve-lines;  the 
ftyerflcial  xndfolid  Contents  of  Bodies ;  the  Centers  of  Gravity,  :Per- 
cuffion  or  Ofcillation  of  all  Kinds  of  Magnitudes :  and  in  general, 
Quantities  of  any  Kind,  confidered  4s  flowing  at  the  fame  Rate, 
or  according  to  the  ikme  Law,  that  any  curvilinear  Area  flows : 
juft  after  the  iame. Manner  that  in  the  fifth  Book  of  .Euclid's  Ele- 
ments, Quantities  of  all  Kinds  are  reprefented  and  expounded  by  right 
Lines, 


Thus 
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Thus  if  the  Fluxion  v/#*  +22£  or  *\/ I_l~£  was  propofed, 
to  find  the  Fluent :  I  confider  Xy/i  4-|j  as  the  Fluxion  of  a  curvi- 
linear Area,  whofe  Abfcifs  is  x  and  Ordinate  y/  i  4-  — :  whatever 

be  the  Nature  of  the  flowing  Quantity,  which  flows  with  the  pro- 
pofed Fluxion.    Then  by  the  Quadrature  of  Curves,  I  find  the  Area 

of  the  Curve,  i.  e.  I  put  y/  1  +  ^,—y  •  an(*  thence  I  find  the  Area 

by  Prop.  5.     Or  thus :  I  confult  the  Rules  laid  down  in  Art.  147,  •  of  tHi 
149  * ;  by  which  I  find  the  Curve  is  quadrable,  and  that  it's  Area  is  &xp';^~ 

**\x%*\/  1  +  J.    Thc  fimc  thing y ou  ^d mo« expeditioufly ,  by 

comparing  the  given  Equation  y/  \\*£=.yy  with  the  Equation 
belonging  to  the  Curves  of  Species  i.  Order  3.  Table  1.  Therefore 
U  +  X%XK/ 1+¥  is  the  Fluent  belonging  to  the  gfren  Fluxion,  by 

confidering  that  Expreflion  as  no  longer  reorefenting  or  denoting  an 
Area  of  a  Curve,  but  a  Quantity  of  any  other  Kind,  whether  Line, 
Body,  or  any  other,  according  to  the  Nature  of  the  Fluent,  whoie 
"Fluxion  was  propofed.    More  Examples  of  which  may  be  feen  below. 
•    Wherefore  I  come  now,  as  I  promifed  at  the  Beginning,  to  (hew 
how  this  Treatife  of  Quadratures  is  to  be  applied  to  the  Solution  of 
fome  of  thofe  Problems  mentioned  Art.  100  *,  for  I  cannot  here  *  Of  this 
undertake  to  go  through  them  all :  it  being  fufficient  to  my  Purpofe  Explica- 
te (hew  this  in  fome  InftanCes,  by  which  the  Reader  may  be  enabled  cion° 
to  form  a  Judgment  concerning  the  reft. 

P  R  O  B. 

2a  determine  /&  Maxima  and  Minima  of  Quantities. 

39 1.  A  variable  or  flowing  Quantity  is  often  of  fuch  a  Nature,  that 
it  partes  through  a  State  where  it  neither  increafes  nor  decreafes,  but 
pafles  from  increafing  to  decreafing,  or  from  decreafing  to  increafing : 
in  either  of  which  Cafes  it  arrives  at  an  extreme  Value,  fo  as  to  be 
^called  a  Maximum,  in  the  firft  Cafe,  and  a  Minimum,  in  the  other. 
Now  fince  the  variable  Quantity,  at  this  Inftant,  neither  flows  back- 
wards, nor  forwards,  therefore  any  Fluent  being  propofed,  or  an  Equa- 
tion defining  the  Relation  of  flowing  Quantities,  find  the  Fluxions, 

O  o  by 
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by  our  Author's  firft  Proportion,  and  pert  the  Fluxion  of  the  QpaH- 
tity  which  is  to  be  determined  to  an  extreme  Value  equal  to  nothing; 
and  the  Equation  refusing,  together  with  the  Equation  propofed, 
will  help  to  di&over  and  determine  where  and  when  the  Quantity 
arrives  at  a  Maximum  or  Minimum*  The  fame  thing  » likewise  dooe 
ibmetimes  by  putting  the  Reciprocal  of  the  Fluxion  of  the  Quantity 
equal  to  notning :  becaufc  in  paffiag  through  a  Maximum  or  Minimum^ 
the  Fluxion  of  the  Quantity  becomes  infinitely  great,  in  fome  Cafes, 

392.  The  Matter  may  be  explained  thus :  let  KGL  (Fig*  1,2, 3, 4.) 
he  a  Curve  defcribed  wkh  the  Bafe  AB  aad  Ordinate  BC:  while  the 
Abfcifi  AB  incfea-fe  (Fig.  1,  and  3.)  the  Ordinate  BC  iacreaies  toge- 
ther with  it,  until  it  arrive  at  the  Pofition  reprefented  in  thefe  Figures, 
ifterwaith  it  decreafes :  therefore  at  that  Inflant  of  Time  when  BC  is 
betwixt  the  increafing  and  decreafing,  it  attains  a  greater  Length  than 
In  the  Times  or  Pofiuons  preceding  and  fuoceeding,  for  fome  Space* 


A      B 


A  B 


and  therefore  it  is  faid  to  be  a  Maximum:  for  which  end  the  Fluxiofr 
or  Velocity  with  which  BC  flows  muft  from  being  pofitive  become 
negative :  vfj^kh  k  muft  do  either  by  vanHhing,  as  at  Fig.  i,  or  by 
becoming  infinitely  great  in  comparifon  of  the  Fluxion  of  AB,  as  at 
Fig-  3-  Again  (»*  Fig-  *>  and  4.)  while  AB  increafes  BC  dimini&e* 
until  it  arrive  at  the  Pofition  reprefented  in  thefe  Figures,  afterward* 
it  increafes,  therefore  in  the  intermediate  Inftant  it  is  called  a  Mini- 
mum :  at  which  Time  the  Fluxion  of  BC  from  being  negative  be- 
2  comes 
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comes  pofitive :  to  do  which  it  muft  cither  vanifli  (as  at  Fig.  a.),  or 
become  infinitely  great  in  comparison  of  the  Fluxion  of  AB  (as  at 

Fjg.4) 

393.  Sometimes  in  Curves  of  the  higher  Orders  the  Ordinate  may 

arrive  at  a  Maximum  or  Minimum,  in  different  Places  of  the  lame  Curve, 
as  in  Fig.  5.  where  the  Ordinate  is  reprefented  as  a  Minimum  or  Max- 
imum in  the  feverai  Positions  BC,  DE,  FG.  Whence  k  appears  that 
by  a  Maximum  or  Minimum  in  this  Dodtrine,  Geometricians  don't 
-mean  a  variable  Quantity's  attaining  it's  greateft  or  fcaft  Value  It  caa 
poffibly  at  any  Time  arrive  at;  hut  only  fuch  a  Value  as  is  greater 
•or  left  than  the  Values  for  fame  Time  or  Space  before  or  after  thtt 
4o£tant  at  which  it  is  faid  to  be  a  Maximum  or  Minimum. 

394.  It  is  evident,  by  confidering  what  has  been  laid,  that,  if  you 
calf  x  the  Abfcife,  and  y  the  Ordinate  of  a  Curve,  when  the  Flux- 
ion of  y  vanishes,  die  Tangent  becomes  parallel  to  the  Abfcife,  as  ift 
Fig.  i>  and  3  ;  and  when  me  Fluxion  of  y  is  infinitely  great  in  com- 
-parkfofi  <rf  the  Fluxion  of  #,  the  Tangent  falls  in  with  the  Ordinate, 
as  in  Fig.  2,  and  4:  but  yet  the  Fluxion  of  y  may  vanfth,  or  be  in- 
finite, and  consequently  the  Tangent  parallel  to  the  Abfcifs,  or  coin- 
cident with  die  Ordinate,  when  the  Ordinate  k  neither  Maximum  nor 
Minimum*  For  the  Fluxion  af  y  may  vanifli  and  the  Tangent  be- 
come panallql  to  the  Abfoife,  by  means  of  a  Point  of  contrary  Flexure, 
where  the  Ordinate  doth  not  attain  an  extreme  Value  at  that  Place,  as 
you  may  fee  with  pefpedt  to  the  Ordinate  HI  at  Fig.  5  :  fuch  a  Point 
of  contrary  Flexure  may  Hkewife  make  (he  Fluxion  of  y  to  be  infi- 
nitely gmat  in  refpeft  of  the  Fluxion  of  *,  viz.  when  the  right  Line 
touching  the  Curve  at  the  Point  of  contrary  Flexure  coincides  with 
the  Ordinate.  The  Fluxion  of  y  may  vanifli,  or  be  infinitely  great 
likewife  in  another  Cafe,  when  the  Ordinate  is  no  Maximum  nor  ACr- 
mmwm>  viz.  When  at  fuch  Point  where  the  Tangent  becomes  parallel  ' 
40  the  Abfeffsj  or  coincident  with  the  Ordinate,  the  Curve  is  reflected 
hack  qgain  from  the  Ordinate,  having  no  Branch  upon  the  other  8ide 
«f  the  Ordinate,  at  the  Point  where  it  meets  wkh  it :  but  either  form* 
hag  a  Cufpis  or  turning  back  by  a  continued  Curvature.  But  the 
Places  where  the  Ordinate  arrives  at  a  Maximum  or  Minimum  may  be 
diftingutlhed  from  thefe  others,  by  confidering  that  in  the  Cafe  of  a 
Point  ©f  contrary  Flexure,  the  Ordinate  upon  the  one  Side  of  the  Point 
of  contrary  Flexure,  is  greater  ;  and  that  upon  the  other  always  lets 

,  than  the  Intermediate  Ordinate  Which  paffes  through  the  Poifit  of  con- 
trary Flexure,  or  Inflexion.    Again  when'  there  is  a  Point  of  Reflec- 

O  o  2    •  ,  tion 


U 


284  ?&  Quadrature  of  Curves  explained. 

tion  or  Retrogreflion,  the  Ordinate  upon  the  one  Side  of  that  Point, 
for  fome  Space  at  lcaft,  is  not  to  be  found. 

395.  Wherefore  an  Equation  being  given  including  two  unknown 
Quantities  x  and  y,  which  you  may  conceive  as  the  Abfcifs  and  Ordi- 
nate of  a  Curve,  find  the  Relation  of  their  Fluxions  by  the  Author's 

firft  Propofition  :  then  put  y  or  £  =  o,  and  the  Equation  thence  re- 
taking together  with  the  Equation  propofed  will,  fervc  to  exterminate 
one  of  the  unknown  Quantities  as  y>  and  give  a  new  Equation  includ- 
ing only  the  other  x,  whofe  Root  or  Roots  will  (hew  the  Point  or 
Points  of  the  Abfcils  at  which  an  Ordinate  or  Ordinates  being  applied 
will  pais  through  a  Point,  or  Points  of  the  Curve,  where  the  Tan- 
gent is  parallel  to  the  Abfcifs :  and  again  by  putting  4  =  o,  and  pro- 
ceeding the  lame  way  you  may  difcover  the  Points  of  the  Curve  where 
the  Tangent  coincides  with  the  Ordinate,  having  found  thefe  Values 

of  x,  infert  x  Arp  5  and  then  x  —  p  inftead  of  x  in  a  Value  of  y  ari- 
fing  from  the  Equation  to  the  Curve,  which  will  give  two  new  Values  of 
y,  one  on  each  Side  of  the  Ordinate  whole  Fluxion  is  nothing  or  in- 
finite :  fubtrafi:  the  Value  of  y  deduced  from  the  given  Equation,  from 
thefe  two  new  Values,  which  will  give  two  Differences :  in  which 
Differences  infert  for  x  it's  correfponding  Value,  then  fuppofe  p  to  be 
diminished  infinitely,  fo  as  that  all  the  Terms  where  p  is  found  of 
any  higher  Dimenfions,  than  is  necefiary  for  this  Efiedt,  be  neglefted: 
Which  done,  if  both  the  refulting  Differences  be  pofitive,  y  is  there 
a  Minimum ;  if  both  be  negative,  it  is  a  Maximum  :  but  if  the  one 
be  pofitive  and  the  other  negative,  there  is  a  Point  of  contrary  Flexure ; 
and  if  one  of  the  Differences  include  any  pofliblc  or  imaginary  Ex- 
preffion,  the  Curve  is  reflected  from  the  Ordinate.  The  Reafon  of 
•Art- 1 73,  an  which  will  eafily  appear  to  the  attentive  Reader  * :  who  muft  likc- 
pttcatkm.  wife  know  that  in  this  Rule  for  determining  where  the  Ordinate  is  a 
Maximum  or  Minimum  by  the  Signs  of  the  Differences,  I  fuppofe  the 
Value  of  the  Ordinate  to  be  pofitive :  for  if  it  be  negative  (which  may 
be  found  from  the  Exprefiion  of  it's  Value)  two  pofitive  Differences 
denote  a  Maximum,  and  two  negative  Differences  a  Minimum.  More- 
over I  only  account  that  Ordinate  a  Maximum  or  Minimum,  which 
has  the  Curve  continued  on  both  Sides  of  it.  I  fhall  now  give  fbme 
Examples  of  this  Method. 

Ex.  1.  Let  y  +  x%  —  2ax  —  b1  =  o,   be  an  Equation  propos'd, 
*   and  it  is  required  to  determine  f  to  an  extreme  Value.    The  Rela- 
tion of  the  Fluxions  isy  +  z*x  T" za*  =° :  Put  ^"=:r0  =  2*  —  2#> 

thence 
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■thence  you  have  x = a.    To  find  whether  y  be  at  an  extreme  Value, 

and  if  fo  whether  it  be  a  Maximum  or  Minimum,  put  x  -\-p,  and 

then  *—  ^  inftead  of  #,  in  the  Equation  ^ = £*4-  2**— **  j  whence 

you  have  iB0  y = **  +  2<M?  +  2<JP  —  **  —  2/x  — /"•  *do  ^  =  ^  + 

tax zap —  x*+2/>* — p*.    From  which  two  laft  Values  oS  y 

fubtra&  6%  +  zax  —  **,  and  the  Differences  are  imo  —  zap  -f  2/x 
—  «*.  2*°  zap  —  2px  — p? :  where  if  you  infert  for  xt  it's  correfpond- 
ing  Value  at  and  throw  out  repugnant  Terms,  the  refulting  Diffe- 
rences are  both  —/*,.  therefore  y  is  a  Maximum,  fince  both  Diffe- 
rences are  negative. 

Again,,  if  you  put,?  infinite  in  refpeft  of  x,  or  4  =  o,  thence  yoa 
have  — l-—  r=  (4=)  o,  which  can  only  happen  when  *  is  infinite- 


quired  to  determine^  to  an  extreme  Value.  By  proceeding  as  before 
you  have  abx  —  tbxx — 2ayy  =  o :  whence  by  putting  y  =  o,  you 
will  find,  by  reducing,  x-=.\ay  therefore  when  x  =  ia,  the  Tan- 
gent is  parallel  to  the  Abfcifs.  But  to  find  whether  y  be  in  that  Cafe 
a  Maximum  or  Minimum  put  x  -\-p,  and  then  x--p  in  place  of  x 
in  a  Value  of  y  deduced  from  the  given  Equation,  viz.  y  =z 
~y*L££%  and  you  have  -n0  j  —  ^>*«»+«»-^-«*»-fr"> 

2o  ^^-^-fa-*.**-*.  fubtraa  ^^,  from 
thefe  two  laft  Values  of  y,  infert  for  *  it's  Value  £*,  and  throw  out  re- 
pugnant Terms,  hence   you'll   have  imo  ^/-  —  ~ */"' 

2-  v/i  -  £  -  y/^  for  the  Differences,  both  the  fame,  and 

negative,  whatever  be  the  Value  of /,  as  is  evident,  therefore^  is  a 
Maximum. 

Again,  if  you  pat  y'=inf.  or 4  =0,  thence  you  find  -v^  .  g 

(  j  =)  o :  which  can  only  happen  when  it  is jr  =  o>  that  is  (by  putting; 

o  for  y  in  the  Equation  to  the  Curve  a he— bx*— *y*=o)  when  abx— 
bx*=o :  in  which  cafe  you  have  *=ro,  and  x=a :  therefore  when  the 
Abfcifs  vanifhes,  and  when  it  is  equal  to  at  the  Tangent  is  coincident  with 

"""  the 
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the  Ordinate.  Now  if  you  proceed  as  before,  to  infert  x+p  and 
x^-p  inftead  of  *,  m  the  Value  of  y9  aad  then  put  o  for  x  wbidn 
is  the  one  Value,  and  fiippofb  p  infinitely  diminished,  the  refultiag 
Values  of  y  are  *Jhp  and  V—  bpx  which  laft  being  an  imaginary  Quan- 
tity, fliews  that  the  Curve  is  not  found  aboye  the  Beginning  of  the 
Apfcifsf  hut  fe  refle&ed  back  and  there  touches  the  Ordinate.  Aftcar 
die  fiime  wanner,  by  inferring  a  for  x>  you  would  find  that  thp 
Curve  is  reflc&ed  back  from  the  Ordinate  by  touching  it,  when  the 
AJbfcifs  is  equal  to  a. 

N.  B.  It  may  be  remarked  that  when  x  -J-/*,  and  #— >p  are  lul>- 
ftituted  for  x  in  the  Value  of  y,  and  the  two  Differences  found,  there 
fe  no  Odds  betwixt  thdfc  two  l>rfferenc&  but  that  the  Terms  wfeefe  p 
is  of  an  odd  Number  of  Diwienfions,  are  affe&ed  with  .oppofitc  %o% 
as  is  evident,  which  may  help  to  abridge  the  Work. 

Ex  3.  Let  it  be  **  —  ax* -!\- ±a*x  —  j**z=y-, and  it  is  required 
to  determine  when  jy  is  a  Maximum  or  Mininuo^  if  ever  it  can  be~ 

come  fucb :  wherefore  putting  £  =A  y°»  &&  3***— '  2ax  4-  ?*?=; 
{£.=&)  o:  whence,  by  reducing  the  Equation,  ypu  obtain  one  Value 

of  x  only,  ws.  *  =  j*.  Wherefore  in  the  given  Equation  infert 
x  -\-p  and  x  —  p  inftead  of  x9  and  you  obtain  two  new  Values  of  y% 
«*.  ^±3*^  ^s^**^"3  —  ***  +  a**p  —  <^*  +7^+1^  — 
^** :  from  wnich  wbtra&ing  #*  —  ax*  -f-  j&x  —  ±a>,  and  infetting 
the  .correfpondtng  Value  of  x,  ws.  j*,  you'll  find,  by  ih rowing  apt 
"""  repugnant  Terms,  the  refiilting  Differences  to  be  ±^3 :  which  bcipg 
adSb&ed  with  oppofite  Signs,  :ftiews  that  the  Ordinate  pafies  through 
a  Point  of  cbntrary  Ffexure,  and  therefor^  is  not  a  Ma»imiim  mt 
Minimum. 

'396.  ft  may  be  remarked,  that  when  j  is  of  mbreDimenfions  &an' 
one  in  the  Equation  propofed*  *the  fevcral  Values  of  v  muft  bo  found 
•by  refolving  the  Equation,  in  order  to  determine  whether  all  or  any 
4)f  thefe  Values  of  y  become  a  "Maximum  w  Minimum,  as  cafily  ap- 
pears from  what  has  been  laid.  However  it  may  be  proper  to  obferve 
like  wife  that,  if  the  JSqwtion  by  which  the  Valne  of  *ris  dettmuned, 
from  putting  y  =  o,  or  infinite,  be  only .  a  fimple  Equation,  y  muft 
-fee  a  Maximum  or  Minimum.  But  I  muft  not  irrfift  upon  thefc 
things.  Whoever  incttnes  io  fee  more  $f  tb&Stilcgea,  may  -confidt 
.the  learned  Mr.  Madauri*?*  Treadle  of  Fluxions,  where  he  iias«> 
plained  this  Affair  more  folly  and  aqc^r^ely  tjbwaanyo^httr  Writer  upon 
,the  Doctrine  of  Fluxions  :  by  which,"  and  by  the  Whole  of  that  excel- 
lent Performance,  he  has  difcovered  how  jail  and  comprehenfive  Views 

he 


\ 
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he  has  of  theft  Matters.  Wherefore  all  that  I  propofc  further  to  do 
upon  this  Subject,  is  to  (hew  the  Application  of  the  general  Do&rine 
concerning  the  Maxima  and  Minima  to  the  Solution  of  a  Problem 
•or  two. 

307.  Let  it  be  required  to  infcribe  i.m  airy  given  Triangle  ABC  the 
greatej?  poJBle  Parallehgmm  DF.  Call  AB  =as  <*,  BC  =*:  b>  AD = x, 
therefore  DB  as  a  —  x,  and  be- 
caufe  AB,  BC,  AD  and  DE  are  /\c 

proportional,  hence  DE==  7.  Now 
fwee  the  Angles  of  the  Parallel©-  E- 

gam  are  giveo,  hence  it  is  a  Maxi- 
mum when  DB  x  DE,  i.  e.  — p-i 

is  a'JVIaxinoum ;  or  (becaufe  7  is  a    A 

gwea  Quantity)  what  <ax  —  **  is  a  Ma-rimwm  :  wherefow  fnppoje 
«r-^x*3=^,  where  you  nay  imagine  *  and  7  to  he  rejbtcd  to  one 
another  as  tfac  Abfciss  and  Ordinate  «f  a  Carve,  in  which  yen  aw  to 

determine  7  to  an  extreme  Value    Therefore  yoall  have  J=  o  •=  <x 

—  ax,  whence  attfe  x=xv«.  *•  *•  AX>  5=;  MB»  in  order  to  make  tbe 
incribed  Parallelogram  a  Maximum.  And  this  coincide*  with  Ptof . 
27.  Lib.  6.  Elern. 

An4  after  the  lame  manner  you  mkhft  determine  the  injcwYd  Pa- 
rallelogram 40  a  Maximum,  if  ABC  had  been  a  Segment  of  any 
"known  Curve:  thus,  if  it  had  been  a  Portion  of  a  Parabola,  having 
AB  for  the  Diameter  and  BC  an  Ordinate  bounding  the  Figure,  then 
becaafe  AB  (*),  AD  (*),  BC?  (4»X  Mf  are  proportional,  hence  DE 

^p^v/J:  tbwefeK  put  the  Flnxjon  of  DExDB,  u  e.  #  — #x 
^v^  7  or,  which  is  the  lame  (by  dividing  by  the  given  Quantity 

■jA  of  tfx*— »  x*  equal  to  nothing,  that  is  -j<mc~*£  —  |*tx  =  0.: 

whence,  by  reducing  you  find  x  =  ja :  which  mews  that  the  in- 
scribed Parallelogram  is  in  this  cafe  a  Maximum,  when  AD  is  i  of 
AB.    And  fo  you  proceed  in  other  like  Cafes. 

39$.  Let  it  be  proofed  to  findfucb  apart  of  a  Jj>berical  Superficies* 
as  can  be  illuminated '  m  it's  farther  Partx  by  Light  coming  from  a  great 
Difhmce,  andrejra&edby  the  nearer  Nemtjpbere. 

To  do  which,  let  AB  be  a  Hay  of  Light  coming  from  a  great 
Diftance,  falling  upon  the  nearer  Hemifphere  at  B :  let  BEGH  be  a 

Se&ioa 
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Se&ion  of  the  Sphere  through  the  Center  C :  draw  the  Diameter 
/^  ECG  parallel  to  AB :  let  the  Ray  be  refrafted  at 
B  into  BHD,  meeting  the  Circumference  of  the 
Circle  in  H,  and  the  Diameter  EG  produced,  if 
need  be,  in  D.  From  B  draw  BF  perpendicular 
to  EG  at  F,  join  BE,  BC,  and  GH. 

Then  becaufe  the  Angles  BCE  and  CBD  are 
equal  to  the  Angles  of  Incidence  and  Refradion, 
therefore  in  the  Triangle  BCD,  the  Ratio  of  BD 
to  DC  is  a  given  invariable  Ratio,  being  that  of  the 
Sine  of  the  Angle  of  Incidence  to  the  Sine  of  the 
Angle  of  Refra&ion,  wherefoever  the  Point  B  fal^ 
for  the  Ray  AB  is  always  parallel  to  EG,  fince  the 
Light  is  fuppos'd  to  come  from  a  great  Diftance. 
But  it  is  evident  that  the  right  Line  GH  is  the 
Chord  of  half  the  fpherical  Segment,   the  Circumference  of  whofe 
Bafe  is  enlightened  by  all  the  Rays  which  fall  upon  the  nearer  Hemi- 
sphere at  the  fame  Diftance  from  the  Point  E  as  AB  falls :  when  the 
Point  Bis  very  near  to  E,  GH  is  very  finally  when  EBincreafes,  GHin- 
crcafes  with  it  for  fome  time,  but  afterwards  decreafes  :  therefore  the 
Problem  will  come  to  this  to  determine  when  GH  is  a  Maximum  ? 
To  do  which  call  the  Radius  EC  =  I,  EF ■=  x,  CD  =zzz:  whence 
becaufe  GE,  EB,  EF  are  proportional,  you  have  EB  =  <nx:  more- 
over, if  a  exprefs  the  Ratio  of  the  Sine  of  the  Angle  of  Incidence  to 
the  Sine  of  the  Angle  of  Refradfcion,  then  BD  =  az :  likewife  from 

the  fimilar  Triangles  DBE,  DGH,  you  have  DB  (az)  :  BE  (V2*)  :: 

DG  (z  —  i) :  GH,  whence  GH  =  —*/zx :  therefore  ^  Vax,  or, 

which  is  the  fame  (by  dividing  by  the  given  Quantity :  —^  x*  — 

•  * 

—,  muft  be  determined  to  a  Maximum :  wherefore  by  putting  it's 

Fluxion  equal  to  nothing,  you  have  -^  —  ~^  -f-  ~sr  =  o,    that 

is  (by  multiplying  by  zz**/x)  z%x  —  zx  -f-  2xz  =  o. 

Now  in  order  to  eliminate  one  of  the  unknown  Quantities,  and 
it's  Fluxion,  you  muft  find  an  Equation  expreffing  the  Relation  of  x 
and  z,  which  you  may  deduce  from  the  right-angled  Triangle  DBF 
where  DB*  (a*zx)  =  DF*  (z*+  2z  —  2zx  —  zx  4-  x*-\-  1)  +  BFJ 
(zx  —  x%)  that  is  a%z%  =  z%  +  22  —  zxz  -J-  1 :  from  which  you 
have  this  fluxional  Equation  za%zz  =  zzz  -|-  zz  —  zxz  —  zxz : 

whence 
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whence  z  =  x_el^Lx+l '  which  Value  of  z  being  inferted  for  it  in 
the  preceding  fluxional  Equation,  viz.  z*x  —  zx  -|-  2xz  —  o,  and 

the  Equation  reduced,  you'll  have  z*  —  a *z*  —  xz  -j-  *»z  +  3* 

.1  =0:  by  means  of  which,  and  the  preceding  Equation,  viz.  <Pz% 
=  z%  4*  *~  ~  2*s  +  J»  if  you  throw  out  *,  you'll  obtain  this  cubi- 
cal Equation  z>  —  a*z*  —.<»***  \  z*  -f-  32;  +  3,   whofe  Roots  are 

*  =  —  1  .*=  —  v/^r—T.^^ v/irzrr:  of  which  the  firft 
two  being  negative,  can  be  of  no  ufe  in  this  Aflair,  fince  it  is  evident 
the  Point  D  muft  fall  upon  the  lame  Side  of  the  Center  with  G : 
therefore  GH  is  a  Maximum  when  CD  =  ^/-£—  .  by  inferring 
which  Value  of  z  for  it  in  the  preceding  Equation  a*z*  ==z*4-2z 
—  zxz  -f  i,  and  reducing,  you'll  get  x  =  — —^ J.  I^SI^Z^l 

\/?=7= ER  Thu8»  for  Example,  fuppofe  the  Globe  was  Glafc, 
in  which  Cafe  the  Sine  of  the  Angle  of  Incidence  to  the  Sine  of  the* 
Angle  of  Refraction  is  nearly  as  3  to  2,  therefore  by  inferring  x  for 
a,  you'UhaveCD=v/|^  =  v'2. 4=  1,540s,  fife.  cf  Co/and 
EF  =  0.3545,  &c.  of  CE.  And  fince  it  was  GH  =^</2x:  hence 
by  fubftituting  for  z  and  x  their  Values,  it  is  GH  =  o.  1^8  &c  which 
is  nearly  the  Subtenfe  of  an  Arch  1 1\  22'  in  a  Circle  whofe  Rad.  is 
1  :  therefore  the  Part  of  the  farther  Hemifphere  which  is  enlightened 
k  a  Segment,  the  Diameter  of  whofe  Bafe  fubtends  an  Arch  of  220' 
44'//  ncariy  *•  and  in  this  Cafe  EB  is  nearly  an  Arch  of  49°  48'  " 

399.  Schol.  By  means  of  the  above  Equation  a*z*  —  s*  -J  2z  -4- 
2xz  —  1=0,  defining  the  Relation  of  x=  EF  and  z= CD  vou 
may  determine  feveral  things  in  this  Affair :  e.  g.  by  putting  z=  1 
you  may  find  the  Diftance  of  thofe  Rays  from  E,  which  after  Re! 
fiadion  wiU  oafs  through  C.  By  putting  x  =  ,  =  Rad.  you  may 
find  where  thofe  Rays  that  touch  the  Globe  after  Refraction  at  their 
Entrance  would  cut  CG.  By  putting  x  =  o  the  Value  of  z  will  give 
the  Focus  of  parallel  Rays  after  Refraction  at  the  firft  Surface  &c 
And  if  any  two  correfponding  Values  of  x  and  z  are  given,  you' may 
thence  find  at  that  is  the  Law  of  Refraction.  y 
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ture  of 
Curves. 
+  Of  this 
Explica- 
tion. 


PROB. 
to  draw  tangents  to  all  forts  of  Curves. 

V 

400.  The  Principle  upon  which  the  Solution  of  this  Problem  de- 
•  of  the  pends  is  laid  down  by  our  Author  Art.  4  * ;  and  was  expkin'd  at  fbH 
Q9adr?-    Length  Art.  41, 42  -f.  which  amounts  to  this :  if  the  Curve  DC  be 
defcribed  by  the  Ordinate  moving  along  the  Abfcife  AB;  and  CE  be 

a  Tangent  to  the  Curve  at 
the  Extremity  of  the  Ordi- 
nate, meeting  the  Abfcifs  in 
E,  the  Sides  BE,  BC  and 
CE  of  the  Triangle  BCE 
are  proportional  to  the  Flux- 
ions of  AB,  BC  and  DC,  the 
Abfcifs,  Ordinate  and  Curve- 
Kne;  and  it  is  the  fame  thing 
whether  BC  be  a  rectangu- 
lar Ordinate;  or  an  Ordi- 
nate applied  in  any  other 
given  Angle.  Wherefore 
atfiing  AB  =  *v  BC  =  y, 
and  BE  =  J  (which  k*ft  it 
termed  the  Subtangent)  you 
have  this  Proportion  y:x:z 

,yi  s%  of  yx  ^=j:  which 

is  the  general  Formula  for 
finding  the  Subtangent  BEL  Therefore  if  an  Equation  be  given  de- 
fining ths  Relation  of  x  and  yy  we  nay  thence  find  the  Relation  of 
their  Fluxions,  and  confequeiuly  from  BC  or  AB  given  you  find  the 
Point  E,  fo  tha*  EC  faring  jpift'd  may  be  a  Tangent  at  the  Point  C. 
40 1.  Hence,  it  m  evkieat,  that  if,  while  the  Abfcifs  increaffes,  the 

Ordinate  increafe  at  the  fame  time,,  then  4  is  pofitive*  and  con&quenfr- 

ly  the  Subtangent  is  pofitive  :.  in  which  Cafe  BE  lyes  upon  the  feme 
Side  of  the  Ordinate  that  the  Point  A  the.  Beginning  of  the  Abfcifr 

does :  ify  become  infinitely  gwatia compai»ifo» of  x,  then  A-  vamfbcs> 
and  confequently  EB  or  s>  if  y  be  finite,  and  the  Tangent  falls  in 
with  the  Ordinate:  if y  vanifh,  ^  becomes  infinitely  great,  confe- 
quently EB  is  infinite;  and  the  Tangent  becomes  parallel  to  AB: 

but 
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but  if  BC  dinoiniftt  while  AB  increafes,  artd  confequently  have  a  ne- 
gative Fluxion,  then  ?ry  and  confequently  .y  x  4  =j,  is  negative,  in 

which  Cafe  BE  lyes  upon  that  Side  of  the  Ordinate  which  is  oppo- 
site to  A. 

Ex.  1.  Let/r  =  **-,x  define  the  NatBfe  of  the  Carve :  then,  by 

Prop.  1,  ^—'j  =  *"-**,  or  4=-^,  therefore  ^  =  (/X-^ 

=)  *  the  Length  of  the  Subt^ngcnt :  or  if  you  would  have  the  Sub- 
tangent  cxprefled  in  Terms  of  the  Abfcifs,  infert  for/*  it's  Value  ah—tx 
from  the  Nature  of  the  Curve,  and  you  have  *=**  .*  wherefore  tf 
you  take  BE  :  AB  ::  n  :  i,  and  join  EC  it  is  the  Tangent  required. 
Thus  if  it  be  n  =  2,  the  Equation  belongs  to  die  common  Parabola, 
and  lb  EB  =  2AB.  And  if  *  be  j,  4,  $,&c<  which  gives  a  Series  of 
Parabolas  of  different  Orders,  you  have  EB  equal  3AB,  4AB,  ^ABf 
&c.  refpedively.  Again*  if  it  be  n  =s  —  1,.  then  the  Equation  be-* 
comes  jr-1  =a—*x  or  jpr =x%  which  is  to-  the  common  Hyperbola, 
having  the  Center  A,  one  of  it's  Afiymptotes  AB,.  and  the  othtir  pa* 
ralH  to  BC :  here  you  have  s  =:  —  xr  therefore  you  muft  feke  Efl 
=  AB  upon,  the  other  Side  of  the  Ordinate  After  the;  £pne  mantle* 
if  yotr  tttKe  n  =  —  2,  — .  3,  <— •  4,  £f*v  you'll  have  dii&refif  Orders 
of  Hyperbolas,,  whofe Subtaagents  are  —  2#,  —  £*v  —  4#>  &c.  i.e. 
»AB,  3AB;  4AB,  &e.  taken  upon  the  Abfcifs  produced  beyond  the 
Ordinate.  .. 

Ex,  2,  Let  abx  —  bx%  —  ay%=.o  expwfs  the  Relation  of  AB  and 
BC,  in  which  cafe  the  Curve  DC  is*  an  EUipfe,  A  the  Vertex  of  the 
Diameter,  *  (he  Diameter,  by  its  Parameter :  then-  by  takmgthte  Flux- 
ions, it  is  abx  —  zbxx  —  2oyy  =  0  5  whence  -J  =2=  ze~3*>  therefore 

tat1' 

3  =5=.  ah  J;  gfcy  =  (by  fubftitating  abx  —  bx%  for  af-  from  the  Equation 

to  the  Curve)  ^£^^f" ~  |HS  ^  ®^':  whence  BE  is  a  fourth 
Proportional  to  j**  —  *,  <r—- #,  and'*,  as  is  known  from  other  Prin- 
ciples. Hence  it  appears  that,  fiuce  the  Value  of  BE  the  Subtangent, 
doth  not  include  the  Parameter  br  any  two  Diameter?  of  ^ny  two 
Ellipfes,  and  their  Abfciffes,  being  .equal,  the Sobtangente  are  equal : 
and  therefore-  if  there  be  any  Number  of  Ellipfes  haying  a  common 
Axis,  including  alio  the  Circle,  the  Tangents  drawn  from  the  Extre- 
mities of  the  Ordihales  applied  to  the  &me  Point  of  the  common  Axis, 
will  meet  that  Aii$  in  the  iame  Point;    If  the  Equation  had  been  abM 

Pp*  +4 
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J^.  £**— «y*  =  o,  it  would  have  been  to  the  Hyperbola,  and  t^v^- 

z=s  =  BE. 

Ex.  3.  Let  AGE  be  the  CUToid  of  Ducks  (fee  Fig.Art.  3*1  *) 

•  Of  this  belonging  to  the  Circle  ADQ,  the  lame  things  being  fuppofed  as  in 
s*PUca-  that  Article,  call  AQ  =  a ,  AC  =  x,  CE  ==7 :  and  it  is  required  to 
t,on"       draw  a  Tangent  to  the  Curve  at  the  Point  E. 

The  Equation  to  the  Curve  is/==  -.  or,  by  fquarihg,  ay* 

Vax  —  x*  .      ^ 

—  xy*  ==  xs,  therefore,  by  taking  the  Fluxions,  2«jy  —  2^y  —  xyx 
=3***  ^cnce7=^Fp:  whefeforc7^=^^=(by 

inferring  ^  for 7%  and  reducing)  ^g  =prgf^,  which  point, 
out  this  Conftruftion  t  produce  AQ  to  I,  fo  that  OX  be  equal  to  thp 
Radius  of  the  Circle  ADQ,  join  ID,  draw  DK  perpendicular  to  it„ 
cutting  the  Abfcifs  AC  in  K,  join  KE,  and  it  is  the  Tangent  required* 
Ex.  4.  Let  PEH  be  the  Conchoid  ofNicomedes  (fee  the  Fig.  Art. 

*  of  this  j  22  *)  and  fuppofing  the  fame  things  as  there  mentioned,  only  con- 
JjjJ*   fider  AB  as  the  Abfcifs,  and  BE  as  the  re&angular  Ordinate,  which 

call  x  and  yt  the  other  Symbols  remaining  the  fame ;  it  is  required  to 
draw  a  Tangent  to  the  Curve  at  the  Point  E. 

The  Equation  to  the  Curve  is  xy  =  6-\-y</cc  —  yy  ■:  therefore,  by 

»  ^.87.  taking  theFluxions,  you  have  xy+xyz=y>Jcc— #4-£fJx -&—  \ 

of  this  Bx-  Vcc — jy 

plication.  ^         SZ^„Jl±£. x 

whence  j-=  .      ,Je~ff       i  therefore  ^  r=  s/cc  —  yy  — • 

±±^-  — Af  =  CD«—^^  — AB=j  theSubtangent:  which 

Vcc — yy  ° 

Value  being  always  negative,  in  regard  AB  always  exceeds  CD,  fhew* 
that  it  is  to  be  taken  upon  the  Abfcifs  AB  produced  beyond  the  Or- 
dinate :  wherefore  if  you  take  the  Point  T  in  the  Aflymptote  AB,. 
upon  the  further  Side  of  the  Ordinate  equal  to  AL  -f  ?CC1AC\  and 
join  TE,  it  (hall  be  the  Tangent  required. 

.  402.  This  Curve  affords  us  an  Example  of  a  Point  of  contrary 
Flexure,,  which  feparates  betwixt  the  Part  of  the  Curve  that  is  concave 
to  the  Affyroptote  AB  and  the  Part  that  is  convex  j  which  may  be  thus 
determined  from  the  Consideration  of  the  Tangent.  When  AB  is  no- 
thing, and  the  Point  E  coincident  with  P  the  Vertex  of  the  Axis,  the 

Tangent 
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Tangent  ET  is  parallel  to  the  Aflymptote  AT,  in  which  cafe  the 
Subtangent  BT  is  infinite ;  and  if  you  fuppofe  ET  produced  till  it 
meet  the  Axis  AP  in  F,  the  Part  PF  vanifhes,  when  AB  and  confe- 
quently  PC  is  of  any  finite  Magnitude  BC  find  PF  are  finite  Magni- 
tudes :  fo  that,  fuppofing  the  Abfcifs  AB  arifing  from  nothing  to  in- 
creafe,  the  Line  AT  will  decreafe  and  AF  increafe,  until  fuch  time, 
as  the  Ordinate  BE  fall  upon  the  Point  of  contrary  Flexure :  after 
which,  AB  ftill  increafing,  AT  will  begin  to  increafe  and  AF  to  di- 
minish. Hence  it  is  evident  that  AT  and  AF  attain  an  extreme  Va- 
lue, the  firft  becoming  a  Minimum,  the  other  a  Maximum,  when 
the  Ordinate  falls  upon  the  Point  of  contrary  Flexure.  Therefore  if 
you  take  the  Value  of  any  of  thefe  Lines,  and  put  it's  Fluxion  equal 
to  nothing,  the  refulting  Equation  will  determine  the  Point  of  cont- 
rary Flexure. 

f  Now  fincc  we  found  — BT  =  *lcc  —yy ;  "^     —  x,  hence 

.oiling  AT=/,wethall  have  —  */cc  —yy  +•  y+jyl  -\-2x  =  t.  From 
tfhich  find  an  Equation  expreffing  the  Relation  of  the  Fluxions,  in 
which  fuppofe  f  =  o  *;  for  x  and  x  infert  their  Values  £±=Vt*—  y\  *5£3|£ 
and  Lj^^f  —  fi+*  ■■—- *    from  the  Equation  to  the  Curve, ,pUcatian' 


-yy 


and  reduce  the  refulting  Equation,  and  it  will  give  you  y* —  j^y*— —  zbc% 
=  6.  Therefore,  if  this  Equation  be  conftru&ed,  the  Length  of  BE 
will  be  thereby  found :  to  which  if  you  take  AC  equal,  and  draw 
GE  parallel  to  AB,  the  Point  E  (hall  be  the  Point  of  contrary  Flexure 
required.  And  after  the  lame  manner  the  Points  of  contrary  Flexures, 
in  other:Curves  wh$re  there  are  fuch  Points,  may  be  inveftigated. 

403.  Although  the  Curves  which  are  propofed,  be  mechanical^ 
Tangents  may  be  drawn  to  them  by  the  like  means  as  if  they  were 
geometrical.  All  that  is  neceflary  is  to  find  the  Relation  of  the  Flux- 
ions of  the  Abfcifs  and  Ordinate,  exprefled  by  finite  Lines :  which 
may  be  done  although  there  be  no  finite  Equation  that  can  define  the1 
Relation  of  the  Abfcifs  and  Ordinate. 

Ex.  Take  the  common  Cycloid  or  Trochoid  ACD  (fee  the  Fig.  *  Of  thh 
Art.  332  *)  and  fuppofe  the  lame  things  as  are  there  mentioned,  only  fat"*' 
call  AB  =  x  and  AHG  =  z  5  and  let  it  be  required  to  draw  a  Tan- 
gent  to  the  Curve  at  the  Point  C. 

To  do  whichi  from  the  Property  of  the  Curve,  you  have  BC  = 
BG  +  AHGj  that  is  y  =  v  +  z :  therefore,  by  taking  the  Fluxions, 

you 
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Ex0jf thi9  y°u  have  y  =  ^  +  *  =  (hecaufe  z  —  *Jx%  -J-  v*  by  Art,  42  *.)  v 

tion.        -J-  VjF-pS1:  but  from  the  Property  of  the  Circle,  viz.  vizszdx  —  x\ 

j  j x 

by  taking  the  Fluxions,  you  get  v  =  £ :  which  Value  of  v 

Vdx — xx  . 

being  fubftituted  in  the  preceding  Equation  y  =rv  -f-  *Jx%  -\-.v\  and 
it  duly  reduced,  you  have  y  ==  x^/  -j^,  whence  j-  =  x/g~t 

and  Tv  =  -7==  =  BC  x  go  =  s  =  BT.    Whence  it  appears  that 
>'       VV— *  "** 

the  Subtangent  BT  is  a  fourth  Proportional  to  BG,  AB  and  BC ;  fi> 

that  the  Tangent  CT  is  parallel  to  the  Chord  AG :  which  Property  we 

*  Of  this  aflumed  at  Art.  326  *,  in  order  to  abridge  the  Pemonftration. 
Expiica-        ^0^   £ncj  ^  ^he  like  Methods  may  Tangents  be  drawn  to  other 
**  oru      mechanical  Curves,  which  are  related  after  any  other  manner  to  geo- 

metrical  Curves :  but  whereat  it  is  not  (6  evident  bow  to  proceed  in 
the  Cafe  of  Spirals,  I  (hall  (hew  the  young  Geometrician  how  Tan- 
gents may  be  drawn  to  them. 
•Sec  Fig.      Let  ACM  be  a  Spiral  *,  MEGM  a  Circle  defcrib'd  from  the  Center 
ofthis  Ex  ^  w**k  a  S^11  &*&"**  AM :  and  let  the  Radius  ACG  beginning,  at 
plication.  AM  feyolve  upon  A  as  a  Pole,  and  in  the  mean,  time  the  Point  €,  mov- 
ing  along  AC,  defcribe  the  Spiral  ACFM :  draw  ATS  ^eipendicuJar 
to  ACG,  and  let  CT  be  a  Tangent  to  the  Spiral  at  C  meeting  ATS 
in  T :  through  G  draw  GS  parallel  taCT>  mectidg  ATS  in  S.  Sup 
pofe  ACG  to  move  forward  into  the  new  Fofition  A*>,  wkk  the  Cen- 
ter A  and  Pittance  AC  draw  the  {mall  Arch  C£  medting  hay  mi: 
then  by  fuppofing  the  Angle  GAy  to  be  juft  vaaifhing,  theTciangkC& 

*  Art.41.  is  ultimately  fimilar  to  the  Triangle  ACT*,  fo  that  it  is  <5* .^IC  ::: 
of thisEx-'  AC  :  AT.  Again  from  fimilar  Archest  it  ia  <JC  :  *G : :  (AC:  AG  ::)> 
plication.  AT  .  AS>  therefore  ex  aquo  k  :-*G::  AC  :AS>  but  Ac  ia  to  ?Gas 

*  Art.28.  the  Fluxion  of  AC  ta>.  the  Fluxion. of  MEG*.  Therefore  an  Equa- 
of  this  Ex-  tion  being  giwn  horn,  the  Natone.  of  the:  Spiral*  defining  the  Relation 

plication.  pf  AC  ^  MEq^    thm|ce  find  ^  j^  ^  thdr  Y[ujd(mB  ^  fof- 

merly :  and,  take  AS  to  AC  in  the  Ratio.  o£  the  Fluxion  of  MEG  to* 
the  Fluxion  of  AC,  fo  {hall  SG  be  parallel  to  the  Tangent  *t  C : 
therefore  SE  being  join'd,  through  C  draw  CT  pacaM  to  itr  and  it 
(hall  be  a  Tangent  to  the.  Spiral  at  C. 

Ex.  1.  CkU  MEG  =;  #,  and  AC=:#  which  you  may*  confider  as 
Abfcifs  and  Ordinate  j  and  let  it  be  #,:  y  : :  a  :  b±  a; given  Ratio,  fo  that 
the  Spiral  (hall  be-  that  of  At  chime  da :  thznitx  =  ay^  whence  &fc=*p, 

{Qth&ju:xv.6:a::yi.j  =  AS:  therefore- take  AS  a  foErtfr  Propor- 
tional 
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tional  to  £,>  0,  and  AC,  join  GS,  add  CT  drawn  parallel  to  it  touches 
the  Spiral  at  C.  If  the  given  Circle  MEGM  be  that  which  bounds 
the  firft  Spiral,  then  a  is  to  b  as  the  Circumference  of  a  Circle  to  it's 
Radius :  which  therefore  will  be  the  Ratio  of  AS  to  AC :  confequcnt- 
ly  when  the  Points  C  and  G  coalefce  at  M,  and  confequently  T  with 
S,  the  Subtangent  AT  a  equal  to  the  Circumference  of  the  Circle 
MEGM,  as  jtrcbimedes  has  demonftrated. 

Ex.  2.  Let  the  Equation  to  the  Spiral  be  generally  exprefTed  thus, 
ap-=.bx*:  then  by  taking  the  Fluxions  it  is  may—y = nix*—sx  c 

whence  y :  * : :  nix—' :  maym-\  : :  y  :  AS,  therefore  AS  = 


may* 


*b*f 

as  (by  inferting  ~7~i  for  **-',  deduced  from  the  given  Equation  sad 


1  ■ 


reducing) j— . 

*  nF 
Ex.  3.  Let  the  Equation  *•  —  tax  -f  bf  =  o  exprefs  the  Rela- 
tion of  x  and  y :  then  by  taking  the  Fluxions,  you  have  *«£  —  ink 

-J-  2^y  =  o,  whence  za  — » zx  :  2^y  ::  (^  :  x  ::)  jr :  A$  ==  ^^- 
=  (by  fubftituting  0  —  */a *  —  ^  for  x,  deduced  from  the  given 
Equation )      ^*     :  therefore  if  you  call  AM  =s  f,  then  lidce  r : 

y ::  AS  :  AT,  it  wHl  be       **'■■  ■  s=  AT,  the  Subtangent.    And  fo 

you  may  proceed  in  alt  other  like  Cafe*. 

405.  Thefe  two  general  Problems,  which  we  have  been  explain- 
ing, are  an  Application  of  oat  Author's  firft  Proportion,  and  belong 
to  the  dire&  Method  of  Fluxions,  becaufe  they  only  require  the  find- 
ing the  Fluxions  from  the  Fluents  given.  But  the  far  greater  N&m- 
bef  of  Problems  to  which  the  Do&fine  of  Fluxions  is  applied;  require 
the  finding  the  Fluents  from  the  Fluxions  given,  in  order  to  their  So- 
lution. This  cannot  always  be  done  by  the  Quadrature  of  Curves  \ 
but  may  be  done  by  ir  in  many  Cafes,  of  which  thefe  that  follow  are 
Examples. 


P  ftO  B. 
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PROB, 
To  find  the  Length  of  Curve-lines. 

.    406.  The  Principle,  upon  which  the  Solution  of  this  Problem  de- 
Ex^ica^  Penc*s»  was  explained  and  demonftrated  in  Art.  41  and  42  *  (fee  the 
tion.1Ca     Fig.  belonging  to  that  Place)  which  is  this :  if  you  put  the  Abfcifs 
AB  =  x,  the  redtangular  Ordin^p  BC  zzzy,  and  the  Curve-line  ter- 
minated at  the  Extremity  of  the  Ordinate  as  AC ■=  z,  then  it  is  z  = 

*Jx%  +^a :  where  you  muft  obferve  that  it  is  not  neccflary  to  fuppofe 
the  Curve-line  to  begin  at  A  or  even  to  pais  through  A,  although  it 
do  fo  in  this  Figure :  but  the  initial  Limit  muft  be  determined  from 
the  Nature  of  the  Curve,  as  will  appear  afterwards.  Therefore,  if, 
from  the  Nature  of  the  Curve,  an  Equation  be  given,  expreffing  the 
Relation  of  x  and^,  thence  by  Prop.T  1.  you  may  find  the  Relation  of 
their  Fluxions  in  another  Equation  :  from  which  two  Equations  you 
may  find  the  Value  of  the  Fluxion  of  y9  in  Terms  made  up  of  the 
Fluxion  of  x,  x  itfelf,  and  known  Quantities :  which  Value  of  the 

Fluxion  of  y  being  fubftituted  for  it  in  the  Equation  z  =  »Jx*  -\-y\ 
the  fecond  Member  (hall  contain  no  variable  Quantity  but  xt  and  no 
Fluxion  but  that  of  x  j  and  fo  the  Fluent  z9  that  is  the  Length  of  the 
Curve-line,  may  be  found  by  the  Quadrature  of  Curves,  as  will  ap- 
pear by  what  follows, 

407.  Let  xn  =  ayn—  *  be  an  Equation  to  a  Parabola  of  any  Order, 
as  AC,  where  n  reprefents  any  pofitive  Integer :  a,nd  it  is  required  to 

find  the  Length  ot  the  Curve,  which  call  z.  

Then  you  have  z  =  »Jx%  -\-y% :  but  from 
the  Equation  to  the  Curve,  viz.  x*  =  of— f, 
by  taking  the  Fluxions,   it  is  »*•— lx  = 


»—  iX*y*— *j>,   whence  y  =  — ~ 


/  » 


•IX^I 


*-2» 


that  is  (by  inferring  *  l_z     for  y*—\  de- 


duced from  the  given  Equation)  y  = 


a**-1- 


x 


r^,  or  by  fquariog, 


>*  = 


»  — I  x**""1 

'  — ^ :  now  if  this  Value  of  y*  be  put  in  place 

«*— zn-\-  i^<**— l  of 
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of  it  in  the  fluxional  Equation  z  =  Vx1 -j-j'S  hence  will  arife  z=z 


-— — — — -r«.     But  it  appears  that  this  Expreffion 


denotes  the  Fluxion  of  a  curvilinear  Area,  whofe  Abfcifs  is  xt  and 
rectangular  Ordinate  the  radical     /i  ^ t-x"""1  : 

therefore  the  Curve-line  zy  and  fuch  curvilinear  Area,  flow  according 
to  the  fame  Law ;  the  one  as  a  Line,  the  other  as  a  plane  Superfi- 
cies, confequendy  the  two  Fluents  will  be  analogous,  fuppofing  them 
to  begin  at  the  fame  time :  wherefore  the  curviliner  Area  having  (iich 
Abfcifs  and  Ordinate,  being  found  by  the  Quadrature  of  Curves,  ap- 
ply it  to  linear  Unity,  and  that  {hall  exhibit  the  Length  of  z  required) 
or  the  curvilinear  Area  being  found  in  an  algebraical  Expreffion,  con- 
fider  fuch  Expreffion  no  longer  as  denoting  a  Superficies,  but  a  Length, 
die  fame  algebraical  Expreffion  ferving  for  both,  fince  the  Divifion  by 
Unity  makes  no  Alteration  upon  it.    Wherefore  if  the  Value  of  n  be 

fuch,  that  the  Ordinate  ^/i  +  3^^^ — tV"1  belong  to  a 

n%— zn-\-i  xan~l 
Curve  that  is  quadrable,  the  Length  of  the  Curve-line  is  found  ex- 
actly ;  if  not,  the  Length  of  the  Curve-line  is  found  approximately, 
by  Propofitions  fifth  and  fixth :  or  in  this  laft  Cafe,  may  be  exhibited 
by  the  Area  of  a  Conic  Se&ion ;  or  perhaps  of  fbme  other  Curve  ap- 
plied to  Unity.  So  that  our  Author's  Tables  of  Quadratures  ferve  for 
this  Purpofe,  as  well  as  for  difcovering  the  Areas  of  Curves :  thefe 
Lengths  likewife  may  fomedmes  be  found  by  Logarithms  and  circu- 
lar Arches,  according  to  Seft.  10.  For  finding  when  thefe  Curve* 
lines  can  be  re&ified  cxa&ly,  or  not  confult  Art.  147—149  *.  •  Of  thh 

Thus  if  it  be  0  =  3,  fo  that  the  Equation  to  the  Parabola  ABC  E*pl«*. 
bc  x*  =  ay*>  which  is  a  Parabola  of  the  fecond  Kind:  then  *r^?  doa* 

#v/i  -J-  ¥:  which  is  analogous  to  the  Fluxion  of  the  Area  of  the 

Curve  whofe  Ordinate  is  \/  i  4-  2?,  which  may  be  iquared  by  Art. 
147—149*,   and   belongs  to  Species  1.  Form  3.  Table  1.  which  »of  d* 
fUnds  thus  dz*J-We-^-Jz'>z=yt  by  putting.  *  =  i,  dz=L  1,  e=  1  *■*&<». 

(is  M""- 
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/=£:  wherefore  the  Fluent  ^Rt  in  the  T&K  is  by  a  prep* 

Subftitution  of  Values,  ?? x  i"+f  *  or  ^^7+?:  which 
therefore  denotes  the  Length  of  this  Parabola.  And  after^  fame 
manner,  the  Lengths  of  all  thefe  Parabolas  may  be  found  where  n 
is  any  pofitive  odd  Number  greater  than  3  as  5,  7,  9,  &c.  by  help 
of  the  fecond,  third,  fourth,  &c.  Species's  of  Form  thiri  Table  firft. 
*  Of  this  The  fem<;thin5  mi&ht  **  donc  bv  havinS  Kcourfe  to  Prop.  5.    See 

ttof. ""       408.  But  whereas  it  is  not  yet  determined  from  what  initial  Limit 
the  Length  of  the  Curve  &>  found  is  to  be  computed,  this  may  be  done 

by  putting  the  Quantity  ^^y/x  +  £  Cqual  to  nomin&  ^  ^ 

Value  of  a?  thence  arifing  will  determine  the  initial.  Limit ;  ai  was  (hewn 
formerly  with  refpeft  to  curvilinear  Areas  in  Sec%  5.     Thus,  if  we  pat 

2f4^v/i  +  g=o,  thence  arifes!i±a=0,  or  1  +  1  =  0, 
cither  of  which  gives  x  =  -* \a :  which  Value  being  negate  (hewa 
t&at  if  you  take  upon  the  Abfcifs  AB  produced  beyond  A,  th*  Poiot 
P  fuch  that  itbeAP=|<7)  and  draw  the  Ordinate  PQ,  the  Part  QAC = 

**^*v/*1'  +  5»  If  you  would  compute  the  Length  of  the  Curve 
from  the  Beginning  of  the  Abfcifs  at  A,  then  here  is  a  known  Con* 
dition  or  Limitation  of  the  Fluent^  viz.  that  it  is  nothing  when  z  =  o, 

^^theIefo«byArt.3«7^^  =  ^i^v/I  +  g_|    Mw^ 

«*».  verfally  :  if  yoa  would  have  any  Part  of  the  Curve-line  as.  yC,  ly- 
ing betwixt  any  two  given,  Ordinate*  j3y,  BC,  fubtra&  the  Value  of 
z  arifine  from  putting  x= A/3  the  leuer  Ordinate,  from  the  Value, 
of  x  anting  by  putting  #  =r  AB  the  greater  Ordinate,  the  Difference 

•Art.187.  is  the  Length  of  yC  * :  thus  if  you  call  AB.= |  and  AB  =  x,  then 

j£5£" yoa  h»«  yC  =  ^v/T^f  _  *L±pyT+%:  „b« if 

£  vanifh,  the  Computation  is  from  the  Beginning  of  the  Abfciis,  or 
lather  the  Ordinate  palling  through  it. 

409.  Suppofe  now  that  in  the  preceding  general  Equation  x*  = 
4fjp— \  n  is  4,  fo  that  the  Property  of  tlpe  Parabola  AC  be  easprefled 

thus  **  =«*  j  then  it  will  be  z  zrzi^/i  r\r  ^r>  by  comparing  this 

with 
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with  Art  149  *,  you'll  find  the  radical  Expreffiori  denotes  the  Or-  *  °{A" 
diflate  of  a  Curve  that  cannot  be  fquared :  therefore  I  next  confider  S*1"** 
whether  it  may  be  reduced  to  any  Ordinate  found  in  our  Author's 
fecond  Table  of  Quadratures ;  which  as  it  Hands,  it  cannot}  but  if 

you  reduce  it  to  this  other  Form  t^y/—%  +  *-*  *,  you  find  it  to  JJJf-"7* 
belong  to  Species  third,  Order  third  of  Table  fecond,  viz.  y  =r  Juration. 
tpVf+A1*  ty  patting  *  =  —  £,  i=  1,  e  =  ^  /=  1 :  by 


»" 


comparing  which  with  Art  298  *,  you'B  find  the'  Confc  Seclion,  by  •  of  th» 

-     *^  V    ■  »   Explica- 

means  of  which  the  Area  of  tbeCurve,  whofe  Ordinate  fe  v'  ,  _f_  ±£  tion- 
may  be  compared  to  be  an  Hyperbola  Dctofigmfr  to  Fig.  third  Table 

fecond,  whole  Latus  Re&am  is  1  and  Lat.  Tranfv.  is  ^  .     And  if" 

you  put  «=»i,  or  **=i  iy»r  fin*  tM  Eqiiatknr  to  the  Curve  pro- 
pofed,  you'll  have  the  foHo^JngConftradHori.  (See  Fig.  third,  Ta- 
ble fceeed,  Quad.  p.  25.)  With  the  Parameter  a,  and  tranfverfe  Axe 
Kosr^V  defcrit*  the  Hyperbola  <zGDS,  take i  tfB=AB',  that  is, 
take  <zB*  the  fecond  of  two  middle  Proportionals  betwixt  a.  arid  AB 
the  Abfcifs  of  the  given  Parabola  AC,  draw  the  Ordinate  BD,  then 

the  Area  of  the  Curve  whofe  Ordinate  is  \r    1  4-  l—rt  is  |oGt)B  : 

cojafequently,  the  Area  dGDBbeihg' applied  to  the  Lat.  Redum^,  i~ 
of  the  Line  arifing  fhaU  be  e^ual  to-  W&  Curve4ioe-of thepropofcd 
BarabolfrAC*  of  the  third  Kind. 
Now  if  we  would  know  from' wheilee  the-Begihning  of  the  CurvV 

line  is  to  be  computed,  it  is  evident  j  that,  firice  z == £^p,  when  aGDB 
=0,  then-2=r:o:  but  4GDB  is  nothing  when  the  Abfcifs  a&  is  no- 
thing, and<iB^=ABT,  therefore  z  is  nothing  when  AB  the  Abfcifs 
of  the  propofed  Parabola  AC  is  nothing :  therefore  the  Length  of  the 
Curve-line  found'  is  to  be  computed  from  A,  being  AC. 

410.  If  we  would  have  the  Length  of  the  Curve-line  expreffed  by 
Logarithms,  according  to  what  has  been  delivered  in  Sect  10:  then 
fee  Pig:  Art.  355*",  which  fubftitute  in  place  of  Fig.  3.  Table  2.  *  Of  this 
Quad,  fuppoling  it  defcribed  with  the  fame  Latus  Tranfverfum,  and  J^j""' 
Refium,  as  before :  then  s  =  ~2  —  i^^u^        f       fc  ^  f  J^ 

Qq  2  Length  ofthisEx- 

plication. 
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Length  of  the  Abfcifs  AB  =  x = <z  =  i,  then  in  the  Hyperbola  by 

making  *B  =  (AB'  =)  I,  you'll  find  aH=  f  =  0.6666,  &c.  in  inf. 

BC  =  \i  =  1.4 1 666,  &c.  in  inf.  BD  =  £  =  1.25,  whence  DC  ~ 

0.16666,  /'«  /»/  therefore  it  is  z  =  1.80569,  &c.  —  0.296296,  &c. 

Z.i666hi{}.:  wherefore,  fince  the  Modulus  of  the  tabular  Logarithm 

*&!§.'  "•  °434294>  gc  *.  hence  it  follows  that  it  is  z  =  1.80569,  &c.  — 

CSS.  £ggN£  X  ^  °<*66  «  '«/  -  Log.  0.1666  *  /«/.*=i.8o569, 

•fthisEx,  Qff.  •_  0.682247,  ®fc  x  Log.  4=  1.80569.  &c.  -—  0.682247,  *&"• 

pheaoon.    xo#0020600  _  1.80569,  &c.  —  0.41075,  &c.  =  1.4949  nearly 

the  Length  of  the  Curve-line  AC  required. 

The  lame  thing  may  be  done  by  reducing  the  Value  of  the  Area  into 

a  converging  Series  by  Prop.  5.    And  after  the  like  manner  you  may 

find  the  Lengths  of  the  Curve-lines  belonging  to  the  other  Orders  of 

Parabolas,  when  n  is  6,  8,  10  or  any  other  even  Number. 

411.  Ex.  2.  Let  it  be  propofed  to  find  the  Length  of  the  Cycloid 

1°^  (*«  the  Fig.  at  Art.  332  *).    Ufe^hc  lame  Symbols  as  in  that  Article, 

«ion.       only  call  die  Abfcifs  AB = #,  and  the  Curve-line  z. 

Then  by  what  is  there  demonftrated,  you  have  y  =  V^  —  ** 


or 


j*==  x*  X-~  :  infert  this  Value  of/*  in  the  general  Formula  z = 

VJF+J5,   and  it  ftands  thus  z  =  y/ &  4.  £zf **  =  x<VL  or 

&x~*x:  which  belongs  to  Form  firft,  Table  firft,  Quad.  viz.  dv-x 
=y:  fo  that  if  you  fubftitute  </*  for  dt  £  for  ,,  and  x  for  «,  the 
Fluent  J8z^dx=2  Chord  AG :  which  therefore  denotes  the  Length 
of  the  Arch  of  the  Cycloid  AC :  for  it*s  initial  Limit  is  at  A  fince 
2*/dx  is  nothing  when  *=AB  is  nothing.  Hence  it  follows  that 
ACD  =  2AE,  twice  the  Diameter  of  the  generating  Circle. 

412.  Ex.  3.  Let  the  common  Parabola  ABC  be  propofed,  and  it 
k  required  to  find  the  Length  of  the  Part  AC  of  the  Curve-line,  AB 
being  the  Axis,  and  BC  it's  Ordinate.    . 

Q-r^"  To  do  which,  ufing 

the  fame  Symbols  for 
Abfcifs  AB,  Ordinate 
BC  and  Curve-line  as 
formerly  j  call  the  Pa- 
rameter a :  then  fince  it 
is  axzzzfi  hence  by 
taking 
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taking  the  Fluxions  you  ax  =  zyy,  that  is  y  =  (^  =)  ^-p   or  _y*  = 

—  infert  this  Value  ofy*  in  the  general  Formula  z  =  V#*  +>*,  and 

it  becomes,  by  a  due  RcduAion,  z  =  x  X  V4+**_I :  wbich  king 
the  lame  with  the  Fluxion  of  a  Curve  that  is  not  quadrable  (by  Art. ,  ^^ 
147,  149  *.)  I  find  it  belongs  to  Species  fecond,  Order  third,  Table  Expiica. 
fecond,  viz.  -^  V*  +/«'  ==y,  by  putting  n  =  —  1,  Gfc.  By  which t,0B' 

means  it  may  be  found,  by  applying  an  hyperbolical  Space  to  linear 
Unity,  as  was  fliewn  before  in  the  Cafe  of  a  Parabola  of  the  third 

Order. 

413.  Moreover  it  may  be  obferved,  that  as  we  arrive  at  the  Lengths  of 
Curves  by  fubftituting  tlieValue  ofy*  inTerms  made  up  of  x  and  it's  Flux- 
ions, in  the  general  Formula  z=Vx*-|-J* ;  fo  you  may  fubftitute  x*  it's 
Value  made  up  ofy  and  it'sFluxion,  and  by  that  means  do  the  lame :  thus 

becaufcitismthisExample,«»==2vjr,fiibftitute^forx,or  *££  for**, 

thence  it  waibe«=v/^+^*=iv/iT?:  which  agrees  with 

the  general  Expreflion  for  all  Parabolas,  as  in  Art.  407  *,  viz,  z=  •  Ofth» 

- — -  turn. 

xy/  i  -| =— t-»  with  this  only  Difference,  that  you 

have^  here  for  x  there,  arifine  from  this  Circumftance,  that  the 
Abfcifs  in  the  former  Cafe  was  taken  upon  a  Line  perpendicular  to  the 
Axis  upon  which  the  Abfcifs  is  taken  in  this  Example,  as  is  evident. 

Therefore  now  that  it  is  z=.yy/ i  Jj-  ^  or  £= j^/i  -\-y— *, 
which  belongs  to  Species  fecond,  Order  third,  Table  fecond,  viz. 
^V7+^  =  y,  by  putting  *=  —  2,  z=y,  &c.  it  will  appear 

by  confulting  Art.  295  *,  and  comparing  it  with  the  Expreffions*  Of  thi» 
i=*«,  ^JrSr=^  ■»*  — 7'  =  '.  intheTable,  that,  ribm-fif*" 
ing  any  Line  for  linear  Unity,  if  you  take  (fee  Fig.  2.  Table  2.  p. 
25.)  AP  =  1,  and  with  it  for  the  half  tranfverfe  Axis,  and  i^ 
for  the  Latus  Reftum,  defcribe  the  Hyperbola  PGDS,  take  upon  AN 
the  indeterminate  Axis,  AB  equal  to  BC  the  Ordinate  of  the  pro- 

3  pofed 


/ 
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pofed  Parabola  ABC,  and  draw  the  Ordinate  BP,  then  you  (hall  have 

=  3= AC  the  parabolical  Arch  required. 

414.  Whence  we  learn  to  exprefs  the  Length  of  the  parabolical 
Arch  AC  by  the  Meafures  of  Ratios  thus.  Draw  the  Tangent  CE 
meeting  the  Axis  in  E,  through  A  draw  AF  perpendicular  to  AB, 
meeting  the  Tangent  in  F,  like  wife  CD  perpendicular  to  the  Tan- 
gent meeting  the  Axis  in  G  :  then  take  FG  the  Meafure  of  the  Ratio 
of  AE  -f  EF  to  AF  to  the  Modulus  tBD,  fo  (hall  it  be  CG  =  Arch 
AC:  which  according  to  the  Notation  in  Sect.  10.  is  exprefied  thus  * 

AC=CF+iBDF±H. 


AF 

For  fincc  it  has.  been  (hewn  that  AC  =  ^£!  in  the  preceding  Art. 

and  ABDP==AABD  + Sector  APGDj  and  moreover  mat  in  the 
Hyperbola  yon  have.  AP=  i,  Lat,Re&  =i*v  AR=;»  and  BD= 

\£££*  >/ 1  +  jrA  »*  wJU  roUow  h7  confidering  Art.  344  *  that  the  hy- 
"**       perbolkal  Sector  APGD=; i*  ^*"  +*  +'  =  (by  the  Conftroc- 
tion  above  in  the  Pan&ola)  iBD  |^pS,  or.  (from  fimilar.  Tri- 
angles) iBD  |— ^  and  the  Triangle  ABD  in  the  Hyperbola  is  equal 


ssixadaS-  (b  the  Parabola)  tx*xCD  = 

CF.    Therefore  me  parabolical  Arch  AC=  (CF  +  iBD  P^' 

=  CF  -f  FG)  =  CG.  As  was  to  be  (hewn.  And  this  (hall'  fuf- 
fice  for  explaining  and.  (hiving  this  general  Problem :  to  find, tbt  Length 
op  Curve-fines. 

415.  Schol.  Here  it  improper  toobferve  that  you  may  find  as  many 

Curves  as  you  plea(e,t  whofe  Lengths  are  equal  to  known  right  Lines; 

or  may  be  compared  to  the  Areas  of  known  Curves  applied  to  Unity, 

like  to  what  was  (hewn  formerly,  with  refpeft  to  the  Areas  of  Curves. 

•  bf  dus  See. Art..  IO°*  2.25» -**6.*>  *•  ,&  let  it-  be  required  to  find  the<  Curve 

ExpUca^   whofe  Length  z-=,  jxK 

Therefore  by  taking  the  Fluxions,  it  is  » =#**•,  and  by  (quaring, 
»*  =  xx* :  but  it  is  i*  =  x*"+"<y*t .  therefore  by  Subftitution,  xx*  = 
**+>*>  orx—  1  xx*  =?j%  that  is  by  extracting  theSqnare.Rbot 

*Vx—  1 


Von. 
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x*/x  —  1  =j/ ;  therefore  it  appears  from  what  has  been  feid,  that 
the  Area  of  a  Curve  whofe  Abfcifs  is  x  and  Ordinate  *Jx —  1,  ap- 
plied to  Unity,  will  give  the  Length  of  y  the  Ordinate  of  tfie  Curve 
required :  which  you'll  find,  by  comparing  the  Expreflion  s/x  —  1 
with  Species  1.  Order  3.  Table  1.  to  be  fx#—  il*:  therefore  y= 

±xx  —  "il*  defines  the  Property  t>(  the  Curve  fought. 

And  thus  you  may  find  as  many  other  Curves  as  you  pleafe,  which 
may  be  rectified  ;  or  compared  with  the  Areas  of  known  Curves  ap- 
lied  to  Unity,  by  afiuming  or  feigning  any  Relations  of  x  and  z  you 
j>leafe, 

P  R  O  B. 

To  find  the  Areas  of  Curve  Surfaces 

416.  The  Principle  upon  which  the  Solution  of  this  Problem  de- 
pends, was  explained  and  demonftrated  Art.  50  *,  which  amounts  to  •  of  thi» 
this :  if  any  plane  Figure  ABC  (fee  the  Fig.  belonging  to  that  Art.)  ExpMc*- 
levolve  upon  AB  as  an  Axis  of  Rotation,  and  thereby  generate  a  Solid*  U0D' 
call  AB=2,  it's  re&angular  Ordinate  BC=y,  the  Surface  generated 

by  die  revolving  of  the  Curve-line  AC  =  *;  then  fuppofing  AB,  BC 

and  AC  to  flow,  it  is  i=^Vi*  -\-y*i  where  c  denotes  the  Circum- 
ference of  any  Circle  whofe  Radius  is  r.  Therefore  if  from  the  Equa- 
tion to  the  generating  Curve  ABC,  defining  die  Relation  of  z  and 
j,  you  find  a  new  fluxional  Equation  containing  the  Relation  of  their 
Fluxions,,  by  means  of  this  laft  Equation,  and  the  Equation  to  the 
Curve,  you  may  always,  find  fuch  a  Value  of  i,  as  (hall  only  include 
one  of  the  unknown  Quantities  z  and  y,  and  it's  Fluxion,  with  known 
Quantities :  fo  that  by  the  Quadrature  of  Curves  the  Value  of  s 
may  be  found,  after  the  lame  Manner  as  in  the  Solution  of  the  pre- 
ceding Problem,  as  will  appear  by  the  following  Examples. 

417.  Ex.  1.  Let  it  be  propofed  to  find  the  fuperficial  Content  of  a 
Solid  generated  by  the  Rotation  of  a  Segment  or  Fruftum  of  the  com- 
mon Parabola  round  it's  Axis. 

Then  from  the  Property  of  the  Parabola  (if  you  put  a  for  the  Pa- 
rameter) it  is  az=:y%,  whence  azz=  2yy  :  but  by  the  preceding  Ar- 
ticle J=2Vi*  -\-y% :  wherefore,  by  inferring  ~-  for  £*,  dedue'd 

from  the  preceding  fluxional  Equation,  it  becomes  i  =  /2^/£^!  j^j  * 
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=  )ix?v/I  -f  ±y\  Now  the  Expreffion  2.^  4.  ±j.  be- 
•Of  this  longs  to  a  Curve  that  may  be  fquared  (as  appears  by  Art.  1477140  *.) 
j£Pi«»-  and  is  the  fame  with  the  Ordinate  of  a  Curve  belonging  to  Species  i. 
Order  3.  Table  1.  viz.  dz*-We-\-fz*,  whofe  Area  is  —  x  e±fvft 
fo  that  by  fubftituting  y  for  «,  2  for  v,  ^  for  dr  1  for  e,  and  1 
fotft   the  Fluent  analogous  to  the  Area  of  the  Curve,  is   —  v 

1  "+*  h?  •  But  t0  ascertain  the  true  Value  of  the  Fluent  we  want, 
it  muft  be  computed  from  the  Vertex  of  the  Paraboloid  as  it's  initial 
Limit,  which  correfponds  to  the  Computation  of  the  curvilinear  Area 
from  the  Beginning  of  the  Abfcifs,  where  ^=0.  Here  then  is  a 
Condition  limiting  the  Fluent,  viz.  that  it  muft  be  nothing  when  y 
•  Of  dm  "?  nothing:  therefore  by  confidering  Art.  387  *,  the  true  Fluent  a 

«*"»?    f£  X  i  +  %yx  v  —  7^ :  for  this  only  is  the  Fluent  that  vanifhes  when 

j>  vanifhes:  and  therefore  £ x  1  +  £^*  —  £  =  s  the  fuperficial 
Content  of  the  parabolical  Conoeid  required. 

418.  Ex.  2.  To  find  the  Surface  of  a  fpheroidical  Segment,  the 
Spheroid  being  that  which  is  formed  by  the  Rotation  of  an  Ellipfe 
round  it's  longer  Axis,  called  an  oblong  Spheroid. 

Let  ct  r,  z,  yy  s  denote  the  fame  things  as  formerly :  moreover 
let  k  and  /  denote  the  Latus  Tranfverfum  and  Latus  Rectum  of  the 
Ellipfe.  Then  from  the  Property  of  the  Ellipfe,  you  have  yx  — 
^=^  :  whence,  by  taking  the  Fluxions,  zyy  =  *Lj2*«   ^t  b  y 

^ *%  K^flt**  '*  **  'm&rtia& of  which  Value  of y"  inftead  of 
it  in  the  general  Formula    *  =  JVz*  +  y%,   and      Su*~ &* 

for  y>  and   making  the  proper   Reduction,   you   fhall   obtain    - 

•    /,»  ,   u  —  u        u—u  ,       .     __  . 

»V^  4"  "i j~z ~F~ z   ==  s'     Now  °Y  comparing  this  ra- 

*  of  this  dical  Expreffion  with  the  Form  of  the  Ordinate  Art.  ■202  *.  viz.  v= 

Explicit-  . ; _  J  ' 

*>!>.        y'JLzzll  +  !L=jJ!*x  +  Lx*t  you  will  find  that  it  denotes  the 

Ordinate  of  an  Ellipfe :  in  which,  by  comparing  the  homologous 

Terms 
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Terms  by  the  Rules  of  Algebra,  you'll  get  i"0.  t=k^/-j—~r    2°.  p 

=  ly/tt    3°.  *  =  ^%/jzr/  -  t*  or  it  -  4*.    By  confider- 
ing  which  you  may  deduce  the  following  Conftruction. 

Let  AGE  be  a  Quadrant  of  the  generating  Ellipfe,  AG  half  the 
longer  and  GE  half  the  fhorter  Axis, 
BC  an  Ordinate  to  the  longer  Axis,  F 
the  Focus.  Then  upon  GA  produc'd 
take  GL  a  third  Proportional  to  GF 
and  GA :  with  the  femitranfverfe  GL 
and  femiconjugate  GE,  defcribe  the 
Ellipfis  LE,  draw  AN  perpendicular 
to  AG,  meeting  the  Ellipfe  LE  in  the 
Point  N,  and  produce  BC  till  it  meet 
it  in  M:  then  the  Area  ABMN  is  to 
the  Surface  of  the  fphejoidical  Seg- 
ment generated  by  the  Rotation  of 
ABC,  as  r  to  tf,  that  is  as  Radius  of  a 
Circle  to.  the  Circumference. 
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For  fince  it  is  GA  =  i*,  and  half   jj rf— — r-« 

Parameter  =tA  hence  it  is  GE  =  .    •  .-■    •  •    *" 

^kli  therefore  GF*=(GA'— GE'=)  £**— #/,orGF=^*— i&/t 

confequently  GL==  (^  =)  t^v/j^:  but  from  the  Property  of 
the  Ellipfis  LGE,  RM'  f GE»  (£dW)  : :  GL'  —  GB'  (^  —  l*^') : 
GL*  (1^7)  >  frora  whence,  by  a  proper  Reduction,  you  have  BM=st? 
^/^Uj^VzEz  —  ?j^z\  Wherefore  the  Fluxion  of  the  elliptical 
Space  ABMN  is  zy/^ll-t-^z  —  ^rr-«*  :  but  it  was  (hewn  above 

that  i  =  7v^V  +  xa""  ^z*»  therefore  the  Fluxions  are  to 
one  another  as  rtof,  a  given  Ratio,  and  the  Fluents  have  both 
the  fame. initial  Limit  at  AN,  therefore  ABMN.:  the  Surface  of  the 
fpheroidical  Segment : :  r  :  c. 

419.  Cor.  1.  Hence  it  appears  that  the  whole  fpheroidical  Surface 
is  to  4AGEN,  as  the  Periphery  of  a  Circle  to  it's  Radius. 

420.  Cor;  2.  If  GE  remaining  the  fame,  GA  grow  fhorter  and 
fhorter,  GL  will  thereby  grow  longer  and  longer,  until  GA  become 

'    .  -  R  r  equal 
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equal  to  GE,  when  the  revolving  Elfipfe  becomes  a  Circle,  and  the 
Spheroid,  a  Sphere,  and  the  Focus  F  falls  in  with  G;  and  then  GL 
which  is  a  third  Proportional  to  GF  and  GA,  turning  infinite,  EMN 
becomes  a  ftrait  Line  parallel  to  GA,  and  fo  AGEN  and  ABMN  arc 
Rcdfcangles ;  whence  it  follows  that  the  Surface  of  the  fpherical  Seg- 
ment is  equal  to  the  correfponding  convex  Surface  of  a  right  Cylinder 
having  GE  for  the  Radius  of  its  Bafe :  for  the  Re£fcanglc  AGEN,  by 
it's  Rotation  about  AG,  generates  a  right  Cylinder,  and  EMN  the 
convex  cylindrical  Surface :  where  it  is  evident  the  Part  of  the  cylin- 
drical Surface  generated  by  MN  is  to  the  Re&angle  ABMN  as  c  to  r* 
Whence  appears  the  Proportion  betwixt  the  Surface  of  the  Sphere  and 
that  of  the  circumfcribed  Cylinder ;  and  that  the  Surface  of  the  Sphere 
is  equal  to  four  times  the  Area  of  a  great  Circle* 

421.  Cor.  3.  But  upon  the  contrary  if  the  Ellipfe  AGE  be  fup* 
pofed  to  grow  more  and  more  excentric,  by  the  Center  G  removing, 
the  Points  A  and  F  remaining,  until  G  be  infinitely  diftant,  die  El- 
lipfe becomes  a  Parabola,  having  A  for  it's  principal  Vertex  and  F  for 
it's  Focus.  Now  if  the  Surface  of  any  Segment  of  this  Paraboloid 
was  required,  you  need  only  make  fuch  a  Change  upon  the  former 

fhixjonary  Equation  s^^h*/ ±U-\»  1^-z j£~z%  as  the  Supp*> 

fition  of  k  being  infinite  requires :  which  will  turn  it  into  this  i=t 

£sv^//-j-&  ••  which  being  compared  with  Species  1.  Form  3*  Tab.u 

is  found  to  denote  the  Fluxion  of  a  quadrable  Curve  whofe  Area  is, 

by  a  proper  Subftkution,  *x^4-W£tf  +  ^»  which  will  be  found 

*  of  thu  to  be  the  fame  with  the  Expreffion  formerly  found  Art.  417  *.  but  to 

gf*   l*ve  the  true  Fluent,  kmuft^  for 

which  a  geometrical  Conftru&ion  may  be  eafily  made. 

42a.  Cor*  4.  If  the  revolving  Axis  AG  be  fuppofbd  to  grow  ftorter 
than  the  Axis  GE  of  the  Ellipfis,  as  in  the  Figure  adjoin'd  :  then,, 
feppofing  *  to  denote  the  {hotter  Axis,  and  /  it's  Latus  Redum,  the 
Expreffion  for  the  Fluxion  of  the  Surface  of  the  Segment  of  the  Spheroid, 

now  become  oblate,  will  be 
the  lame  as  before,  only  /  be- 
ing now  greater  than  k>  there: 
wfll  be  a  Difference  in  the  Sign* 
of  the  Terms  of  the  radical 
Expreffion  fo  as  to  give  i  = 


7v/i*" 


ll  —  tt     T7T 


1! 


i* 
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by  comparing  of  which  with  Art.  294  *   the  radical  Expreffion  will  J?,LJis 
be  found  to  denote  an  Ordinate  to  the  fecond  or  conjugate  Axis  tion. 
of  an  Hyperbola.    And  if  the  Terms  of  the  radical  Expreflion 

^/yi  —  ~z  +  ^V  be  compared  with  the  homologous  Terms 

of  the  hyperbolical  Ordinate  in  that  Art.  viz.  x/a*T+^*t  _  jX  -f-  j*% 

as  formerly,  yoo  will  obtain  thefe  Values  of  /,  p  and  a,  viz.  t  =  V#, 

p = JL-^^/j  and  a = \k.    Whence  arifes  this  Conftru&ion. 

F  being  the  Focus  of  the  Eflipfe,  join  AF,  draw  AO  perpendicular 
to  AF,  meeting  EG  produced  in  the  Point  O :  with  half  the  tranf- 
verfe  Axis  GE,  and  half  the  conjugate  GL  =  GO,  and  the  principal 
Vertex  E,  defcribe  the  Hyperbola  EMN  j  draw  AN  perpendicular  to 
AG  meeting  the  Hyperbola  in  N  %  produce  BC  till  it  meet  the  Hy- 
perbola in  M :  then  tbe  hyperbolical  Area  ABMN  is  to  the  Surface 
of  the  Segment  of  the  oblate  Spheroid  generated  by  the  Revolution  of 
ABC  as  r  to  c. 

For  GF=VAF»— AGf=)  <*/— ^i*,  and  GL  =  (^J  =) 
-,***,  ;  hut  from  the  Property  of  the  Hyperbolait  is  BMf—GE^: 
B&  ::  GE* :  GI/»  or  by  Alternation  and  Compofition,  BM' :  GE* 
(^ ::  BGf  +  GLf  (i!33*  4- ^) :  <5L»  {^),  whence  BM== 

^i*^^=)bya^ 

whence  it  fottows  as  in  the  peoedmg  Caoftru&ian,  that  the  hypefr- 
bolictl  Space  ABMN  is  to  the  Surface  of  the  Segment  of  the  ohlate 
Spheroid,  as  Radius  of  a  Circle  to  it's  Circumference. 

423.  Schol.  By  comparing  thefe  two  Cafes  of  the  oblong  and  ob- 
late Spheroid  together,  and  by  fuppofing  the  one  to  pafs  through  the 
Sphere  into  the  other,  you  fee  the  gradual  Progreffion  of  the  Values 
of  the  Surfaces,  by  the  Line  EMN  palling  from  an  Ellipfe,  concave 
to  AB,  into  a  right  Line  parallel  to  it,  and  then  into  an  Hyperbola 
convex  to  it :  and  that  the  revolving  Axis  GE  is  always  one  Axis  of 
the  Conic  Sedtion  EMN,  and  the  other  GL  a  third  Proportional  to 
GF  and  GA. 

In  the  foregoing  Investigations  of  the  Surfaces  of  the  oWong  and 
oblate  Spheroid,  if  you  had  fuppofed  GB  =  zy  fo  that  the  Abfctfi 

Rr  2  had 
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had  begun  at  the  Center,   the  Solution  would   have  been   more 
eafy  and  fimple  :   for  in  that  cafe  you   would  have  had  i  =  — 

424.  Suppofe  now  the  revolving  Conic  Se&ion.  to  be  an  Hyper- 

A.  E  G  ****  ABC'  G  the  Centcr»  GA  hal'  tne 

,  tranfverfe,  GE  half  the  conjugate  Axis, 

and  F  the  Focus  as  before  j  and  ima- 
gine it  to  revolve  about  the  tranfverfe 
Axis  GAB  j  BC  being  an  Ordinate 
thereto  as  formerly :  and  the  Surface  of 
the  Segment  of  the  hyperbolical  Co- 
noeid  is  required.  Suppofe  AB  =  z, 
BC  =/,  and  k  and  /  to  denote  the 
tranfverfe  Axis  and  it's  Parameter  as  be* 
fore  j  then  from  the  Property  of  this  Conic  Sedion  it  is  y%  = 
**  "j".  *^  and  by  taking  the.  Fluxions  2^  =  ^^—;  whence  you 

obtain  y* = z*  x  ^JJS,  by  inferring  which  in  the  generalFor- 

mula  s  =  —*/z*  -\-y*i  and  bringing  all  to  order  as  before,  you'll 

thereby  obtain  this  Equation  *=^v^i^.4"'^r*-+_^"**  :  ty 
•  Of  tfcU  comparing    this     with    Article    296    * ,    where     it    is  .  v    = 

tion.       'S.f+.ft+P  +  ^x-f  f*»,   you  may  fee  that  it  belongs  to  an 
Hyperbola ;  fo  that  by  comparing  the  homologous  Terms  as  before; 

it  will  give  /  =  *y//£i  ./  =  V/^-tf=^""*V/7^i 
or  -*£  —  4*.    Whence  arifes  the  following  Conftruclion. 

Take  GL  a  third  Proportional  to  GF  and  GA,  then  with  the  Cenr 
ter  G,  half  tranfverfe  GL,  and  half  conjugate  GEX.  defcribe  the  Hy- 
perbola LNM,  and  finifhthe  reft  of  the  Conftruclion  as  before  :  then 
the  hyperbolical  Area  ABMN  is  to  the  Surface  of  the  Segment  of  the 
hyperbolical  Conoeid  formed  by  the  Revolution  of  ABC  and  AB,  as 
Radius  of  a  Circle  to.  it's  Circumference.  The  Demonftration  of  which 
is  the  feme  as  before.  And  as  GL  was  a  third  Proportional  to  GF 
and  GAk  and  2GE  was  a  common  Axis  to  both  Conic  Sections  in 
the.  preceding  Cafes  j  itis  the  lame  in  this  Cafe. 

425.  Schol 
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42  c.  Schol.  If  the  Points  A  and  F  continuing,  the  Center  G  be 
foppofed  to  remove  to  an  infinite  Diftance,  AC  becomes  a  Parabola, 
and  LNM  another,  having  both*he  fame  Latus  Rectum,  and  AL 
=  AF  :   for  by  fuppofing  k  infinite,  the  fluxional  Equation  i  == 

<*/ m JL. 'Jl^z  -f- ^r*2* becomes s  =  ™>jyi-\-lz :  where / denotes 
the  Latus  Reftum  of  the  Axis  of  the  revolving  Parabola.  Wherefore 
fince  it  is  AL  =  (AF=:)i/,  you  have  LB  =  i/ +  «  multiply  this 
by  /  and  it  produces  ±11  +  iz>  wn,ch  »s  the  Square  of  me  Ordinate 
BM  therefore  LNM  is  a  Parabola  having  the  fame  Latus  Rectum/ 
with  the  revolving  Parameter  AC :  fo  that  the  Surface  of  the  Seg- 
ment of  the  Paraboloid,  generated  by  the  Rotation  of  the  Parabola. 
ABC   is  to  the  parabolical  Space  ABMN,  as  c  to  r. 

426.  Finally,  if  the  Hyperbola  AC  be  fuppofed  to  turn  round  upon 
the  conjugate  Axis  GE,  and  thereby  generate  a  Surface  convex  to- 
wards GE  j  take  upon  GE,.  produced  if  need  be,  any  Abfcifs  Gft. 
and  draw  an  Ordinate  j3*:  then  calling  GB  =2?,  and  £*=.y,  you< 
may  find  as  before  another  Hyperbola  giving  an  hyperbolical  Space,, 
which  fhall  be  to  the  Surface  generated  by  the  Rotation  of  A*,  as  r 
to  c:  This  other  Hyperbola  has  GA  for  it's  half  Tranfverft,  and  a 
third  Proportional  to  GF  and  GE  for  it's  half  Conjugate  :  the  fame: 
Property  as  the  Conic  Sections  formerly  found* 

427.  If  the  Area.  ABMN  in  all  the  preceding  Cafes  he  applied  to* 
the  Abfcifs  AB,  and  the  Line  refulting  be  made  the  Altitude  of  a* 
Rectangle,  whereof  AB  is  the  Bafe;  and  fuch.  Rectangle,  by  revolv- 
ing round  AB  as  an  Axis,  generate  a  right  Cylinder,  the  convex  Sur- 
face of  the  Cylinder  is  equal  to  the  Curve-Surface  of  the  Segment  of 
the  Spheroid  or  Conoeid  generated  by  the  Rotation  of  ABC  about  AB. 
For  fuch  cylindrical  Surface  is  to  the  Area  ABMN  as  c  to  r :  as  i» 
evident.  Underftand  the  fame  of  the  Surface  formed  by  the  Rotation 
of  A*  about  A/3,  when  the  hyperbolical.  Area  arifing  is  applied  to  G& 

428.  By  confideririg  what  has  been  demonstrated,  and  comparing, 
it  with  what  was  (hewn  formerly  in  Sect:  10.  you  may  know  how- 
toexprefs  thefe  feveral  things  by  the  Meafures  of  Angles  and  Ratios. 
Thus  in  the  Cafe  of  the  oblbng  Spheroid  (fee  Fig.  Art.  4l8  *)-^y<»-^JL 
imagine  the  two  right  Lines  or  Radius's  GM,  GN  to  be  drawn,,  the  ^ 
Area  ABMN  =  LBMNL  —  LAN  =  Sector  LGM  —  ABGM  — 
Sector  LGN  +  AAGN  :  but  the  Sector  LGM  =  jGE  x  GL 

1GbYgl*-.ge*>  gnd)tbe  Sec^tLGN==iGExGLJGA/^GAS.;6^o; 

plication,- 


OfduV 
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the  ABGM  t=  25^,  and  AAGN  =  ^^ :  therefore  the  Area 


ABMN  =  K>E  x  GL 

AG  x  AN  — BGxBM 


GB.Vdlf—  GB*        /^r    GA.VgL*-GA* 


gt OJ"  i — oz 4- 


:  wherefore  if  this  Quantity  be  multiplied  by  -^ 

=  6.2831853,  &c.  die  Quantity  anting  will  denote  the  Value  of  the 
Surface  generated  by  the  Rotation  of  AC  about  AB. 

429.  If  the  Surface  generated  by  the  Rotation  of  the  Arch  EC 

were  required,  then  it  is  equal  to  •£■  x  BGEM :  but  BOEM = (Seaor 

*  Art.  EGM  +  ABGM  =)  &E  x  GL  jS^^^2f+ 22^:  tfaen- 
If thulxl  f°re  ^  &&  Arc^  which  meafures  the  Angle  whofe  Radios,  Tangent 
plication.  ^  ^oc$m  are  to  one  another  as  VGL*  — GB»,  GB,  and  GL,  or 
(which  k  the  fame)  whofe  Radius  is  to  it's  Sine  as  GL  to  GB,  be 
mokipfied  into  iGE,  and  the  Triangle  BGM  added  thereto,  then  that 
Sam  increafed  in  the  Ratio  of  c  to  r  (hall  be  equal  to  the  Curve- 
Surface  required.    Which  may  be  oonftro&ed  thus. 

With  the  Center  G  and  Radius  GL  defcribe  the  Quadrant  LPO, 
prodw*  BCM  tfll  k  mcetitinP:  takeQR:  BG::BM:GE;  to 
QR  add  RS=OP,  then  the  Surface  generated  by  the  Rotation  of 
the  Arch  CE  is  to  the  Circle  defcribed  with  the  Radius  GE  as  QS 
to  GE. 
For  the  Surface  generated  Any  the  Rotation  of  BC  is  \GE,yCGL 


Y- 


GL*  — GB'.GB.    BGxBM 


,    BGxBM       e         ,—      -._,    ,   GExQB.       <        lM, 

\ 1 — x-=tGExOP-J ^X-=iGE 


GL 

xQSx-^-:  but  the  Circle  defcribed  with  the  Radius  GE  is  £GErx 

~ .•  therefore,  dividing  both  by  *G'X<>  they  are  to  one  aootber  as 

QS  to  GE.  And  this  is  the  Conftru&on  given  by  Cotes %  Harmoma 
Menjurarumy  f.  28. 

And  after  the  lame  manner,  if  you  produce  AN  till  it  meet  the 
Circle  in  T,  take  HI :  GA  ::  AN :  GE  and  HK  :  GB  ::  BM  :GE; 
and  upon  HI  produced  take  ID  =  PT,  then  the  Surface  produced  by 
the  Rotation  of  the  Arch  AC,  (hall  be  to  the  Circle  defcribed  wkh 
the  Radius  GE,  as  KD  to  GE. 

Moreover,  if  you  take  HI  the  fame  as  before,  and  add  to  it  Jx  = 
OT,  then  the  Surface  generated  by  the  Rotation  of  ACE,  mat  is  the 

half 


!!"  +  *?  or  *LG- Of  d* 

BM+VbM?-GE*    ti<HU 


G£ 
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half  of  the  Surface  of  the  oblong  Spheroid,  is  to  the  Circle  defcrlbed 
with  the  Radius  GE,  as  HX  to  GE. 

All  which  things  may  be  eafily  found  by  the  trigonometrical  Canon,, 
and  the  known  Ratio  of  the  Radius  of  a  Circle  to  it's  arcumference.   0 

430.  With  refpea  to  the  oblate  Spheroid  (fee  Fig.  Art.  422  *  )  the  £$£ 
Surface  generated  by  the  Rotation  of  CE  about  BG  is  equal  to  ~ tkm- 

X  BGEM :  now  if  you  draw  the  Radius  GM  to  the  Hyperbola  NEM, 
it  appears  that  the  Area  BGEM=Sector  GEM-f  ABGM :  but  if  you 
draw  the  Aflymptote  GPQ,  cutting  BM  and  AN  in  Pand  Q,  the 
Sector  GEM  may  be  varioufly  exprefled  by  the  Meafure  of  a  Ratio, 
according  to  Art.  344, 366, 367  *,  as  thus  £LG  x  GE 

XGE|1  orlLG,GE,|^^^.orfLG,GEi 

wherefore  BGEM  ==  ABGM,  together  with  the  Meafure  of  any  of 
thefe  Ratios  to  the  Modulus  GE  multiplied  into  4-LG :  for  which  it 
might  be  eafy  to  make  a  Conftruclion,  fimilar  to  that  for  the  Surface 
of  the  oblong  Spheroid,  and  like  what  Mr.  Cotes  has  given  in  the 
Place  already  mentioned.  And  if  the  Lengths  of  the  Lines  GE,  GA, . 
GB  be  exprefled  in  Numbers,  you  may  eafily  compute  the  Surface  of 
any  Part  or  the  Whole  of  the  oblate  Spheroid  by  means  of  a  Table 
of  Logarithms.  The  fame  things  are  to  be  underftood  of  the  other 
Solids  which  have  been  mentioned.  Which  I  fhall  leave  to  the  young 
Geometrician  for  his  own  Exercife :  and  pais  on  ta  the  next  Problem 
that  I  may  haften  to  a  Conclufion. 

PROB. 
tofinitbe  Contents  of  Solids  generated  by  the  "Rotation  of  plant  Figures. 

431.  The  Principle  upon  which  the  Solution  of  mis  Problem  de- 
pends, was  fully  explained  Art,  43,44  *,  which  amounts  to  this:  if*  OfduV 
&  denote  the  Fluxion  of  a  Rectangular  parallelopiped,  whole  Breadth  J^jf  **' 
and  Thicknefs  is  1,  or  having  a  fquare  Bafe  whofe  Side  is  1  j  and  the      *     " 
variable  Length  of  the  Parallelopiped,  s,  then  the  Fluxion  of  any 
Body,,  generated  by  the  Rotation  of  any  plane  Figure,  having  z  for 

it's  Abfcifs  and  /  for  it's  perpendicular  Ordinate,  will  be  equal  to  z- 
multiplied  into  the  Circle  whofe  Radius  is  y.  Now  if  rand  c  fig- 
nify  the  fame  thing  as  before,  then  the  Area  of  a  Circle  whofe  Ra- 
dius is  y%  will  be  defigned  by  j£  i  therefore  if  the  fblid  Content  of  any 

ixeh 
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fuch  Body  be  called  j,   then  you  have'  this  general  Formula  i  = 

2~.     Wherefore  an  Equation  being  given  containing  the  Relation 

of  z  ahdjf,  you  may  by  help  of  it  throw  y  out  of  the  Equation  /  = 

2^ .  or,  if  you  find  it  more  convenient,   you  may  throw   out  z, 

and  retain  a  Value  of  s  including  only  y  and  it's  Fluxion :  by  either 
of  which  means  you  may  find  the  Fluent  by  the  Quadrature  of  Curves, 
t>y  finding  the  Area  of  a  Curve  having  an  analogous  Fluxion ;  which 
Area  being  found,  and  fuppofed  to  be  multiplied  by  i,  gives  the  Con- 

•  Of  this  tent  of  the  Solid.    See  Art.  390, 407  *. 

tion!1Ca  43 2*  £*•  !•  Let  it  be  propofed  to  find  the  Solidity  of  a  right  Cone ; 
which  is  generated  by  the  Revolution  of  a  right-angled  Triangle  round 
one  of  the  Sides  including  the  right  Angle.  Wherefore  calling  the 
Side  about  which  the  Triangle  revolves  a,  and  the  other  Side,  which 
generates*  the  circular  Bafe,  b ;  let  z  and  y  denote  an  Abfcifs  and  Or- 
dinate in  that  Triage  :   then  z  \y  ::  a  :  b,  or  ^ .=  ~  :  wherefore 

In  the  general  Formula,  viz.  s  =  £?,  infert  this  Value  of  y,  and 

it  becomes  izn-^-,  which  may  denote  the  Fluxion  of  a  quadrable 
Curve  belonging  to  Form  1.  Table  1.  or  the  Fluents  may  be  found 
by  the  Converfe  of  our  Author's  firft  Propofition ;  by  .either  of  which 

you'll  have  s=  ^  =  <by  infertingj*  for  £?)  lg9  the  Value  of  the 
Cone  having  z  for  it's  Altitude  :  which  when  $  and  y  become  a  and 
£,  is  ^,  i.  e.  a  third  Part  of  the  Cylinder  having  the  fame  Bafe  and 

Altitude,  which  is  c-£. 

433.  Ex.  2.  Let  it  be  required  to  find  the  Solidity  of  any  Segment 
"  of  an  oblong.  Spheroid,  as  that  generated  by  the  Rotation  of  ABC 

•  Of  this  (fee  Fig.  Art  418  *.)  about  the  Axis  AG.     Let  a  and  b  denote  the 
e*p*«*-   Halves  of  the  longer  and  (horter  Axis :  call  AB  =  z>  BC  =  v,  then 

the  Equation  to  the  Curve  is^1  =  *— -;-,  therefore  by  inferting 

this  Value  of  y%  into  the  general  Formula  /  =  2_*   it  becomes  i  =  z  x 

•  Of  this  —  —  ^r  :  wherefore  if  you  find  (by  Art.  145  *,  or  otherwife)  the 
^on.        Area  of  a  Curve  whole  Abfcifs  is  z,  and  Ordinate  ~"— ~r  >  it 

will  give  the  Value  of  the  Segment  required,  viz.  1^  —  O"  =  ^ 

x 
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'  X  —  —  —  or  —  X  ~  —  —,  •  the  firft  of  which  Expreflions  denotes  a 

Cylinder  having  b  for  the  Radius  of  it's  Bafe,  and  a  third  Proportional 
to  a  and  z  for  it's  Altitude,  leflened  by  a  Cylinder  (landing  on  the 
fame  Bafe  whofe  Altitude  is  to  that  of  the  former  as  z  to  3* ;  or  by  a 
Cone  ftanding  upon  the  fame  Bafe,  whofe  Altitude  is  to  that  of  the 
Cylinder  as  z  to  a  :  and  after  the  like  manner  may  you  refolve  the 
other  Expreflion. 

433.  Whence  it  follows  that  if  z  become  equal  to  a%  the  former 

Expreflions  become  —  x  y*,  and  -~  X  77  :  which  denote  f  of  a  Cy-p 

linder  having  the  fame  Bafe  and  Altitude  with  the  Half  of  the  Sphe- 
roid ;  the  other  a  Cone  having  half  the  longer  Axe  for  the  Radius  of 
it's  Bafe,  and  the  Latus  Redum  for  it's  Altitude.  When  a  becomes 
equal  to  £,  fo  that  the  Spheroid  become  a  Sphere,  it  is  eafy  to  apply 
the  Expreflions  to  that  Cafe :  and  likewife  when  a  becomes  fliorter 
than  £,  fo  that  the  Spheroid  become  oblate :  alfp  to  the  Cafes  of  the 
hyperbolical  and  parabolical  Conoeids :  particularly  you'll  find  the  pa- 
rabolical Conoeid  to  be  \  of  the  Cylinder  having  tne  fame  Bafe  and 
Altitude. 

434.  Ex.  2.  Let  it  be  required  to  find  the  folid  Content  of  a  Body 
formed  by  the  Rotation  of  the  Ciflbid  ACE  (fee  Fig.  Art.  321  *.)••  of  this 
round  it's  Axis  ACQ.  Expiica- 

f   Call  AC  =  z,    CE=y,  then  the  Equation  to  the  Curve  j»==  tl0n' 

—^ :  infert  this  Value  of  y%  in  place  of  it  in  the  generalFormula  i  =  — f 
and  you  have  s  =  — ?==r9  which  I  find  to  belong  to  Form  1.  Tab.  2, 

zr  x  a — « 

viz.  the  fourth  Species,  by  which  means  therefore  it  may  be  found, 
"by  help  of  the  equilateral  Hyperbola  5  and  confequently  by  Logarithms 
or  Meafures  of  Ratios  :  which  I  (hall  omit,  and  (hew  how  to  exprefs 
it  by  applying  direftly  to  our  Author's  fifth  Propofition.  The  Ordi- 
nate then  of  the  Curve  which  flows  according  to  the  (ame  Law  with 

this  Solid,  is  — ^=,  which  being  compared  with  the  general  Form 


for  Binomials,  viz.  y  =  azfi—*  x  e  -\-fz*Y~\  will  give  by  Art.  147  *,  •  of  this 
for  Ac  Area  ix£+ -  +  *  +  *+£  +  <*.  i„  ,„/.  which  ST  " 

therefore  denotes  the  Value  of  the  Solid  generated  by  the  Rotation 
of  the  Ciflbid. 

Ss  135.  And 
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435.  And  now  I  have  (hewn  what  way  this  Trcatife  of  the  Qua* 
drature  of  Curves  is  applied  to  the  Solution  of  fbme  Problems :  by  which 
the  young  Geometrician  may  fee  how  extenfive  this  Dodtrine  is  $  and 
underftand  how  it  is  to  be  applied  in  other  Cafes.     In  general  it  will 
ferve  for  finding  -the  Fluent  of  any  given  Fluxion  (of  whatever  Kind 
the  Fluent  be)  where  the  given  Fluxion  can  be  reduced  to  foch  ail 
Expreflion  as  denotes  the  Fluxion  of  any  curvilinear  Area.     And  I 
fhall  now  proceed  to  explain  the  feveral  Cafes  of  fluxional  Equations, 
mentioned  by  our  Author,  from  whence  the  Fluents  can  be  found  by 
the  Quadrature  of  Curves. 
•Of  the       436.  The  firft  Cafe  is  contained  in  Art.  j$  *,  and  it  is  explained 
2£jj-    and  illuftrated  thus.     Let  ax  —  e*z  =  zefx*z  +/*#*£ :  where  x  is 
Curves,     fuppofed  to  flow  uniformly,  and  z  is  the  firft  Fluxion  of  the  other 
flowing  Quantity,  viz.  z.  I  fay  the  Relation  of*  and  z  may  be  found, 
fo  that  x  being  given,  z  {hall  be  given.     In  order  to  which,  multiply 

*  Of  this  the  Term  ax  by  x=  1,  according  to  Art.  335  *,  by  which  the  Equa- 
Expiica-    tion  ftands  thus  axx  —  e%z  =  zefx*z  •^-f'-x+z :  thence  reduce  the 

Equation  fo,  as  that  z  ftand  upon  one  Side  alone,  which  gives  this 

«*+2^M-/*;t4  =  * ;  where  if  *  be  fuppofed  the  Abfcifs  of  a  Curves 
and  e*+2eJl*+/ljc4r  the  correfpoiiding  Ordinate  :  and  the  Area  of  that 

Curve  be  found,  it  fhall  be  equal  to  z;  whence  z  fliall  be  deter- 
mined.    Now,  in  theprefent  Example,  if  you  compare  the  Ordinate 

;»+  2ef**+f*x*  with  ^  °rdinate  belonging  to  Order  2.  Table  1.  you'll 

^  obtain,  by  a  proper  Subftitution  of  Values,  2g§  ™      x  =  z  j   or 

zef+lpx* —  z>  &ditt  of  Which  gives  the  Vatae  of  zy  and  exprefles 
the  Relation  of  x  and  z.  Which  you  may  try  by  Prob.  1,  to  fee 
whether  both  thefe  fluential  Equations,  will  produce  the  given  Rela- 
tion of  the  Fluxions.    The  Relation  of  the  Fluxions  arifing  from  the 

£rfl-     «t#V*  ax% •      2ax*  *  2ex  +  Zefx1 — /ufxxxax1*     ^     « 

•  Art.84.  foftj  VtZ'  ^+l^  =  a;  »  ^  +  t^+ieY^  *.  °f  b7  re* 

plication*  ducing  g»+2^y+/»  .,♦==*,  that  arifing  from  the  fecond  Equation, 

.— a  „     •  iafxx  axis 

both  the  fame  with  the  fluxional  Equation  at  firft  propofed*  fup- 
pofing  x  =  1. 

437.  So 
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437.  So  likcwife,  if  the  Equation  had  been  ax  —  e*z  =  zefx*z  -\~ 
f*x*z:  where  you  have  the  fecond  Fluxion  of  z>  and  any  other  flow- 
ing Quantity  x,  wfaofe  Fluxion  is  equal  to  i,  you  may  End  the  Re- 
lationof  the  Fluents  by  the  Quadrature  of  Curves.  For  fuppofing  as 
before  x==AB  the  Abfcifs  [fee  our  Author's  Figure]  and  now  z  or 
JL  —  BD  the  Ordinate,  and  consequently  z  =  BE  or  —,  and  «  = 

X 

gp  or  ^E:  from  the  given  Equation  reduced,  fuppofe,  to  this  Form 


or  z  = 


find  the  Relation  of  z  and  X 


that  is  of  BE  and  AB,  by  finding  the  Area  of  the  Curve  ABD,  whofe 
Abfcifs  being  x  has  it's  Ordinate  BD=et+^x+xZ=z:  which  is 
done  as  before.  This  gives  zt  or  the  Relation  of  x  and  z  ;  the  lame 
as  of  x  and  z,  in  the  preceding  Cafe,  viz.  jp^j—i  =  z  ==  BE> 
From  which  given  Relation  of  AB  and  BEorxandi,  you  find  s=BFot 
— ,  by  finding  the  Area  of  the  Curve  ABE,  whofe  Abfcifc  is  AB  = 

*,  and  .Ordinate  BE  =  (z=)  -*jf^p  :  which  therefore  exhibits 

the  Relation  of  z  and  x  fought.    But  whereas  the  Curve  which  has  x 

for  it's  Abfcife,  and  w>  "*  9-%  for  it's  Ordinate,  cannot  be  fquared  *,  -Art.  139. 

therefore  the  Expreffion  of  the  Area,  found  by  Prop.  5,  runs  out  into  plication.* 
an  infinite  Series :  fo  that  the  Relation  of  z  and  x  cannot  be  expreffed 
fey  any  ether  than  infinite  Equation,  algebraically .  Yet  it  may  be  ex- 
hibited geometrically  by  the  Defcription  of  a  Conic  Section,  fince  the 
Curve  comes  under  Species  fecond,  Order  fecond,  Table  fecond.  And 
thus  you  proceed  in  all  like  Cafes,  where  the  given  Equation  is  of  that 
Sort  mentioned  by  our  Author  in  this  Article. 

438.  Hence  it  appears  that  if  the  Curve  ADB  be  qqadrable,  die 
Relation  of  the  Fluents  may  be  expreffed  by  a  finite  Equation,  when 
it  is  a  firft  Fluxion  that  enters  into  the  given  Equation;  If  the  Curves 
ADB  and  AEB  be  quadrable,  the  Relation  of  the  Fluents  may  be 
expreffed  by  a  finite  Equation,  when  it  is  a  fecond  Fluxion  that  is 
contained  in  the  given  Equation.  If  the  Curves  ADB,  AEB  and 
AFB  can  be  fquared,  then  the  fame  thing  is  true  with  refpecl  to  the 
Fluents,  when  it  is  a  third  Fluxion  that  enters  the  given  Equation, 
&c.  but  if  thefe  Curves  cannot  be  fquared,  the  Relations  of  the  Fluents 
cannot  be  exhibited  by  finite  Equations,  in  die  Cafes  mentioned. 
And  you  know  when  thpfe  Curves  may  be  fquared  bj  Prop.  2,  viz. 

S  s  2  then. 


) 


X 
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then,  when,  calling  AB  =  «  and  BD=jf,  the  Curves  having  the 
Abfcifs  #and  Ordinates^,  zy,  z%y9  &c.  can  befquared:  from  which 
Propofition  you  likewife  difcover  what  the  Areas  of  the  Curves  ADB, 
AEB,  AFB,  &c.  in  that  Cafe  are.     Again  if  thefe  Curves  ADB,  AEB, 
AFB,  &c.  are  capable  of  a  geometrical  Comparifon  with  the  Conic 
Se&ions  $  then  the  Relations  of  the  Fluents  may  be  exhibited  geome- 
trically\  by  the  Defcription  of  the  Conic  Sections. 
Art  76,77 '    439.  What  our  Author  fays  with  refpedt  to  Equations  that  involve 
■Oir<f      on^  onje  fl°w*nS  Quantity  and  it's  firft  Fluxion ;  or  only  any  two  next 
tu?e  0?"    adjoining  Orders  of  Fluxions  of  the  fame  flowing  Quantity,  without 
Carves,     the  other  flowing  Quantity  to  which  it  is  related,  viz.  that,  in  fuch 
Cafes,  the  Fluents  may  be  found  by  means  of  the  Quadrature  of 
Curves,  may  be  further  explained  and  illuftrated,  in  the  following 
manner. 

Let  the  Equation  aav  =  av  -f-  v%  be  propofed  :  then  fuppofe  any- 
other  flowing  Quantity  of  the  fame  fort  with  the  Quantity  v :  call  it 
z,  and  let  it's  Fluxion  z=i.     Wherefore,    by  completing  the  Di- 
♦Art.38^.  menfions  *,  the  given  Equation  is  aav  =  avz  -\-  v*z.    Let  v,  v  and 

JiicationX  %  be  reprefented  by  BE.  or  — ,  BD  and  AB  refpe&ively.  Now 
fince  the  Equation  aav  =  avz  -|-  v%z  exhibits  the  Relation  of  the 
Fluxions  v  and  zy  when  i?  =  1  $  the  Relation  of  the  Fluents  will  be 
the  fame,  if  you  change  the  Suppofition,  and  imagine  that  v  flows  uni- 

*Art;389.  fotmly,  making  v  =  1  *.    And  therefore,  bringing  the  Equation  to 

of  this  Erf-  avif 

plication,  this  Form  ^  »w  =  £,  it  appears,  that,  if  you  find  the  Area  of  a 
Curve  whofe  Abfcifs  is  v,  and  Ordinate  ^J^,  that  Area  is  equal  to 
z :  ib  that  hence  you  have  the  Relation  of  v  and  z>  or  BE  and  AB 
as  formerly  :  and  therefore  z  being  afliimed,  v  is  thence  determined, 
either  algebraically  or  geometrically. 

440.  Moreover,  if  the  Equation  aav  —  av  +  w  was  propofed  : 
fuppofe  z  another  variable  Quantity,  whofe  Fluxion  £  =  i-  then 
\y  the  like  Operation  as  in  the  preceding  Article,  fuppofing  v,  v,v  and 
z  to  be  expounded  by  BF,  BE,  BD  and  AB  refpedtively ;  by  fquaring 
the  Curve,  whofe  Abfcifs  is  v  and  Ordinate  -^ra,  you  find  the 
Area  equal  to  z;  fo  that  you  obtain  the  Relation  betwixt  v  and  z9 
or  BE  and  AB.  Again  from  the  given  Relatioh  of  v  and  z  or  BE 
;and  AB,  you  find  by  the  Quadrature  of  Curves,  the  Area  of  the 
Curve  AEB,  whence  you.  have  the  Relation  of  AB  and  BF,  that 
is  %  and  /y,  fince  BF  =;— .    And  the  Method  of  proceeding  is  the 

fame 
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fame,  when  the  given  Equation  contains  any  two  Fluxions  of  any  the 
jame  flowing  Quantity,  of  any  two  Orders  next  to  each  other,  with-. 
but  including  the  other  Fluent  to  which  it  is  related. 

441.  Our  Author  fhews  in  this  Article  how  a  fluxional  Equation  Art  78. 
including  three  unknown  Quantities  may  fometimes  be  reduced  to  J^j^ 
another  including  only  two  unknown  Quantities :  in  which  Cafe,  the  tore  of 
Relation  of  the  Fluents  may  be  found  by  the  Quadrature  of  Curve?  Conr*. 
as  before.    Thus  let  a  —  l>x»  =  cxyy  -\-  dyx*yy  be  propofed,  includ- 
ing three  unknown  Quantities,  viz.  x,  y  and  y,  and  the  Relation  of 
the  Fluents  x  and  y  is  fought.    Put  y»y  =  v,  then  the  Equation  ftands 
thus  a  —  bxm=.cxv  -\-  &v,  which  includes  only  two  unknown  Quan- 
tities, «**:  *  and  v  :  from  whence  as  in.  Art.  75*,  you  may  find  the  •  ofthe 
Relation  of.x  and  v.     For.  by  reducing  the  Quadratic  Equation,  you;  <*»*£- 


=  x  X  \/t-  4-  '-ts-  —  4*"1  —  —j  :  whence  it  appears,  that  the  Area 

~       a     ■    '  4**  a  zd 

of  a  Curve  whofe  Abfcifs  is  x  and  Ordinate  y/  7  +  "wr  —  7**  —■ 

^=-z),  is  equal  to  v:  whence,  by  . the  Quadrature  of  Curves,  you 

obtain  the  Relation  betwixt  x  and  v.     Again  from  the  other  Equation,- 

viz.  yvy  =  v,  we  find  the  Relation  ofv  and  y  by  the  Converfe  of  ' 

Prop,  i,  which  is  -rriyn+J  =  v  •  but  the  Relation  of  x  and  v  was 

found  formerly :  therefore  you  have  the  Relation  .of  x  and  yy  fo  that 
y  is  found  when  x  is  given. 

4    442.  Our  Author  having  {hewn  in  the  preceding  Article  that  the  Art 
Fluents  may  be  found  from  fluxional  Equations  including  three  un-  of  the 
known' Quantities,  when  they  are  capable  of  being  reduced  to  fuch  QHadr*- 
as  involve  only,  two  unknown  Quantities,  proceeds,  in  this  Article,  Curves. 
to  (hew  that  fometimes  the  Fluents  may  be  obtained  from  fuch  Equa- 
tions, even  when  they, .cannot  be  reduced  to  Equations  that  have. but 

two  unknown  Quantities.  Thus  Jet  the  Equation  ex*  -f-  fa*¥  =i 
rexr—*ys  -jr  sexyy—1 — fyf  including  the  Fluents  x  and  y  together 
with  the  Fluxion  of  yy  re  propofedt :  and  y  is  fought  for  x  given.' 
Multiply  the  Terms  where  y  is  not  found  by  x—  1,  and  you  have 

x  x  axm  \  hxnV  ^rexxr—xy5  -J-  sex'yf—1  —fyyf :  of  which  Equation^ 
the  Fluerit  of  the   laft   Part,   viz.   rexxr—ly5  +  sexyf—1.  —  Jyy\ 
may  be*  had  by  going  back  from  the  Fluxion  .to  the  Fluent,  by -a  re^ 
•>  -  verfe 
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vfcrfc  Operation  to  that  by  which  the  Fluxion  of  a  given  Fluent  is 
found,  viz.  by  increafing  the  Indexes  of  the  flowing  Quantities,  in 
the  Terms  where  their  Fluxions  are,  by  Unity,  and  dividing  the  Terms 
by  the  Indexes  fo  increafed,  and  dafhing  out  the  fluxionary  Expref- 
fions  :  after  which,  if  there  refult  any  Quantities  that  are  equal,  dafh 
all  of  them  out  but  one  :  and  the  Terms  remaining  make  the  Fluent 
(if  it  can  be  found  by  the  Converfe  of  Prop,  i.)  And  to  afcertain 
the  Truth,  try  whether  the  Quantity  fo  found  produce  the  fame  Flux- 
ion as  that  at  firft  :  which  if  it  do,  you  have  the  right  Fluent,  other- 
wife  not.     By  proceeding  thus,  you  find  from  the  laft  Side  of  the 

Equation,  exrys  +  exrf.  —  jir^^1  :  w^erc  ^e  Term  exrf  being 
twice  found,  dafh  out  one  of  them,  and  fo  you'll  have  *#7f  — 7x7.7'+ * 
for  the  true  Fluent  of  that  Side  of  the  Equation.  And  the  other  Side 
of  the  Equation,  viz.  x  x  axm  -f-  bx*V  cxprefles  a  Fluxion  analogous 

to  that  of  a  Curve  whofe  Abfcife  is  #,  and 'Ordinate  ax™  +  'bxft*  • 
wherefore,  if  you  find  the  Area  of  that  Curve,,  the  Exprcflion  of  the 

Value  of  that  Area  -will  be  equal  to  exrf — yr^ytm^1  •  and  thence 

therefore  you  obtain  the  Relation  of  the  Fluent6  x  and  y,  fo  that  y  is 

given  from  x  given.  

Art.  80.        443 .  Suppofe  you  have  fech  an  Equation  as  thia  x  x  axm^bxK^  =s 

of  the  „— i 

Quadra-    ,  <ft        •  which  involves  both  the  Fluents  x  and  y,  and  their  Fluxions 

turc  of       s/*+fy* 

(where,  if  one  of  the  Fluxions  had  been  wanting  it  bad  been  the  iamc 
thing,  becaufe  it  behov'd  to  have  been  fupplied).  Here,  the  two 
Sides  of  the  Equation  may  be  confidered  as  the  Fluxions  of  Curves, 

whereof  the  dne  has  x  for  it's  Abfcife,  and  n#*  *f-  bx^t  for  it's  Oidi* 
nate  ;  and  the  other  y  for  it's  Abfcife,  and  -v         for  it's  Ordinate* 

for  thefe  two  Areas  would  be  equal,  by  Prop.o.  Wherefore,  if  thefc 
Areas  be  found,  tad  equated,  you'll  thence  obtain  the  Relation  of  * 

and  y.    Now  the  Area  of  the  Curve  whofe  Ordinate  is  -£ 


Carves. 


id  ,— 


•i^FJ* 


by  Species  1.  Order  4.  Table  1,  is  ^e+Jy*:  therefore  if  you  put 

this  equal  to  the  Area  of  the  Curve  whofe  Abfcifs  is  x  and  Ordinate 

ax?"  +  ^f  (which  may  b«  fonndby  the  Qu«kafi«e  of  Curves)  thence 

the 


The  Quadrature  of  Cuaves  explained.  319 

the  Fluent  y  will  be  known,  when  x  is  given.     Thus  fuppofe  m 
=  2,  »  =  4,  p  =  i:  then  the  Ordinate  of  the  Curve  having  x  for 

it's  Abfcifs,  is  */ax% -\- fix*  =  xJa~\-  bx%,  which  belongs  to  the  Curves 
of  the  £rft  Species  of  Form  third,  Table  1 :  according  to  which,  it's 

Area  would  be  t^V*  +  bx\    Wherefore  ^J^Va  +  bx*  — 

—/Jt^cfT  gives  the  Relation  of  the  Fluents  fought. 

444.  And  thus  our  Author  has  (hewn  in  what  Cafes  of  fluxional  Art  gi. 
Equations,  the  Fluents  may  be  found,  by  means  of  the  Quadrature  of  °fJ*£ 
Curves :  in  all  which,  there  are  always  the  Fluxions  of  two  flowing  tu?e  of 
Quantities  either  expreffed  or  underftood.     One  of  thefe  flowing  Quan-  Curves 
tities,  which  our  Author  in  this  Schol.  calls  x  or  z  is  fuppofed  to  flow 
after  an  equable  and  uniform  manner,  whofe  Fluxion  is  defigned  by 
Unity:  the  other  flowing  Quantity,  he  calls y  or  v,  which  is  fuppos'd 
to  flow  according  to  any  Law  wtiatfoever.     The  firft  of  thefe  Quan- 
tities he  confiders  as  a  Standard,  by  which  the  other  is  to  be  mea- 
sured or  eftimated  $  even  as  the  Ablfcifs  is  with  refpeft  to  the  Ordi- 
nate and  Area  of  a  Curve.     And  as  in  this  Cafe,  we  reckon  the  Ordi- 
nate and  Area  known,  when  their  Relation  to  the  Abfcifs  is  exprefied 
by  any  algebraical  Equation  :  fo  jn  the  Cafe  of  the  Fluents  x  and  yy 
y  is  considered  as  the  Fluent  fought,  and  therefore  when  it's  Relation 
to  x  is  given,  it  is  iaid  to  be  given.     See  Art.  j$.  and  Art  78,  79  and 
Uo  *  at  the  End.     But  now,  after  the  Fluent  y  is  thus  found  by  the  *  Cf  the 
■Quadrature  of  Curves ;  it  muft  be  considered  that  this  is  what  we  for-  Quadra- 
xnerly  called  the  pure  Fluent,  fince  it  has  no  Part  but  what  flows  :.  *£*  of 
and  therefore  the  Fluent  fo  found,  may  be  increafed  or  diminiflied  by   urvc^ 
any  confront  Quantity,  and  yet  ftill  be  the  Fluent,  /.  e.  a  flowing 
Quantity,  which  has  the  fame  Fluxion  as  formerly,  fince  the  conftant 
Quantity  added  to,  or  fubtra&ed  from  the  pure  Fluent,  having  itfelf 
no  Fluxion,  can  make  no  change  in  the  Fluxion  of  the  former  Fluent* 
And  thus  you  fee  the  Reafon  of  what  our  Author  advances  upon  this 
Head  in  Art.  8 1  "*.     And  therefore,  as  was  obferved  before  -f-,  when 
the  Fluents  are  found  from  the  Fluxions,  thefe  Fluents,  in  the  Ap-  q0*/1^ 
plication  to  any  particular  Cafe,  muft  be  fo  ordered  and  limited,  as  tw  of" 
the  Nature  arid  Circumftances  of  the  Cafe  or  Queftion  do  neceflarily  Curves, 
require.     It  would  be  the  fame  thing  to  fay,  that,  after  all  Equation  J3^r** 
is  found  exprefling  the  Relation  of  the  Fluents,  all  the  Parts  of  which  of  thisE*-" 
are  flowing,  you  may  add  to  either  or  both  the  Sides  of  it,  what  con-  P1^01*- 
ftant  Quantities  you  pieafe>  and  it  fhalL  yet  be  an  Equation  exhibiting 

the 
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the  Relation  of  the  Fluents :  for  it  produces  the  fame  Relation  of 
Fluxions  as  before. 
Art.  82.        445.  Our  Author  tells  us  that  where  there  afifes  any  Doubt  about 
Quldra-    *c  Truth  °f  tllc  Conclufion,  in  finding  the  Fluents  from  the  Flux- 
tureof     ions,  you  may  eafily  afcertain  it,  by  colledting  the  Fluxions  of  the 
Curves.     Fluents  fo  found,  by  Prop.  1  :  for  if  they  be  the  fame  with  the  Flux- 
ions that  were  at.  firft  propofed,  the. Operation  is  juft,  and  the  Fluents 
found  are  true  Fluents,  otherwife  not.     In  which  laft  Cafe  they  muft 
be  corredled  in  fuch  manner,  as  to  make  their  Fluxions  agree  with 
the  Fluxions  at  firft  propofed.    For,  fays  he,  a  Fluent  may  be  at- 
fumed  at  pleafure,  and  the  Aflumption  correfted,  by  putting  the  Flux- 
ion of  the  afliimed  Fluent  equal  to  the  propos'd  Fluxion,  and  comparing 
the  homologous  Terms  with  one  another.     But  after  what  manndr  the 
Fluent  of  any  Fluxion  is  to  be  found  by  fuch  an  Affumption  of  the 
Fluent,  and  Comparifon  of  the  homologous  Terms  of  the  Fluxions  : 
as  likewife  how  this  general  Problem,  including  the  whole  of  the  /«- 
verfe  Method  of  Fluxions,  viz.  An  Equation  being  given  involving 
any  Number  of Fluxions \  to  find  the  Fluents,  i.e.  an  Equation  defining 
their  Relation,  which  is  the  Converfe  of  the  firft  Propofition  of  this 
Tread fe :  I  fay,  how  thefc  things  are  to  be  performed,  as  it  don't  pro- 
perly belong  to  the  Doctrine  of  Quadratures,  I  have  no  Defign  nor 
Inclination  to  fhew  in  this  Place :  fince  it  would  open  too  large  a 
Field,  and  carry  us  beyond  the  original  Defign  of  this  Work,  which 
was  to  explain  and  vindicate  the'  firft  Principles  upon  which  the  Dqp- 
trine  of  Fluxions  is  founded,  and  to  explain  and  illuftrate  this  Trea- 
.    tife  of  the  Quadrature  of  Curves. 

446.  Our  celebrated  Author  crowns  all  with  a  Saying,  that  ex- 
prefles  the  Greatnefs  of  his  Modefty,  and  Vajinefs  of  his  Underftand- 
mg.  What  Man  but  Sir  lfaac  Newton  himfelf,  could  call  the  noble 
and  fublime  Difcoveries  contained  in  this  fhort  Treatife,  by  the  Name 
of  Principles  or  Beginnings  of  Knowledge,  the  clear  apprehending  and 
full  underftanding  of  which,  after  they  are  difcovered  and  laid  be- 
fore us,  requires  Pains  and  Application  to  Underftandings  of  the  com- 
mon Size.  Notwithftanding,  it  is  true,  what  he  affirms,  that  thefe 
pave  the  Way  to  innumerable  ftill  more  valuable  and  fublime  Dif- 
coveries in  Mathematics  and  Natural  Pbilofopby>  as  he  himfelf  hath 
partly  fhewn  in  his  other  Performances,  and  efpecially  in  that  in- 
valuable  and  inimitable  one  his  mathematical  Principles  of  natural 
Philofophy. 
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Equations  of  an  infinite  Number  of 

Therms. 


i .  /TTtETE  General  Method,  which  I  bad  devifedfome  confutable  time 
I    ago,  for  meafuring  the  Quantity  of  Curves,  by  Meant  of  Series, 
infinite  in  the  Number  of  Terms,    is  rather  Jhortly  explained, 
than  accurately  demon ftrated  in  what  follows. 

2.  Let  the  Bafe  AB  of  any  Curve  AD  have  d 

BD  for  it's  perpendicular  Ordinate;  and  call 
AB=#,  BD=y,  and  let  a,  b,  c,  &c.  be  given 
Quantities,  and  m  and  n  whole  Numbers. 
Then 


The  Quadrature  of  Simple  Curves, 

R  U  L  E    I. 

Z  ■  an     1±1     ■ 

3.  If  axn=y,  it  (hall be  — 7— x  «  = Area  ABD. 

m-\~n 

The  thing  will  be  evident  by  an  Example. 

1.  If  x*  (=ix*)  =zyt  that  is  «=i3s%nd  mz=z :  it  (hall  be  -x> 
=ABD.  '    ' 

Tt  2.  Suppofe 
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St.  Suppofe4^x(=4^)=^j  it  willbef*l(={V*»)  =  ABD. 
g.  ff  tfxs  (=*!)  =j;  it  will  be  **!{;=:  j#*») = ABD. 
4.  Ifi=x-*)==f,  that  is  if «  =  i=»,  and  /w  =  — 2j 

It  will  bfc  ^xt=)  — *-'  (=^)  =-80,. 

infinitely  extended  towards  «,  which  the 
Calculation  places  negative,  becaufe  it  lyes 
uj^thde&er  fife  oF  the  Lint  BD.*  - 

5.  If^(x-4)=^;itwiUbe(^*-4^) 

_  6.  JF^**-*)*^  it  wlttbe^fcst 

±tf> =■£■  x  1  =  V=  a»  infinite  "Quantity ;  fuch.  as  is  the  Area  «if  the 
Hyperbola  upon  both  Sides  of  it*  Lhle  BD. 

The  Quadrature  of  Curves  compounded  of  fcapk  ones, 

4:  |f  Ine  Value  of  f  be  rnade  up  of  fevera*  fuchTerhiK  the  Area 
fikewife  (naU'be  rnade  up  of  the  AreaS  wnWh  reAilt  from  every  one  of 
the  Terms. 

rbeJrJtEkdmfies. 

5.  fr  h  'bex*^-**^  jit  wl^j^^f- 
**f*±:AlI>. 

For  if  it  be  always  x* = BF  and  **  =FD, 
you  will  have  by  the  preceding  Rule  ±x*  = 
Superficies  AFBj  defcribed  by  the  Line  BF; 
*nd  £**  ==i  AFD  diftrifcett  by  DF  j  where- 
fore ^x*  +  fxi  =  the  whole  Area  ABD. 

TOus  if  it  be  V—  xi  =y  j  it  will  be  ±x* 
— 3*I±=ABD.    And  if  it  be™  —  2x*  + 


*s  —  5x*=^|ll'wiMbe^^^:»4^' 

•  Whatew  is  ItlJ'iOwfc  W  <WAiAcrirSk»^eft*i  thrBK^^JUwafCtarwin 

lit*. 


•  Whatever  is  Itxdaowalw  <Jtrflwnonrn«.iw^KTO  nrratxmvnnww  *.«r»»  w 
this^nd  the  following  ftuies,  »  explained  at  foil  length  in.  Sea.  5  of  tiie  pwding  Tmtifc. 


7be 


4    BcA 


<tt(e  Jepndt  Examples. 

*-?^^==«BE>.    Qr  5f  »t  be  *- 
— *-*==?}  it  will  be  —  *-'  +2<"s  = 

And  if  you  change  the  Signs  of  the 
Quantities,  you  wijl  have,  tlje  afljnrativg 
Value  (*-'  +  ax~i  or  xr1  —  a*-rO  of 
the,  Suoerfcips  *B£,  prqyjdcd  the  wfcojc 

*  7.%Hf  apy  Bfct  fe)l  Wotf  (which  happens  when  the  Cum 

decuflates  or  qroffes  ift  §afe  bptw«t  Band «, 

«s  you  Hat  b$te  in  ^)  you  ate  to  fubtra#  that 

J>art  from  the  Barf  sjboyp  the  Bate;  and  fo 

you  {hall  h^e  die  Value  of  t^e  pi&renpe : 

hut  if  yqu  wqukl  b?vp  tfceir  Sum,  feek  both 

the  Superficies's  tepiirately,  and  add  theni.  And 

the  $rae  thfng  j  wfipW  ftve  oWeryed  m  the 

other  feaouojes  tjelong,iqg  jp  th$  B^ule. 

fbe  third- Examples. 

8.  If  x*  +  x-*=^j  U  will  he  fx* 
_  x-»  =  the  Superficies  defcribed. 

But  here  it  mull  be  remarked  that  fhe 
Parts  of  the  {aid  Superficies  fo  found,  lye 
upon  pppojfc  Stf)es  pf  the  J4ne  B.  D. 

ThaJ  is,  putting  x»==BF,  and  *-* 
;s=FDi  it  WN  fx»==AB^ the  S*- 
pedipes  de^bed,by  BJ,  *nd  —  *-»  = .      Us 
DF^t^Sup^esdsfciibfidbyPF.         A  ^ 

9.  And  this  always  happens  when  the  Indexes  (^)  of  the  Ratios 
of  the  Bale  x  in  the  Value  of  the  Superficies  fought,  are  affe&ed  with 
different  Signs.  In  fuch  Cafes  any  middle  part  BD#3  of  the  Superficies 
(which  only  cap  be  given,  when  the  Superficies  is  infinite  upon  both 
Sides)  is  thus  found. 

Si&raft  the  Superficies  belonging  to  the  leflcr  Bafe  A/3  from  the 
Superficies  belonging  to  the  greater  Bafe  AB,  and  you  (hall  bave./3BD£ 
the  Superficies  infilling  upon  the  difference  of  the  Bafes.  Thus/in  this 
Example  (fee  the  preceding  Fig) 


Tt2 


If 
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IfAB  =  2,  and  Aj3=i;  it  willbe/3BD<J=  y  : 
For  the  Superficies  belonging  to  AB  (viz.  ABF— DF«)  will  be 
f  —  {or  V;  and  the  Superficies  belonging  to  Aj9  (viz.  A^/3  —  J£«) 
will  be  -|-  —  i,  or  —  j :   and  their  Difference  (viz.  ABF  —  DF*  — 
A<p(Z  -f .  ty*  —  jSBDJ)  will  be  y  + 1  or  y . 

After  the  fame  manner,  if  A/3=i,  andAB=x;  it  will  be  /3BD<? 

Thus  if  2x*  —  3*5—  fx-4  -J-x-Jsry,  and  Aj3=i ; 
Itwilibej3BDJ=j.**  —  ±*« -j- ±*-3  +  i*f  —  ±±. 
to.  Finally  it  may  be  obferved,  that  if  the  Quantity  #-»  be  found 

in  the  Value  of  y9  that  Term  (fince  it  ge- 
nerates an  hyperbolical  Surface)  is  to  be 
confidered  apart  from  the  reft. 

As  if  it  were  x*-\-x-s  +  *~*  —7? 
let  it  be  *-"  =BF,  and  x%  +  x-%  =FD  * 
andAj3=i;  and  it  will  be  tyFD  =  £  -f- 
y*3  —  ±x~2,  as  being  that  which  is  gene- 
rated by  the  Terms  x*  -f?  x-1 . 

Whererefbre  if  the  remaining  Superficies 
/3<pFB,  which  is  hyperbolical,  be  given  by  any  Method  of  Computati- 
on, the  whole  /3BDd  will  be  given. 

The  Quadrature  of  all  other  Curves* 
RULE    IIL. 

ii.  But  if  the  Value  of  y>  or  any  of  it's  Terms  be  more  compound- 
ed than  the  foregoing,  it  muft  be  reduced  into  more  fimple  Terms; 
by  performing  the  Operation  in  Letters,  after  the  fame  Manner  as 
Arithmeticians  divide  in  Decimal  Numbers,  extract  the  Square  Root, 
or  refolve  affe&ed  Equations;  and  afterwards  by  the  preceding  Rules 
you  will  difcover  the  Superficies  of  the  Curve  fought. 


Examples,  where  you  divide* 

12.  Let  jx7  =y  f  Viz.  where  the  Curve  is  an  Hyperbola; 

Now  that  that  Equation  may  be  freed  from  it's  Denominator,  I  make 
the  Divifion  thus. 
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,   ,      \  ■        fa*  aax     •     «»**  eaxi   -- 


aax 


uu-x-    i 

4UU 

O 

0                              b 

1 

aax 

amx% 

O 

+ 

aax%    • 

0 

+ 

4BMT*    1 

*»  '» 

0  — 

0 

— 

IT 

aax* 
6* 

0.+ 

£4 

And  thus  in  Place  of  this  7=^,  a  new  Equation  arilcs,  viz. 

y=j— £+7?™ ^©ctnis  Series  being  continued  infinitely  ? 
and  therefore  (by  the  feconcVRule) 

The  Area  fought  ABDC  will  be  equal  to£  —  ~£  4.  ?»  —  Og. 
&c.  an  infinite  Series  likewise,  but  jfef  fuch,  that  a  few  of  the  Initial 
Terms  are  exad  enough,  for  any  Ufc,  provided  that  b  be  equal  to  x  re- 
peated fome  few  times.      ' 

13.  After  the  lame  Manner  if  it  be  '  z=.y%  by  dividing  there 
arife3 

y  =  1  — **  +  x*  —  x*  4-  x*  &c.  Whence  (by  the  fecond  Rule>      1 

You  will  have  ABDC  =  at  —  fjc»  -f-  ± *s  —  *.X7  _|-  j.X9  ^r 

Or  if  x*  be  made  the  firft  Terra  in  the  Divifor,  viz.  thus :  x*-\-t\ 

there  will  arife  *-»  —  x-4  -f  *-6  _  jf-8  g?f#  for  t^e  y^  Qf     ; 

whence  (by  the  fecond  Rule)    . 
It  will  be  BD*=  —  *-'  -f  \x-i  —  fx-5  -f  ±x-7  &c.  You  muft 

proceed  in  the  firft  Way  when  x  is  fmalL  enough,  but  the  fecond  Way,, 

when  it  is  fuppofed  great  enough.. 

H«  Finally,, 


3*6  A  N  A  W  8 1  3  fa  JfoSA? i  *«• 

14.  Finally,  if  it  be    ***.",.**    ssyj  by  dividing  (hen  aftfp 

ax*  —  2y  4*  7**  —  13^  +*  34**<!fc.  whence  it  will  feo 
ABDC  =*£**-,-  *»^.  y**  —  y  *t  &c. 

Example*,  <aobert  the  Square  Root  nw/lfe  extrgfied. 

15.  If  it  be  */aa-\-xx  ==7,  I  cxtrad  the  Root  thus* 


Q  +  X* 


**  +  — 


O— • 


4*» 


4*%  So*  "T*  6+^ 


8«* 

*    0*4  t  1**6  ^ 


*» 


i6««  ^  6^« 


Whence  for  Ae 


w*-^**  =r  j,  a  new  one  Is  produced, 
You  will  have  the  Aoafcugrlit  ABPC==^.-f  £  ^  dsr  +-T 


ttiaJ 


-■  A**  this  is  the  <$oadr ature  of  the  Ifoperbol*, 

xj5,  After  the  feme  Wagner  if  it  be  doers-lei 
^jr,it'$Bopt«aibe<i^-^  ^r^- -a- -^j-.r- 

^5-  &&  and  thenpicire  the  Area  fi?pghf  AJSDC 

will  be  aqual  to  ax  *-  £  —  -^ 

Y7^-  <<fc.  And  thisis  the  Quadrature  of  the  Circle. 


B 
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17.  Or  if  you  fuppofe  V*— **==.?,  the  p 
Root  will  be  raual  t©  mis  tofirate  Series  #*  *—            J¥ 

.vl_  'xi *xl  — -r^x*  &c.  /lv 

*  AndlheAm'^tABDwMtei**-^ 

-  **i  -^-^..^ _-. 

And  this  is  the  QtMdraMre  of  the  Gfcekte    £- 
Acta.  _ 

1 8.  If  ^ '*"***  =ry  (whofe  Quadrature  ghres  theLcngth  of  the  Curve 

of  &e  Ellipie  *  )  by  *fctmaiiig  btthRoots,  theie  wife* 


Cafe  of  Decimal  Freftieos*  yo« 
wul    ave     1+^x.  +  4j,x*-j._^fx*^js^tafa. 

+  **    -H«*    +**   +^ 

—  dr.* 

And  therefore  the  Area  required  x  -f  ^  **  +  ?M^  **  Sfo 

IT?" 

»&.  fiut  it  »  to  fee  oBferv«d  that  the  Operation  may  be  often  aov 
tfWlattti  by  fcttoe  ^wparation  of  the  Equation,  as  in  the  Example 

)uft  «xwa*luctd^|==*.y.    If  yo*  teuWfAy  both  Par*  *f  the 

.      J*  l|l«     ■   H 

Fmatonby Vl— Atf*>  these  Will  «rffe-""  '■,_■&■  ■■-  =y?^mhfe 
reft  of  the  work  is  performed  by  extra&ing  the  Root  of  the  Nume- 
rator only,  and  then  dividing  by  the  Denominator. 

20.  'Promlhefe  Examples,  I  fuppofe,  it  will  be  fufficiently.evkkflt 
after  what  Manner  any  Value  of y  may  be  reduced  (with  whatever 
Roots  or  Denominators  it  may  be  involved,  as  you  may  fee  here 

^T  t  V,-j7=Z__  \W~'-*^  —j)    into  infinite  Serie*  of 

Ample  Terms,  from  which,  by  the  fecond  Rule,  the  Superficies  re- 
quired may  be  known. 

«  For  the  Explication  of  this  ice  Art.  34»— 343  of  die  preceding.  Tieatife.       Examples 
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Examples  by  the  Refolution  of  Eqjuations. 
The  Numeral  Refolution  of  AffeBeA  Equations. 

2 1.  Becaufe  the  whole  Difficulty  lyes  in  the  Refolution,  I  (hall  firft 
illuftrate  the  Method  I  ufe  in  a  numeral  Equation. 

•  Let  the  Equation^*  —  iy — 5=0  be  propofed  to  be  refolved : 
and  let  2  be  a  number  which  differs  from  the  Root  fought,  by  left  than 
a  tenth  Part  of  itfelf.  Then  I  put  2  -J-/  =  y,  and  I  fubftitute  this 
Value  in  Place  of  it  in  the  Equation;  and  thence  a  new  Equation 
arifes,  viz.  p*  4"  bp%  rf-  lop  —  1  =  o,  whofe  Root  p  is  to  be  fought 
for,  that  it  may  be  added  to  the  Quotient :  viz.  thus  (neglecting/*  -f- 
6/2  upon  the  Account  of  their  fmallnefs)  lop  —  1  =  o,  ovp  =  0,1  is 
near  the  Truth  y  therefore  I  write  0,1  in  the  Quotient,  and  then  fup- 
pofe  o,  1  -f"  9  =A  *n<i  this  it's  value  I  fubftitute,  as  formerly,  whence 
refults  q*  +  6,3?*  +  1  1,2  3^  -|-  0,06 1=0. 

22.  And  fince  1  1,2.3^+  o>°6 1=0  comes  near  to  the  Truth,  or 
fince  q  is  almoft  equal  to — 0,0054  {viz.  by  dividing  until  as  many 
Figures  arife  as  there  are  places  betwixt  the  firft  Figures  of  this  and  the 
principal  Quotient)  I  write  —  0,0054  in  the  lower  Part  of  the  Quotient, 
fince  it  is  negative. 

23.  And  then  fuppofing—  0,0054  +  ^=?,  I  fubftitute  this  as 
formerly,  and  thus  the  Operation  is  continued  as  far  as  you  pleafe. 
But  if  I  dcfire  to  continue  the  Work  only  to  twice  as  many  Figures  as 


1 1, 16 igtr  +  0,000541708=0  almoft,  or  (rejecting  6,3**)  r: 
11  16106 —  =  —  0,00004853   almoft,  which  I  write  in  the 

negative  Part  of  the  Quotient.  Finally,  fubdu&ing  the  negative  Part 
of  the  Quotient  from  the  affirmative,  I  have  2,09455147  the  Quotient 
fought  ..      ' 


>3  — 


of  an  infinite  Number  of  Terms: 
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>*  — 2>  — 5=0 

+2,10000000 
—0,00544853 

+2,09455147=7 

*JrP=y 

—  5 

+  8  +  I2/>  +  6/»+/3 

—  4  —  ip 

—  5 

Sam 

—  1  +  iop  +  6/*  +  /» 

0,l  +  q=p 

+  6/« 
+  10/ 

+  0,001  +  0,03^  +  °>3f  4-  f 
+  0,06   +1,2     +  6,0 
+  1,       +10 
—  1, 

Sum 

+  0,061  +  11,237+6,3?*+ ?$ 

—  0,0054  +  r  =  f 

+  6,3?* 
■4-11,230 
+  0,061 

+  0,000183708  —  o,o68o4r  +  6,3r* 
—  0,060642       +  1 1,23 
+  0,061 

Sum 

+  0,000541708+  1  i,i6io6r+  6t$r* 

—  0,000048  54 + *  =  r 

24.  Equations  of  more  Dimenfions  are  refolved  the  fame  way,  and 
you'll  fave  a  good  deal  of  Trouble,  towards  the  End,  as  was  done  here, 
if  you  omit  the  firft  Terms  gradually. 

25.  Moreover  it  is  to  be  obferved  that  in  this  Example,  if*  I  had  any 
doubt  whether  0,1  =/>  approached  near  enough  to  the  Truth,  inftead 
.of  10/  —  1  =  o,  I  had  feigned  6p%  -|-  iop  ~  1  =  o,  and  writ  the  firft 
Figure  of  it's  Root  in  the  Quotient;  and  indeed  it's  convenient  to  fearch 
out  the  fecond  and  third  Figure  of  the  Quotient  after  this  Manner,  when 
in  the  laft  refulting  Equation,  the  Square  of  the  Coefficient  of  the  pe- 
nult Term  is  not  ten  times  greater  than  the  Produdt  of  the  laft  Term 
and  Coefficient  of  the  antepenult  Term. 

26*  Yea  you  will  for  the  moft  part  fave  Labour,  efpecially  in  Equa- 
tions of  many  Dimenfions,  if  you  find  out  all  the  Figures  to  be  ad- 
joined to  the  Quotient  by  the  fame  Means,  *".  e.  by  extracting  the 
leffer  of  the  Roots  out  of  the  three  laft  Terms  of  the  laft  refulting 
Equation  :  For  in  that  way  you  will  gain  double  as  many  Figures,  at 
each  Time,  to  be  annexed  to  the  Quotient. 

U  u  27.  Whether 


3 3<5  ANA  L  Y  SIS  fy  fe<^AT*o w  s 

27.  "Whether  this  Method  of  refcfoing  Equations  fce  vulgarly 
pra&ifed  I  cannot  tell,  but  fcrdy  to  me  it  appears  ikapfe  in  Compa- 
rifon  of  others,  and  more  accommodated  to  Pra&ice.  The  Demon* 
ftration  of  it  appears  from  the  very  Manner  of  Operation,  whence,  as 
Occafion  requires,  you  may  eaffiy  caH  it  into  yotrr-Mmcl. 

28.  Equations  wanting  any  of  the  Terms,  or  not,  aw  managed  al- 
moft with  the  fame  Eafe :  And  an  Equation  is  always  left,  whofc  Root, 
together  with  the  Quotient  already  found,  is  equal  to  the  Root  of  the 
Equation  at  firft  propofed.  Whence  you  may  examine  or  prove  the 
Work  here  as  wdl  as  m  other  Parts  of  .Arithmetic,  viz.  by  .taking 
away  the  Quotient  from  the  Root  of  the  firft  Equation  {*s  is  knows 
to  Analyfts)  that  fo  the  laft  Equation  5  or  two  or  three  of  it's  laft  Terms 
may  be  thence  produced.  Any  Labour  there  is  in  this  Affair  will  be 
found  to  arife  from  the  fubfthtrtkig  the  one  Kind  of  Quantities  for 
the  other :  Which  you  ipay  do  different  Ways,  but  I  think  the  follow- 
ing the  moft  expeditious,  especially  when  the  numeral  Coefficients  con- 
fiftof  many  Figure 

29.  Let  p-^2  be  to  be  fobftkuted  for  y  in  this  Equation y+  —  47* 
-f-  5^*  —  i2y  -f- 17  =  o  :  And  fiace  it  may  be  refolved  into  this  Form, 

y  —  4  xy  +  5x7 —  12  X  j+  *7  —  °>  l^e  new  Equation  will  be  ge- 
nerated thus ; ^— 1  x^+"J =^a+2^  —  3,  and ^M-2^4"2  X JTT 

=/,  +  5f  +  »/  +  6,  and/*  +  s^4.8^  — 6x/TT»^  +  ^ 
+  23^  +  *fy  —  l8>  *^f+  +  fy  +  ztf*+ify~i=Q,xrlnc1x 
was  fought. 

The  literal  Rdblutipa  of  afib&ed  Equations 

30-  The&  things  being  thus  (hewn  in  Numbers :  Let  y}  -\-  ay  — 
%a>  -f-  <?#y  —  x>  =  o  be  propofed  to  be  refolded. 

I  firft  ieardb  for  the  Value  of  y  when  x  is  nothing,  that  is,  I  feek 
the  Root  of  this  Equation  y*  -f-  a*y  —  *a%  =  o*  and  I  find  it  to  be 
-j-  a.  Therefore  I  write  -\-  a  in  the  Quotient ;  mi  fuppofing  -|-  a 
4-^=7,  I  fubftitute  §ory  it's  Value,  and  put  the  Terms  thence  re- 
quiting (j>*  +  3*/>2  •+;  ¥^P  &c.)  ia  the  Margin ;  out  of  which  I  afftime 
-|r  4**£  -|-  a *x,  viz*  the  Terms  where  p  and  x  feparately  are  pf  the 
leaft  Diraenfions?  and  I  fuppofe  them  equal  almoft  to  nothing,  or 
p  =  —  \x  almoft,  or  p  =  —  ~x  -\-  q.  And  writing  —  -"-*  in  the 
Quotient,  I  fubftitute  —  \x  -\-  q  focp  y  and  the  Terms  thence  reftrltmg 
I  write  again  in  the  Margin,  a$  you  may  fee  in  the  Scheme  annexed  ^ 

a  ad 


and  thence  I  aflame  the  Quantities  4* *e  —  -^ax\  viz.  thofe  in  wfcich 
q  and  x  feparately  are  of  the  leaft  Dimenfione,   and  I  feign  q=± 

£  almofti  or  q  =  -^  -f  r ;  and  fubjoinihg  4"  ^  t0  tb*  <&?ricnti 
I  fobftittite—  for  y  j  and  thu*  I  proceed  as  far  as  you  pleafe. 


^3'4-  tfy  — >'  aw'1 4*  axy'-l-  x*  '==  o 

•     ji***     ■     16384*11 


*    1 


6\a 


+  a+p±zy 


Hi    II  >■      rt  1  1  f 


— **-Ht=f 


+s£-+r: 


-Jf  axy 

—  2*s 

I       I    .1       >■■■ 


—  \uxq 


+  «»  +  3*V>  + 3<^  +  /$ 


■  i     *,  ill;  1    till 


-j--v«*— fMrf-f  3^  ••       I 

:4*"«4#i  ■      : 


+ 


3*+ 

1024* 

-If*3 


4-  tV*v 


T4«    —  T«*-r  3»*  /TT.s*  :         4996a  \  ^T  51***  ^    16384*1.. 


3 i.l  But  if  I  defire  only  double  as  many  Terms  fire  one  to  be  fur- 
ther adjoined  to  the  Quotient:  I  omit' the  firft  Term  (q*)  of  trie  4aft 
refulting  Equation,  and  likewife  that  Part( — ±xq*)  of  the  fecond  Term, 
where  *  is  of  at  many  Dimenfions  as  in  the  penult  Term  of  the  Quo- 

tienfc  j  and  fufrftrtfcte  •£-  4*  r'fof^  into  the  other  Terms  (3^* 4^4^*^  £fc.) 

placed  in  the' Margin  at-'  you  fee-,  and-  then  from  the  laft  two  Terms 

U  u  2  •  •     •    .  /  »  s*» 
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\lwSi  —  fK*3  +  iV*V-  —  i**r  +  4«v)  of  the  Equation  (hence 
resulting,  by  dividing  thus : 

to  be  adjoined  to  the  Quotient. 

32.  Finally  that  Quotient  {a  -  J  +  £  fife.)  by  the  fccond  Rule, 
will  give  **-£  +  ^4-^4--^^.  for  the  Area 
fought,  which  approaches  fo  much  nearer  to  the  Truth,  the  left  that 


x  is. 


Another  Way  of  refohing  the  fame  Equations. 

33.  But  if  the  Value  of  the  Area  ought  to  approach  the  nearer  to 
the  Truth  the  greater  that  x  is }  of  which  let  this  be  an  Example 
y*  +  axy  +  x*y—a>;-zx>  =  Q.  Therefore,  being  about  to refolve 
tins,  I  chufe  out  the  Terms  yi  +  x*y  —  *x\  in  which  *  and  y  either 
feparately,  or  multiplied  together  are  of  the  moft  and  at  the  fame  Time 
of  equal  Dimenfions  every  wherei  and  from  them  as  if  equal  to  no- 
thing I  difcover  the  Root.  This  I  find  to  be  x$  which  I  write  in  the 
Quotient.  Or,  which  comes  to  the  feme  Purpofe,  I  extract  the  Root 
out  of  y*  +y  -  2  =  0  (fubftituting  Unity  for  x)  which  Root  here 
comes  out  1,  and  I  multiply  it  by  x,  and  write  the  Product  (x)  m  the 
Quotient.  Finally  I  put  x  +p=y,  and  fo  I  proceed  as  in  the  former 
Example  until  I  obtain  the  Quotient  x  —  -  4-  -£-  4-  '3I*}  j_  509** 

4  ~  64*  ~  5ia*«  *r  £638+7* 

&c.  and  fo  the  Area  fought  —  —  il+Ej—  ^_-22!L_ 

o        »  4      '  \  e^x-]  5l2x        32768**  r 

concerning  which  fee  the  third  Examples  of  the  fccond  Rule.  For 
the  fake  of  illustration  I  have  given  this  Example  the  lame  in  every 
Refpeft  with  the  former,  provided  a?  and  a  be  there  fobftituted  for 
teae  another,  that  there  might  not  be  any  Neceffity  to  adjoin  here  any 
-other  Example  of  this  Refolutbn.  ^ 

34.  But  the  Area  ~  -tj  +  |^j  &c.   fs  terminated*  at  a  Curve 
which  extends  itfelf  infinitely  along  fome  Asymptote*,  and  the  initial 

1  Sir  Ifiute  qfes  this  Notation  to  denote  the  curvilinear  Area  belonging  to  the  QnSnatc 
^,  which  belong*  to  the  Hyperbola.  For  underftanding  of  which  confolt  Art.  190—19* 
of  the  pre:eding  Treatiie. 

Terms 


if  an  infinite  Number  of  Terms.  333 

Terms  x  —  ~a)  of  the  Value  of  y  extracted,  always  terminate  in  that 
Aflymptote ;  whence  you  may  eattly  find  the  Portion  of  the  Aflymptote. 
The  fame  thing  is  always  to  be  obferved  when  the  Area  is  denoted  by 
Terms  divided  more  and  more  by  x  continually,  only  that  in  place  of 
a  right-lined  Aflymptote,  fometimes  you  will  have  the  conical  Parabola, 
or  perhaps  one  more  compounded. 

35.  But  pafling  this  Manner  of  Refolution,  as  being  particular,  be- 
caufe  not  applicable  to  Curves  which  return  into  themfelves  like  El- 
lipfes;  with  refpedt  to  the  other  Manner  of  Refolution,  which  was 
{hewn  above  in  tne  Example  y*  -|-  a %y  -f-  axy  — ■  zd*  —  x3  =  o  (viz. 
that  Method  in  which  the  Dimenfions  of  x  perpetually  increafe  in  the 
Numerators  of  the  Quotient)  the  following  Things  may  be  remarked. 

1.  If  it  happen  at  any  Time  that  the  Value  of  y,  when  x  is  fuppofed 
to  be  nothing,  be  a  furd  Quantity ;  or  one  entirely  unknown,  yet  you 
may  defign  it  by  fome  Letter.  Thus  in  the  Example  y*  +  a *y  +  *xy 
~—  2*3  — •  x3  =  o,  if  the  Root  of  this  Equation  y*  +  a*y  —  2a *  =  o 
had  been  a  Surd,  or  unknown,  I  would  have  fuppofed  any  Quantity 
(b)  put  for  it;  and  have  performed  the  Operation  as  follows. 
Writing  b  in  the  Quotient,  I  luppofe  b  -\-p  =y,  and  fubftitute  that 
for/,  as  you  may  fee;  whence  a  new  Equation p*  -J-  ^bp%  &c.  =  o 
arifes,  in  which  the  Terms  bl  -f"  **3— 2a>  are  to  be  rejeded,  as  being 
equal  to  nothing,  becaufe  b  is  fuppofed  the  Root  of  this  Equation 
y*-\-a*y—2a*  =  o.    Then  the  Terms  npp -\- a%p -\*  abx  give  — 

it*+m%  to  be  adjoined  to  the  Quotient ;  and  —  ^?+ax  +  q   to   be 

fubftitutedfor/,  &c> 


J*  + 
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y\  j^.  ay  ^-axy  —  za*  —  *5 '=  o.     Pttt  cc  ==  3**  -f"*** 


44-/>  =  )T 


—  abx 


■\-q-p 


•\-  axy- 
-\-  aay 
— x3 


+  ^  +  3^  +  3^+^ 
4-  abtc  -\-  axp 

+  tub  4-  <**£ 
—  x> 


20*       —  Irtfl 


P 
+   a*P 

-f-  ccp 

—   X* 

-f-  abx 


«*£**> 


3«*£iy*  ^j*1* 


+       ^ 
*****      . 

—  abx  -\-  ccp 

4-tffa1- 


c.  +  tf^^l)^  +  ,3  +  f!ilIl(f^+-  + 


;*:.*■» 


ou. 


&c. 


The  Work  being  finifhed,  I  take  any  Number  for  a,  anth  I  reftlve 
this  Equation  yi  +  0^—2*3  =  o,  after  the  fame*  Manner  as  was 
(hewn  above  in  the  Cafe  of  Numeral  Equations;  and  then  \  fubfli- 
tute  it's  Root  in  Place  of  b. 

2°.  If  it  fliould  happen  that  the  faid  Value  be  nothing,  that  is  to 
fay,  if  in  the  Equation  to  be  refolved,  there  be  no  Term  but  what  is 
multiplied  by  x  ory,  as  in  this  yi  -—axy  -f-  &  =  o  ;  then  I  feleft  the 
Terms  ( — axy  -}-  #0  in  which  x  fcparately,  and  alfo  y  feparately,  if 
that  can  be  had,  otherwife  multiplied  by  #,  is  of  the  feweft  Dimenfions. 
And  thefe  Terms  give  -|-  ^  for  the  firft  Term  of  the  Quotient ;  and  — 
-\-p  to  be  fubftituted  for^. 

In  this  Equation  y*  —  a%y  +  axy  —  *3  =  o,  you  may  difcover  the 

firft  Term  of  the  Quotient,  either  from  —  a*y  —  #3  3  or  from  y3 

a*y. 

3°.  If  that  Value  of  y  be  imaginary,  as  in  this  y+  -J-^2  —  zy  -f-  6  — 
x%yz  —  2*  +  x*  -f  #«■  =  o,  I  increafe  or  diminifh  the  Quantity  x  until 
the.  faid  Value  become  real. 


Thus 


H  D 


'  if  im  mfimte  Number  <of  %rms. 

Thus  in  the  Figure  annexed,  when  AC  (#)  is 
nothing,  then  CD  (>)  is  imaginary. 

But  if  AC  be.  diminifhed  by  the  given  Line 
AB,  that  fo  BC  may  become  x ;  then  fappofing 
fiC  (x)  to  be  nothing,  CD  (y)  has  a  fourfold 
Value  (CE,  CF,  CG  or  -CH)  each  of  them 
real ;  any  of  which  Roots  (CE,  CF,CG  or  CH) 
may  be  the  firft  Term  of  the  Quotient,  ac- 
cording as  die  Surface  BEDC,  BFDC,  BGDC  or  BHDC  is  defired. 
In  other  Cafes  HkewHe,  where  you  find  any  Stop,  you  may  extricate 
yoarfelf  by  the  fame  Means. 

Finally  if  the  Index  of  the  Power  of  x  ovy  be  a  Fra&iero,  I  reduce 
it  to  an  Integer  5  as  in  this  Example^  — xyi-\-x$  =  o;  putting 
y*  -S3 v±  and  xt  z^zy  there  arifes  v*  —  z*v  +2*=o,  whofe  Root  is 
*v  =  z  -\-  z*  &c.  or  (by  reftoring  the  Values)  y*  =t=  xt  +  x  (&c.  and 
by  fquaring,  y  =  aft  -f-  2**  &c. 

36-  A«d  this  much  fliali  fhffice  to  have  fakl  toacWflg  the  Investiga- 
tion of  tbe  Areas  of  Curves.  Yea  fince  sell  Problems  concerning  the 
Length  of  Curves;  the  Quantity  and  Surface  of  Solids;  and  the  Cen- 
ters of  Gravity  may  at  length  be  brought  to  this,  viz.  that  the  Quan- 
tity of  fome  Plane  Surface  bounded  by  a  Curve  Line  is  fought,  there 
is  no  Ncceffity  to  fay  any  thing  about  them  here.  However  I  (halt 
(hew  very  briefly  after  what  Manner  I  perform  the  Operation  in  thefe 
Things. 

The  Application  of  what  has  hem  faid  to  otfyer  Problem?  if  that  Kind. 
37.  Let  ABD  be  any  Curve,  and  AHKB 
a  Re&angjte,  whofe  Side  AH  or  BK  is  Unity : 
And  imagine  the  Right  Line  DBK  to  move 
uniformly  from  AH,  fo  as  to  defqribc  the 
Areas  AMD  and  AK ;  and  that  BK  ( 1)  is  the 
Moment  with  which  AK  (#),  and  BD  (y) 
the  Moment  with  which  ABD  is  gradually 
encreafed  ;  and  that  from  the  Moment  BD 
continually  given,  you  can,  by  Means  of  the 
preceding  Rules,  inveftigate  the  Area  ABD  defcribed  by  it,  or  com- 
pare k  with  AK  (#),  which  is  decribed  with  the  Moment  r. 

Now  by  the  fame  Means  that  the  Superficies  ABD  from  it's  Moment 
being  at  all  Times  given,  is  difcovered  by  the  foregoing  Rules,  by  the 
like  Means  may  any  other  Quantity  be  inveftigated  from  it's  Moment 
given  in  like  manner.    The  Thing  will  be  clearer  by  an  Example.. 
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lb  find  the  Lengths  of  Curves. 

38.  Let  ADLE  be  a  Circle,  the  Length  of  wbofe  Arch  AD  is  to 
be  inveftigated.    Draw  the  Tangent  DHT,  and  having  compleated 

the  indefinitely  fmall  Rectangle 
HGBK,  and  put  AE=i=2AC, 
it  (hall  be  as  BK  or  GH  the  Moment 
of  the  Bafe  AB  (x)  to  HD  the  Mo- 
ment of  the  Arch  AD  : :  BT  :  DT 
: :  BD  (V*— xx)  :  D C  ( ±)  :  :  1 


(BK): 


2^X  —  XX 


(DH).     And  fo 


ijx-^xx 


or  r*~*    is  the  Moment  of  the  Arch  AD.    Which  being 

ZS/X—XX     .  ** 2XX  » 

reduced  makes  ±x-l  +  ±xi  + ^xl  + ^l  +  &&i  + -&xl  *fr- 
Wherefore  by  Rule  the  fecond  the  Length  of  the  Arch  is  xi  +  %xl  -f 
^x\  +  ^xi  +  -ii-xi  +  Ah***  *.  or  **  into  *  +  i*  +  J**% 
+  rir*5  +  i-Ff  T**  +  i4^*5,  flfc. 

39.  After  the  fame  Manner  by  fuppofing  CB  to  be  x,  the  Radius 
CA  to  be  i,  you  wfll  find  the  Arch  LD  to  be  x  -|-  $x*  -|-  TV*S  -J- 
— *— x7.  &c 

40.  But  it  is  to  be  remarked  that  that  Unity  which  is  put  for  the 
Moment,  is  a  Superficies,  when  the  Queftion  is  about  Solids ;  and  a 
Line  when  about  Superficies ;  and  a  Point  when  it  is  about  Lines  (as  in 
this  Example.)  Neither  am  I  afraid  to  fpeak  of  Unity  in  Points,  or 
Lines  infinitely  fmall,  fince  Geometers  are  wont  now  to  confider  Pro- 
portions even  in  fuch  a  Cafe,  when  they  make  ufe  of  the  Methods  of 
Indivifibles. 

41.  From  thefe  Things  one  may  guefs  how  one  ought  to  proceed  in 
ipveftigating  the  Superficies  and  Contents  of  Solids;  and  likewife  the 
Centers  of  Gravity. 

To  find  the  Converfe  of  thefe  Things. 

42.  But  if  upon  the  contrary,  from  the  Area,  or  Length,  &c.  of 
any  Curve  being  given,  the  Length  of  the  Bafe  AB  be  required,  then 
you  muft  extradt  the  Root  *,  out  of  the  Equations  which  have  been 
found  by  the  preceding  Rules. 


•  of  an  infinite  Number  of  %rmu 

t 

'to  find  the  Bafe  from  the  Area  given. 

43,  Thus  if  from  the  Area  ABDC  of  the  Hy- 
perbola (-T-  =^)  given  I  wanted  to  investigate 

the  Bafe  AB,  calling  the  Area  2,  I  extract  the 
Root  of  this  Equation  2  (ABCD)  =  x  —  \x% 
+  |x' — ix*,  &c.  neglecting  thofe  Terms  in 
which  x  is  of  more  Dimensions  than  2  is  defired 
in  the  Quotient. 

As  if  I  would  have  z  to  rife  to  five  Dimen- 
fions  only  in  the  Quotient,  I  neglect  all  the  Terms  — 
t*s,  &c.  and  extrac*  the  Root  of  this  only  fx*  —  ±x+ 
+  *  —  2  =  0. 
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x  =  *+.±2*+i2»  +  ^2*+T^2S  &c. 


*+A=* 


±2*  +  ?=/ 


-|-|X5 
7*X* 
+   |X» 


+  Z? 
-if* 

—  z*p 

+   *¥ 

T*' 

—   i* 


+  f«s  Gfr. 

—  i«+— 2*/  #?. 

—  £S»  —  2?   —  |/>* 


2 


+  * 


+ 
+ 

+  f 


2+  —  |2*f 

2+  -J-  z"jr 
2*  —  zq 

*  +  t 
z* 

2* 
2* 
72* 


I  !■— 2+J2')  J23— J2*  +  ^2*  (J23  +  ^2*  +  ^5 


44.  I  have  laid  the  Steps  of  the  Refolution  before  you,  as  you  fee, 
upon  the  Account  of  the  two  following  Remarks. 

1.  That  in  the  Substitution,  I  always  omit  thofe  Terms,  which  I 
forefec  will  be  of  no  Ufe  afterwards.    Concerning  which  this  is  the 

X  x  Rule;; 
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Rule  j  That  after  the  firft  Term  refulting  from  each  Quantity  that  is 
collateral  to  it,  I  add  no  more  Terms  upon  the  right  Hand  than  the 
Index  of  the  Dimenfion  of  that  firft  Term  wants  Units  of  the  In- 
dex of  the  greateft  Dimenfion.  As  in  this  Example,  where  the 
greateft  Dimenfion  is  5,  I  negleit  all  the  Terms  after  2*,  I  put  one 
after  s4,  and  two  only  after  z*.  When  the  Root  (x)  to  be  extra&ed, 
is  every  where  of  even  or  odd  Dimenfions,  let  this  be  the  Rule :  That 
after  the  firft  Term,  refulting  from  each  Quantity  which  is  collateral 
to  it,  you  add  no  more  Terms  towards  the  Right  Hand,  than  what 
the  Index  of  the  Dimenfion  of  that  firft  Term,  wants  Pairs  of  Units 
of  the  Index  of  the  higheft  Dimenfion;  or  no  more  than  what  it 
wants  Ternaries  of  Units,  when  the  Indexes  of  the  Dimenfions  of  x 
differ  by  three  Units ;  and  fo  in  others. 

2.  When  I  fee  that  py  q%  or  r,  &c.  in  the  laft  refulting  Equation, 
is  found  of  one  Dimenfion  only,  I  leek  it's  Value,  that  is  to  fay  the 
remaining  Terms,  which  are  ftill  to  be  added  to  the  Quotient,  by 
means  of  Divifion j  as  you  fee  done  here. 

To  find  the  Baft  from  the  Length  of  the  Curve  given. 

45.  If  from  the  Arch  «D  given  the  Sine  AB 
was  required  $  I  extra  ft  the  Root  of  the  Equation 
found  above,  viz.  %  s=z  x  -|-  |#*  -f"  ^x*  -f- 
ttt*7  (it  being  fuppofcd  that  AB  =  x,  «D=^ 
and  A*  =  1)  by  which  I  find  #  =  z  —  iz*  -J- 

46.  And;  moreover  if  the  Cofine  Aj3  were 


required  from  that  Arch  given,  make  A(3  (  = 
Ji—xx)    =1  —  1**  +  ^  —  ^**  + 
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3«  — 


TTTTtt*10*  tf* 


Concerning  the  Continuation  of  the  Series  of  the  Progreffiom. 

47.  Let  it  be  obferved  here,  by  the  bye,  that  when  5  or  6  Tertns 
of  tnofe  Roots  are  known,  they  may  be  continued  at  Pleafttre  for 
ffloft  Part,  by  obferving  the  Analogy  of  the  Progreffion. 

Thus  you  may  continue  this  x=  z  -f-  iz*  +  -far*  4*  t*2*  4"  ttt«s» 
Gff.  by  dividing  the  laft  Term  by  the  following  Numbers  in  Order, 
»»-3t  4.  $,  6,  7,&c. 

And  this  x  =  z-—iz3  ~\~  ~b*$- — tsto*7>  &c-  *>/  dividing  by 
thefc  Numbers  2x3,  4x5,  6x7,  8  x  9,  10  x  1 1,  w. 

And 
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And  this  x  =  1  —  \zx  +  ^s*  —  7H«6,  &e.  by  thefe  1  x  2, 3  x  4, 
5x6,  7x8,  9x10,  fifc. 

And  this  »=x+^3  +  *V*5  +  ttt*7,  Gfo  by  multiplying  by 
thefe,  viz.  — ,  3-^-,  J£l,  £1,  Off.  And  fo  in  others. 

2x3'    4x5'    6x7*    8x9 

Tfo  Application  of  what  has  been  faid  to  Mechanical  Curves. 

48.  And  what  has  been  faid  fhall  fuffice  with  Refpeft  to  Geometri- 
cal Curves.  But  now,  although  the  Curve  be  Mechanical,  yet  this 
Method  of  ours  may  be  applied  to  it. 

For  Example,  let  ADFG  be  the  Trochoid 
whofe  Vertex  is  A,  and  Axis  AH,  and  AKH 
the  Wheel  or  Circle  with  which  it  is  defcribed. 
And  the  Superficies  ABD  is  required.  In  Order 
to  which,  putting  AB==x  and  BD  zny  as  for* 
merly ;  and  AH  =  i,  I  firft  feek  the  Length  of 
BD.  Now  from  the  Nature  of  the  Trochoid, 
you  have  KD = Arch  AK :  Wherefore  the  whole 
line  BD=:BD  + Arch  AK.    But  BK  (  = 

»hT^Tx)  =  *l  —  ±xh  —  ixi—  ^jrf,    &c. 

And  (from  what  was  formerly  (hewn)  the  Arch 

AK  =2  xh~fixl  4-  ^x*  +  rfr**  &c.  Therefore  the  whole  BDex 

axi  —  fxi~- 1~**  — rs**  &c     And  (by  Rule  the  fecond)  the  Area 

ABDzrrfxi  —  ^x*  — ^x*-f  T^ci&c. 

Or  more  (bortly  thus :  Since  the  Right  Line  AK  is  parallel  to  the 
Tangent  TD,  it  will  be  AB  to  BK,  as  the  Moment  of  the  Line  AB 

to  flie  Moment  of  the  Line  BD,  that  is,  x:  */x —  xx  : :  1 2  £  Vx  —  x%t 

=sx~i  —  ixi~~ |xi  — ^xi  —  rijxi  &c.  Wherefore  (by  Rule  the 
fecond)  BD  =  2x*  — fx*~  Tr*t  —  t**1  —  rf**s &c*  And  the 
Superficies  ABD  =±xi  —  &xi  —  ^xi  —  ^x*  ~  hVt*^  #*. 

49.  Much  after  the  fame  Manner  (if  C  be 
the  Center  of  the  Circle  and  CB=x)  you  may 
find  the  Area  CBDF  &c9 

50.  Let  it  be  required  to  find  the  Area  ABDU 
of  the  Quadrature  UDE  (whofe  Vertex  is  U,  and 
A  the  Center  of  the  interior  Circle  UK  to  which 
it  is  fitted. 

Having  drawn  any  Line  as  AKD,  I  let  fall 
the  Perpendiculars  DB,  DC,  KG.  And  fo  it 
flail  be  KG  :  AG  :  :  AB  (x)  :  BD   (y\ 

X  x  2  or 
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or  *^G   z=zy.    But  from  the  Nature  of  the  Quadratrix,  you  have  BA 

(  ==  DC )  =  Arch  UK ;  or  UK  =  *.  Wherefore  putting  AU  =  1 , 
it  will  be  GK= x  —  £*J  -f  ~x*,  &c.  from  what  was  (hewn  above, 
and  GA  =  i  —  7**  +  tV*4  —  tto*6  &c. 

And  therefore  ,  (=  £{*»)  =  '-g }  ,ff=jg  &  ,  or,   by 

aftual  Divifion  ^=  i  —  jx*  —  -fjx*  —  TjTx*  &c  and  (by  Rule  the 
fecond)  the  Area  AUDB  =  x  —  ±x*  —  •£-&*  —  Trrr*7  &*- 

5 1 .  Thus  alfo  the  Length  of  the  Quadratrix  UD  may  be  determined, 
although  the  Calculation  be  fomething  more  difficult. 

52.  Neither  do  I  know  any  Thing  of  this  Kind  to  which  this  Me- 
thod doth  not  extend,  and  that  in  various  Ways.  Yea  Tangents  may 
be  drawn  to  Mechanical  Curves  by  it,  when  it  happens  that  it  can  be 
done  by  no  other  Means.  And  whatever  the  common  Analyfis  per- 
forms by  Means  of  Equations  of  a  finite  Number  of  Terms  (provided 
that  can  be  done)  this  can  always  perform  the  fame  by  Means  of  in- 
finite Equations :  So  that  I  have  not  made  any  Queftion  of  giving  this 
the  Name  of  Analyfis  likewife.  For  the  Reafonings  in  this  are  no  lels 
certain  than  in  the  other ;  nor  the  Equations  lefs  exad ;  albeit  we  Mor- 
tals whofe  reafoning  Powers  are  confined  within  narrow  Limits,  can 
neither  exprefc,  nor  fo  conceive  all  the  Terms  of  thefc  Equations,  as 
to  know  exadly  from  thence  the  Quantities  we  want :  Even  as  the  furd 
Roots  of  finite  Equations  can  neither  be  fb  exprcft  by  Numbers/  nor 
any  analytical  Contrivance,  that  the  Quantity  of  anyone  of  them  can 
be  fo  diftinguiftied  from  all  the  reft,  as  to  be  underftood  cxa£%* 

53.  To  conclude,  we  may  juftly  reckon  that  to  belong  to  the 
Analytk  Art,  by  the  Help  or  which  the  Areas  and  Lengths  &c.  of 
Curves  may  be  exa&ly  and  geometrically  determined  (when  fiich  a  thing 
is  poffible).  But  this  is  not  a  Place  for  infifting  upon  thefc  Things. 
There  are  two  Things  efpecially  which  an  attentive  Reader  will  fee 
need  to  be  demonftrated* 

I.  The  Dcmonftration  of  the  Quadrature  of  Simple  Curves 
belonging  to  Rule  the  firft. 

Preparation  for  demanfirating  the  fir  ft  Rutn 

54.  Let  then  AD<?be  any  Curve  whofe  Bafe  AB  =  #>  the  perpen- 
dicular Ordinate  BD  =jk>  and  the  Area  ABD=zy  a*  at  the  Begin- 
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ning.  Likewifc  pur  Bj3  —  o,  BK  ==  v ;  and 
the  Rectangle  B/3HK  (ov)  equal  to  the  Space 
B/WD. 

Therefore  it  is  Aj8  =  x  +  o,  and  A<5)3  =  s 
-J-ov:  Which  Things  being  pretnifed,  aflu  me 
any  Relation  betwixt  x  and  z  that  you  pleafe, 
and  feek  for  y  in  the  following  Manner. 

Take  at  Pleafure  jxl  =  z\  or  ±x*  =r  ;s*. 
Then  #  +  o  ( A/3)  being  fubftituted  for  x,  and  2  -j-  ov  (A$@)  for  ar, 
there  arifcs  £  into  x* -j- 3*°a  +  3*°*  +  oJ=(from  the  Nature  of 
the  Curve)  #*  4*  2*01;  >+*  o^or1.  And  taking  away  Equals  (±x* 
and  z?)  and  dividing  the  Remainders  by  o,  dure  arifcs  £  into  yc%  -f- 
3x0  -{-  00  =  2«v  -J-  ow.  Now  if  we  fuppofe  B/3  to  be  diminilhed 
infinitely  and  to  vanilh,  or  o  to  be  nothing,  v  and  y,  in  that  Cafe  will 
be  equal,  and  the  Terms  which  are  mukiphod  by  o  wiU  *oiri(h?  So 
that  there  will  remain  £  x  3**  =  zzv,  *or  j*9,  (=  sjr)  =  j*4y ;  or  x* 

(=^j==y.    Wherefore  converfely  if  it  bcxrirj;  it  fhall  be  fx*=3rf 

.  The  DemonJlratiQn.       /  ..  *  " J  .' 

ft  H*T*  •    •  f§ tf ' 

55.  Or  uraver&Uy,  if  — r-  xax  •   =sj  or,  putting  — t —  = 

c,  and»-f  *=:A  -if  «*  =  *!  orrV  =  ^:  Then  by.  fbbftkniiog 
x  +  o  for  x,  and  z-\-ov  (or.which  » the  fame  z^-oy)£ot  x,  these 
arifcs  c*  into  **  +^o*'~1,  (SV.  =  a^+ napf*.  Sgs.  the  other  Terms, 
which  would  at  length  vanifh  being  negleded.  Now  taking  away 
c"xF  and  s*  which  are  equal,  and  dividing  the  Remainders  by  o,  there' 

remains  cf*-*  =  uy*f~l  (= ^— J  =  ^     .  ,  or,  by  dividing  by 

****,  it  (hall  be  /ar"1  =  -2—\  oxpcx~~*  =  *y  $  or  by  restoring  — - — 

ex*  ' 

for  r,  and  m  -\-n  for  /,  that  is  4?  for/ — ff^and  joi  for ^r,  it  become* 

axZ  =j.    Wherefore  converfely>  if  ax*  z=y>  it  fhall  be  — -r-ax  * 


ft 
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To  find  tbofi  Curves  which  can  befquared. 

56.  Hence  by  the  Way  you  may  obferve  after  what  Manner  as 
many  Curves  as  you  pleafe  may  be  found,  whofe  Areas  are  known  ; 
viz.  affume  any  Equation  you  pleafe  for  the  Relation  betwixt  the  Area 
z  and  Bafe  x%  and  thence  let  the  Ordinate  y  be  fought.     Thus  if  you 

fuppofe  \/aa-\-xx  =.*,  by  performing  the  Calculation  you  will  find 
-;■*/■   =  y.    Arid  fo  in  other  Cafes. 

II.    The  Demonftration  of  the  Refolutioii  of  Affected 

Equations. 

57.  The  other  Thing  to  be  demonftrated,  is  the  literal  Refolution 
of  atteclzd  Equations.  Viz.  That  the  Quotient;  when  x<k  fufficiently 
fmall,  the  further  it  is  produced,  approaches  £0  much  nearer  to  the 
Truth,  fo  that  the  defect  {pt  q,  or  r  &c.)  by  which  it  differs  from 
the  full  Value  of  yt  at  Length  becomes  lefs  than  any  given  Quantity; 
and  that  Quotient  being  produced  infinitely  is  exactly  equal  to  y. 
Which  will  appear  thus. 

i*.  Becaufe  that  Quantity  in  which  at  is  of  the  lowed  Dimension 
(that  is  to  fay,  more  than  the  half  of  the  laft  Term,  provided 
yon  fuppofe  x  fmall  enough)  in  every  Operation  is  perpetually  token 
out  of  the  laft  Term  of  the  Equations,  of  which  p,  q,  r,  &c.  are 
the  Roots:  Therefore  that  laft  Term  (by  z.  10.  Elem.)  at  length  be- 
comes lefs  than  any  given  Quantity;  and  would  entirely  vanjfh,  if  the 
Operation  were  infinitely  continued. 

Thus  if  it  be  *=-£->  you  have*  the  half  of  all  thefe  x-\-xx  -\-x* 
-4-x+,  &c.  and  x*  the  half  of  all  thefe  #*  4-*3  ^-  x+  +**,  &c. 
Therefore  if  x  "3  t,  #  fhak1  be  greater  man  the  half  of  all  thefe  x  -f-  x* 
-\-  **,  &c .  and  x*  greater  than  the  half  of  all  thefe  x*  •{-  x i  -f-  x\  &c. 

Thus  if  t  ^t,   you  (hall  have  x 


■l^*^ 


more  than  the  half  of  all  thefe  x-f- 


»        '     &   utf't  ?  +  ?»  &c'    And  &«  *ame  Way 

of  others.    And  as  to  the  numeral  Coefficients,  for  moft  part  they 

perpetually  decreafe :  Or  if  at  any  Time  they  increafe,  you  need  only 

fuppofe  x  fome  few  Times  lefs. 

rr  2°.  If 
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2°.  If  the  laft  Term  of  any  Equation  be  continually  diminifhed, 
till  it  at  length  vanifh,  otic  of  it's  Roots  (hall  likewife  be  diminifhed, 
until  the  laft  Term  vanifhing,  it  vanifh  along  with  it. 

30.  Wherefore  one  Value  of  the  Quantities^,  y,  r,  &c.  continually 
decreafes  until  at  length,  when  the  Operation  is  infinitely  produced,  it 
vanifh  entirely. 

40.  But  the  Values  of  thefe  Roots  p,  q9  r,  &c.  together  with  the 
Quotient  already  extracted,  are  equal  to  the  Roots  of  the  propofed 
Equation  (thus  in  the  Refolution  of  the  Equation  y*  -+•  a %y  -f-  axy  — 
2*3  —  x3  =  o,  (hewn  above,  you  will  obferve  that  y=  a-^p=a 

—  ~*  +  y  =* — ~#  -f"  -g^  ■+•  r,  &c.)    Whence  it  is  fufficiently 

evident  that  the  Quotient  infinitely  produced,  is  one  of  the  Values  of 
y :  Which  was  what  I  propofed  to  (hew. 

58.  The  fame  Thing  will  appear  by  fubftituting  the  Quotient  in- 
ftead  of  y  in  the  Equation  propofed.  For  you  will  perceive  that  thofe 
Terms  perpetually  deftroy  one  another  in  which  x  is  of  the  leaft  Di- 
menfions. 


Sir 


Sir    IS  A  J  C     N  E  W  T  0  N's 

ANALYSIS 

B  Y 

Equations  of  an  infinite  Number  of 
Terms,  explained. 

SECT.     I. 
INTRODUCTION. 

I.  TT  "IT  AVING  endeavoured,  in  what  goes  before,  to  explain 
1  I  and  illuftrate  Sir  Ifaac  Newton's  Treatife  of  the  Quadrature 
JL  Jl  of  Curves :  In  order  to  render  this  Dodfcrine,  togetEer  with 
what  depends  upon  it,  as  compleat  as  I  can,  for  the  Ufe  of 
the  voting  Geometrician,  I  now  defign  to  give  him  fome  Afliilance, 
for  nis  better  underflanding  this  other  twin  Performance  of  our  cele- 
brated Author,  according  as  I  promifed.  And  therefore,  as  this  Ana- 
lyfis  treats  of  the  Dotfxinc  of  Infinite  Series  and  Equations,  chiefly 
with  a  View  to  the  Quadrature  of  Curves,  and  other  Parts  of  the  Geo- 
metry of  Curve-Lines,  I  fuppofe  it  will  neither  be  unfuitable  to  the 
Defign,  nor  unacceptable  to  the  Reader,  to  lay  before  him  a  brief  Ac- 
count of  the  Rife  and  Progrefs  of  the  Contemplation  of  Infinites  and 
the  Quadrature  of  Curves,  in  Mathematics,  from  it's  Infancy  in  the 
Method  of  Exhauftions,  ufed  by  the  Ancients,  to  it's  prefent  State, 
as  it  has  been  perfected  by  Sir  Ifaac  Newton  into  the  Method  of  Infinite 
Series  and  Fluxions. 

%.  When 


ANALYSIS    by  Equations,  &c.  345 

2.  When  the  Ancients  began  to  indulge  themfelves  in  the  Study  and 
Contemplation  of  the  Properties  and  Relations  of  Magnitudes,  they 
very  foon  found  it  neceffary  to  confider  and  investigate  the  fundamental 
Principles  of  the  Do&rine  of  Proportion  :  And  accordingly  we  find  it 
delivered  by  Euclid  in  the  fifth  Book  of  his  Elements.  -  In  the  third 
Definition,  he  defines  Ratio  or  Proportion  to  be *  a  certain  Habitude  of 
two  Magnitudes  of  the  same  Kind  to  each  other  according  to  Quantity : 
And  in  the  next  Definition,  he  defines  Magnitudes  capable  of  bearing 
Ratio  or  Proportion,  to  be  fuch,  as  being  multiplied  or  repeated fome  cer- 
tain Number  of  tfimes,  may  exceed  one  another.  From  whence  it 
appears  that  Quantities  that  are  of  different  Kinds,  fuch  as  Lines  and 
Surfaces,  Surfaces  and  Bodies 5  any  of  thefe  and  Time ;  Time  and 
Velocity,  &c.  cannot  be  faid  to  have  Ratio  or  Proportion  to  one  ana- 
ther :  Both  becaufe  they  are  of  different  Kinds ;  and  likewife  (which 
indeed  follows  from  the  other)  becaufe  no  Multiplication  or  Repetition 
of  the  one  can  ever  make  it  exceed  the  other ;  or  even  conftitute  any 
Quantity  of  that  Kind :  For  no  Multiplication  of  a  Line  can  ever  make 
any  Surface  5  nor  any  Portion  of  Time,  however  multiplied,  make 
any  Degree  of  Velocity,  &c.  But  it  is  evident,  by  the  fecond  of  the 
preceding  Definitions,  that  Euclid  defigned  by  it  to  limit  Magnitudes 
that  bear  Proportion  to  each  other,  to  fome  other  Idea  than  that  of. 
Homogeneity :  Otherwife  his  fourth  Definition  had  been  fuperfluous. 
And  by  what  comes  afterwards,  in  the  fucceeding  Parts  of  thefe  Ele- 
ments, it  appears,  that  he  meant  to  lay  a  Foundation  for  the  Dodrine 
of  Exhauftions,  as  it  is  wont  to  be  called ;  as  well  as  that  of  Incom- 
menfurables.  For  being  about  to  treat  of  the  Dodrine  of  Incom- 
menfurables  in  the  tenth  Book,  he  lays  down  and  demonftrates  this 
Propofition  by  way  of  a  Lemma,  viz.  Two  unequal  Magnitudes  being 
propojed,  if  from  the  greater  you  take  away  more  than  the  half  and 
from  the  Remainder  more  than  ifs  half;  and  fo  on  continually \  there 

will  remain  a  Magnitude  at  length,  by  this  continual  SubduStion,  which. 
is  lefs  than  the  leajl  of  the  two  Magnitudes  propofed.  In  demonftrating 
which  he  afTumes  this  Principle  or  Poftulate,  that  the  lejfer  of  the  two 
Magnitudes  being  multiplied,  will  at  length  exceed  the  greater:  For  if 
not,  they  can  bear  no  Ratio  to  one  another  by  Def  3,  B.  5.  whick 
yet  they  are  fuppofed  to  do,  that  they  may  be  capable  of  any  Com- 
parifon  or  Relation  to  one  another. 

3.  Now  this  Propofition  or  Lemma  is  the  Foundation  upon  which 
the  Method  of  Exbauftions  is  built.  Which  Method  is  made  ufe  of 
by  Euclid  in  demonftrating  fome  Propofitions,  as  the  fecond,  tenth, 

Y  y  eleventh, 
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eleventh,  twelfth,  and  eighteenth,  B.  12.  El.  in  which  he  proves  that 
Circles  are  to  one  another  as  the  Squares  of  their  Diameters;  that 
a  Cone  is  a  third  part  of  a  Cylinder  of  the  fame  Bate  and  Altitude  * 
that  Cones  and  Cylinders  of  the  fame  Altitude  are  to  one  another  as 
their  Bafes ;  that  fimilar  Cones  and  Cylinders  tre  to  one  another  in  a  1 

triplicate  Proportion  of  the  Diameters  of  their  Bafes  $  and  that  Spheres  | 

are  to  one  another  in  a  triplicate  Proportion  of  their  Diameters.    And  | 

Archimedes  makes  conftant  Ufe  of  it  throughout  all  his  Writings.  For 
he,  beginning  where  Euclid  znd  other  Geometricians  before  himfelf  left 
off,  found  that  this,  or  fome  Principle  equivalent  to  it,  was  absolutely 
neccflary  to  make  any  Progrefs  in  the  Contemplation  of  Plain  Curvi- 
linear Figures 5  and  Solid  Figures  generated  by  their  Rotation  $  which 
were  not  capable  of  being  divided  into  Parts  bounded  by  Right  Lines, 
or  Plain  Surfaces,  and  therefore  we  find  him,  in  feveral  different  Places, 
affuming  this  Poftulate,  that  of  two  unequal  Magnitudes  of  the  fame 
Kind,  the  Excefs  of  the  greater  above  the  leffer  cannot  bejofmaff,  but 
that  it  may  be  Jo  multiplied  as  to  exceed  cither  of  tbem%  or  any  other 
Magnitude  of  the  fame  Kind.  Accordingly,  by  the  Help  of  the  Prin- 
ciple, he  has  demon  ft  rated,  by  the  Method  or Exhauftion  or  continual 
Approach,  the  Quadrature  of  the  Parabola ;  having  (hewn  that  any 
Segment  of  a  Parabola  cut  off  by  a  Right  Line  is  to  the  inferibed  Tri- 
angle of  the  fame  Bafe  and  Altitude  as  4  to  3  ;  that  a  Circle  is  equal 
to  a  right-angled  Triangle  whereof  the  two  Sides  including  the  Right* 
angle,  are  equal  the  one  to  the  Semi-diameter,  the  other  to  the  Peri-  1 

phery  of  the  Circle ;  and  has  {hewn  how  to  approach  to  the  Qua- 
drature of  the  Circle  and  EUipfe.  He  has  demonstrated  the  Ratio  of 
the  Cylinder,  Hcmifphere  and  Cone  having  the  fame  Bafe  and  Height,, 
both  with  refped  to  their  folid  Contents,  and  Surfaces ;  and  (hewn  in 
general  how  to  compare  Spheres,  Spheroids,  Parabolical,  and  Hyper- 
bolical Conoeids,  or  any  Portions  of  them,  with  Cones  or  Cylinders: 
And  with  RefpeA  to  the  Surface  of  the  Sphere,  he  has  demofeftrated 
that  it  is  equal  to  4  times  the  Area  of  one  of  it's  great  Circles.  And 
befides  many  noble  and  ufeful  Discoveries  with  Refpeft  to  thefe  Figures 
mentioned,  he  wrote  a  moft  elaborate  Treatife  upon  the  Spiral  Line, 
which  commonly  goes  under  the  Name  of  Archimedes**  Spiral,  in 
which  he  demonftrates  the  Proportion  of  the  Spiral  Spaces  to  the  Areas 
of  the  circumfcribing  Circles ;  and  that  of  the  Snbtangents  in  the  Spiral,, 
to  the  Perimeters  of  the  Circles.  All  thefe  Things  are  demonftrated 
moftly  by  the  Method  of  Exhauftions.  Which  may  be  confidered  as 
the  firft  Step  towards  the  general  Method  of  Quadratures,  and  infinite 
converging  Series  lately  introduced.     This  hath  got  the  Name  of  the 

Method 


EXPLAINED,  347 

Method  of  Exteu/ticns,  bccaufe,  in  comparing  two  unequal  Quantities 
with  one  another,  by  taking  more  than  half  the  Difference,  and  adding 
it  to  the  Icaft,  or  fubduding  it  from  the  greateft }  and  again  taking 
more  than  the  half  of  the  remaining  Difference,  and  adding  it  to  the 
lcaft,  or  fubduOing  it  from  tho  greateft  j  and  fo  on  continually,  the 
Difference  betwixt  the  two  Quantities  is  gradually  exkaufiei,  fo  as  to 
become  left  than  any  given  Quantity,  in  virtue  of  what  is  demonftrated 
by  Euclid  m  that  Lemma,  which  hath  been  mentioned  :  And  it  would 
be  the  fame  thing,  if,  inftead  of  taking  more  than  half  the  Difference, 
you  take  half  the  Difference,  or  even  any  given  Part  of  the  Difference, 
And  add  it  continually  to  the  leaft;  or  fubdud  it  continually  from  the 
greateft  ©f  the  two  Quantities:  For  this  likewife  will  gradually  etcbauft 
the  Difference,  fo  as  to  make  it  left  than  any  given  Quantity. 

4.  That  the  Way  of  proceeding  in  this  Method  may  be  the  better 
underftood,  I  (hall  (hew  how  Archimedes  demonftrates  by  it,  that  a 
Circle  is  equal  to  a  right  angled  Triangle,  whereof  one  of  the  Sides 
including  the  Right  Angle,  is  equal  to  the  Radius  of  the  Circle,  and 
the  other  to  it's  Circumference.  In  Order  to  which,  let  the  Circle 
and  Triangle  be  reprefented  by 
the  two  Right  Lines  AB  and         •  E    PGBKI       H 

CD,  as  Symbols.    Moreover  let    A "  *    '  '  '  '      ' 

AE,  AF,  AG,  &c.  reprefent  a     Cl  ,D 

Square,  an  eight  (idea,  a  fix- 
teen  fided  Figure,  &c.  regularly  ^ '     * 
in  (bribed  in  the  Circle:    The 

Number  of  Sides  being  always  doubled.  Again  let  AH,  AI,  AK,  &c. 
reprefent  a  Square,  a  regular  eight  fided,  fucteen  fided,  &c.  Figure, 
circumfcribed  about  the  Circle.  Then  I  fay  AB  =  CD.  For  if  not, 
then  AB  is  either  greater  than  CD;  or  lefs.  If  AB  be  greater  than 
CD,  let  the  Excels  be  x:  Then  fince  EB,  FB,  GB,  &c.  are  the 
Differences  betwixt  the  inferibed  Figures  and  the  Circle,  EF  is  greater 
than  the  half  of  EB;  FG  greater  than  the  half  of  FB,  &c.  (as  may 
cafily  be  demonftrated)  confequently  (hy  Prop.  1.  Elem.  10.)  you 
muft  come  at  length  to  fome  Figure  inferibed  as  AG,  whofe  Difference 
from  the  Circle  AB,  viz.  GB  is  lefs  than  x :  Wherefore  AG  muft 
be  greater  than  the  Triangle  CD,  fince  AB  was  equal  to  CD  -\-x  : 
But  AG,  being  an  inferibed  Figure,  is  only  equal  to  a  right-angled 
-  Triangle  having  one  of  the  fides  equal  to  the  Perpendicular  drawn 
from  the  Center  upon  one  of  the  Sides  of  the  Polygon  5  and  the  other 
10  the  Sum  of  the  Sides  of  the  Polygon ;  the  firft  of  which  is  lefs  than 
the  Radius  of  the  Circle  %  and  the  other  lefs  than  the  Circumference ; 
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to  which  the  Sides  of  the  Triangle  CD  are  equal :  Therefore  AG  is . 
Iqfs  thaa  CD,  contrary  to  what  has  been,  demonftrated.  Wherefore  it 
is  dot  true  that  AB  is  greater  than  CD.  I  fay  neither  is  AB  lefs  than 
CD.  For  if  AB  be  left  than  CD;  let  the  Defed:  be  x,  fo  that  it  be 
AB-}-x  =  CD;  thenitkeafy  to  fhew  that  HI  is  greater  than  i  HB ; 
that  IK  is  greater  thaa  t  IB,  &c.  and  that  therefore  yon  muft  (by  the 
Proposition  already  mentioned)  at  length  arrive  at  fome  Difference  as 
KB  lefs  than  x :  Wherefore  AK  is  Ids  than  CD,  fince  AB  +  x  —  CD. 
But  AK,  being  a  regular  Polygon  circumfcribed  about  the  Circle,  is 
equal  to  a  right-angled  Triangle  having  one  of  it's  Sides  equal  to  the 
Radius,  and  the  other  equal  to  the  Sum  of  all  the  Sides  of  toe  Polygon, 
i.  e.  greater  than  the  Circumference  of  the  Circle :  Which  Triangle 
therefore  is  greater  than  the  Triangle  CD :  Wherefore  AK  is  alio  greater 
than  CD;  contrary  to  what  has  been  demonftrated:  For  it  was  (hewn 
to  be  lefc.  Therefore  the  Circle  AB  is  not  lefs  than  the  Triangle  CD ; 
and  it  was  demonftrated  that  it  is  not  greater.  Therefore  they  are 
equal.    Q.  £.  D. 

5.  By  this  example  k  may  appear  in  what  Manner  the  ancient  Geo- 
metricians proceeded,  when  they  demonftrated  any  Proposition  by  the 
Method  of  Exhauftions.  The  Cbarafferiftic  of  which  is,  that  one 
Quantity  makes  a  continual  .Approach  to  another,  fo  as  to  exbauft  the 
Difference  by  degrees,  until  it  become  lefc  than  any  given  Quantity. 
And  it  is  the  fame  in  Ratio's :  When  a  Ratio,  which  is  variable,  con- 
tinually approaches  to  another  conftant  Ratio,  fo  as  to  differ  from  it  at 
length  by  left  than  any  given  Ratio. 

Where  they  could  difcover  any  two  Quantities,  or  two  Ratits,  which 
were  both  Limits  to  which  the  fame  variable  Quantity,  or  Ratio,  continu- 
ally approached,  fo  as  at  length  to  come  nearer  them  than  by  any  given 
Difference,  but  never  to  go  beyond  them,  they  concluded  tbefe  Quanti- 
ties, or  Ratios,  which  were  the  Limits,  to  be  equal.  And  this  they  de- 
mooftrated.  by  that  hind  of  Dcmonftration  which  is  called  ducens  ad 
abfurdumz  Which  Demonftrations  were  fometunes  long;  hut  always 
flridt  and  exa&  To  avoid  the  Tediaufheis  of  fuch  Demonftratioos, 
it  was  that  our  Author  invented  his  Method  of  prim*  and  ultimate 
Ratios '.  Which  is  founded  upon  a  like  Principle,  as  the  Method  of 
Exhauftions  3  and  the  lame  Obje&ions  lye  againft  the.  one  as  againft 
the  other,  as  we  have  .{hewn  towards  the  Beginning  of  our  Notes,  upon 
the  Quadrature  of  Curves.       ..*..., 

6.  As,  by  what  has  been  &id,  it  appears  in  what  Manrter  the  An- 
cients entered  into  the  Contemplation  of  Curvilinear  Areas,  and  Solids 
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generated  by  their  Revolution;  fo  likewife  we  may  obferve  the  Dodrine 
of  infinite  converging  Series,  beginning  to  appear  in  Embryo,  as  it  were, 
in  their  continual  Approaches,  by  exhaufting  the  Difference.     For  the 
Steps  of  the  Approach,  may  be  fuppofed  to  be  continued  indefinitely : 
For  although  a  finite  number*  pr  even  a  very  few  of  them,  is  fufficient 
to  make  out  their  Demonstrations;  yet  it  is  evident  that  no  finite 
Number  of  them  can  ever  entirely  exhauft  the  Difference.    Thus  in 
the  preceding  Example  taken  from  Archimedes  AE  +  EF  +  FG>  Gfo 
in  inf.  represents  an  infinite  Series  of  fimple  Terms,    according  to  Sir 
Ifaac  Newton's  Method ;  which  is  that  generally  ufed ;  where  the  Ag- 
gregate of  all  the  Terms,  infinite  in  Number,  is  equal  to  AB  *  and 
.  the  greater  the  Number  of  them,  taken  from  the  Beginning,  is,  the 
nearer  doth  the  Aggregate  of  them  approach  to  AB:  So  that  a  finite 
Number  of  Terms  differs  from  AB  by  lefs  than  any  given  Difference. 
Again  AH .  AE,  AI .  AF,  AK  •  AG,  &c.  reprefents  Mr.  James  Gregory'* 
Method  of  converging  Series  in  his  excellent  Treatife  Vera  Circuli  & 
Hyperbola  Quadrat  ura.     In  which  he  fuppofes  the  Terms  of  the  Series 
to  proceed  by  Pairs,  as  A  and  B,  C  and  D,  E  and  F,  &c.  fuch,  that 
the  Difference  betwixt  A  and  B  is  greater  than  the  Difference  betwixt 
C  and  D ;  and  that  after  the  fame  Manner  that  C  and  D  are  formed 
by  an  analytical  Operation  from  A  and  B j  after  the  like  Manner,  or 
by  the  like  analytical  Operation,  E  and  F  are  formed  from  C  and  D ; 
and  fo  on  continually :  Every  new  Pair  of  Terms  being  produced  al- 
ways in  the  fame  Manner  from  the  Pair  of  Terms  immediately  preced- 
ing.    By  which  the  Difference  continually  leffening,  becomes  Ids  than 
any  given  Quantity ;  and  the  Series  being  fupoofed  to  be  continued  in 
infinitum,  that  Difference  quite  vanifhes,  and  the  two  Terms  become 
equal  -,  either  of  which  is  the  Quantity  fought ;  and  the  other  Terms  * 
approach  fo  much  nearer  to  it,  in  order,  the  further  they  are  diftant 
from  the  Beginning  of  the  Series.    He  mentions  another  Form  of  con- 
verging Series  confiding  of  fimple  Terms,  to  which  the  foregoing  may  • 
be  reduced;  which  he  defines  thus:   Let  A,  B,  C,  D,  E,  &c.  be  a 
Series  of  fimple  Terms,  and  let  them  be  of  fuch  a  Nature  that  the 
third  Term  C  is  compounded  after  the  fame  Manner  of  A  and  R 
the  firft  and  fecond,  that  the  fourth  D  is  of  B  and  C;  and  the  fifth  E 
is  of  C  and  D,  and  fo  on  in  infinitum  :  And  let  the  Difference  of  the  - 
antecedent  Terms  A  and  B,  be  always  greater  than  the  Difference  of  * 
the  immediately  fubfequent  B  and  C.     This  Series  being  fuppofed  to 
be  continued  infinitely,  each  new  Term  makes  a  nearer  Approach  to 
the  Quantity  required,  and  you  may  continue  it  fo  far  as  to  arrive  at  a 
Term,  which  differs  from  it  by  lefe  than  any  given  Difference  i  So  that 
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what  lie  calh  the  laft  Term  (for  want  of  another  Word  to  expnris  it) 
is  the  very  Quantity  required.  Such  Serie9  appears  in  Embryo,  like- 
wife,  in  the  preceding  Propofition  from  Archimedes  j  where  AB  being 
the  Quantity  fought,  AE,  AF,  AG,  &c.  may  repfefent  the  Terms  of 
one  fuch  Series ;  and  AH,  AI,  AK,  &c.  the  Terms  df  another. 

7.  But  notwithfhnding  there  is  fome  Analogy  in  all  the  three  Me- 
thods, viz.  that  of  Exhauftions ;  that  of  Mr.  Gregory**  Forms  of 
Series ;  and  that  of  Sir  lfaac'%  ;  as  they  reprefent  a  continual  Approach 
to  fome  determined  Limit ;  yet  there  is  a  manifeft  Gradation  as  to  therr 
Extent  and  Univerfality.  For  the  Approach  ufed  by  the  Ancients  pro- 
ceeded by  taking  away  or  adding  the  half  Difference,  or  itiore  than 
the  half  Difference,  continually.  In  Mr.  Gregory's  Form  of  converg- 
ing Series,  it  is  fufficient  if  the  Terms  by  which  the  continual  Ap- 
proach is  made  be  fo  related,  that  the  fubfequent  ones  be  always  com- 
pounded of  the  preceding  ones  after  the  fame  Manner,  by  any  analy- 
tical Operation  whatfoever,  including  Addition,  Subtraction,  Multi- 
plication, Divifion,  and  Extra&ion  of  Roots.  Sir  Ifaac  Newtoris  Form 
of  Infinite  Series  doth  not  even  require  this  ;  it  being  fufficient  that 
the  Sum  of  the  Terms  from  the  Beginning,  continually  approach  to 
the  Quantity  fought ;  fo  as  a  finite  Number  of  them  may  differ  from 
the  thing  fought  by  lefs  than  any  given  Difference,  without  any  fur- 
ther Limitation  ;  althougH^the  Law  according  to  which  the  Approxi- 
mation is  made,  may  often,  if  not  always,  be  difcovered.  The  Me- 
thod of  inveftigating  thefe  Series's  being  much  more  general,  as  well  as 
the  Relation  of  the  Terms  of  which  they  arc  compofed,  Mr.  Gregory 
afterwards  fell  into  the  fame  Method ;  when  he  faw  it  to  have  fo  much 
Advantage  over  the  Method  he  had  formerly  ufed  in  his  Quadrature  of 
the  Circle,  EUipfe  and  Hyperbola;  as  we  fhall  fee  afterwards. 

8.  After  Archimedes  there  was  little  or  nothing  done  in  the  Geome- 
try of  Curve  Lines,  till  towards  the  Middle  of  the  laft  Century.  In 
the  Year  1635  Bonaventura  Cavallerius  introduced  his  Method  of  In- 
divifibles :  By  which  he  endeavoured  to  render  the  Method  of  Ex- 
haufiions  of  the  Ancients,  fomewhat  cafier  and  fhorter.  In  this  Me- 
thod Figures  are  conceived  as  made  up  of  infinitely  fmall  or  indivifibk 
Parts  or  Elements;  a  Line  of  an  infinite  Number  of  Points ;  a  Surface 
of  innumerable  Lines,  right  or  curve,  as  is  moft  convenient ;  or  per- 
haps of  other  Elements,  as  infinitely  fmall  Triangles,  Seftors,  &c.  a 
Solid,  of  an  infinite  Number  of  Surfaces,  plain  or  curve;  or  perhaps 
of  other  Elements ;  as  a  Sphere  of  innumerable  fmall  Pyramids,  all 
terminating  in  the  Center,  and  conftituting  the  fphcrical  Surface  with 
their  Bafes,  &c>    In  which  Method,  Points,  Lines,  and  Surfaces,  con- 
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fidered  as  the  Elements  of  which  Magnitudes  are  compofed,  are  not 
to  be  conceived  as  geometrical  Points,  Lines  and  Surfaces ;  but  as  geo- 
metrical Lines,  Surfaces  and  Solids,  of  infinitely  fmall  Length,  Breadth 
and  Thicknefs.  By  this  Method  many  ufeful  Truths  were  difcovered; 
and  demonftrated  in  a  much  more  concife  Way  than  by  the  Method  of 
Exhauftions :  Yet  one  had  need  proceed  with  great  Caution,  other- 
wife  one  may  be  very  readily  led,  by  it,  into  Errors,  and  falfe  Conclu- 
fions.  It  was  found  of  very  great  Ufe  for  inveftigating  thofe  Proper^ 
ties  and  Relations  of  Magnitudes ;  which  could  not  be  eafily  difcovered 
by  the  former  Methods :  Which  being  once  difcovered  might  always 
be  afcertained,  by  reducing  the  Demonstrations  to  the  Apagogical 
Form  of  the  Ancients  5  where  there  was  any  Scruple  left  as  to  their 
Truth ;  which  indeed  was  frequently  the  Cafe.  For  the  Foundation, 
upon  which  the  Geometry  of  Indivifibles  is  built,  feems  not  to  be  quite 
fo  fatisfying,  or  ftri£ily  geometrical ;  in  Regard  the  Suppofition  of  finite 
Magnitudes  being  made  up  of  infinitely  fmall  and  in  iivifible  Parts,  is 
a  Notion  hard  to  digeft ;  and,  to  fay  the  beft  of  it,  is  not  capable  of 
being  altogether  freed  from  fome  Gonfujion>  which  ftill  remains  in  the 
Mind,  after  all  the  Pains  we  can  be  at  to  comprehend  it. 

9.  After  Cavallerius  and  his  Scholar  Torricellius,  there  arofe  a  great 
Number  of  famous  Men  in  the  Mathematical  Way,  who  have  con- 
fiderably  enlarged  and  promoted  this  Science,  in  it's  higher  Parts* 
fuch  were  M.  Des  Cartes,  Fermat,  Huddenius,  Gregory  of  St.  Vincent, 
Mr.  Huygens,  Dr.Barrowy  and  many  others :  But  the  moft  confidcrable 
Step  by  far  that  was  made  in  the  Geometry  of  Curve  Lines,  and  the 
Do&rine  of  Quadratures,  was  by  Dr.  Walks  in  his  Arithmetic  of  Infi- 
nites y  published  in  the  Year  1656.  The  Do&rine  of  infinite  Series 
had  been  very  little  confidered  before  this  Time :  But  he  perceiving  the 
Analogy  betwixt  the  Terms  of  certain  Series's  and  the  Ordinates  of  cer- 
tain Curves,  fought  out  Rules  for  finding  the  amount  of  all  the  Terms 
of  thefe  Series's :  By  Means  of  which  he  was  capable  of  fquaring  all 
thofe  Curves,  whofe  Ordinates  were  proportional  to  the  Terms  of 
fuch  Series's.  He  began  by  considering  an  arithmetical  Progreffion  : 
From  that  he  proceeded  to  Progreflions  of  Powers,  that  is  whofe  Terms 
were  as  the  Squares,  Cubes,  Biquadrates,  &c.  of  the  Terms  of  an  Arith- 
metical Progreflion  as  o,  1,  2,  3,  4,  &c.  then  to  Progreflions  of  Roott>. 
that  is,  whofe  Terms  are  as  the  Square  Roots,  Cube  Roots,  Biquadra- 
tic Roots,  &c.  of  the  Terms  of  an  arithmetical  Progreflion.  After- 
wards he  was  led  to  confider  Progreflions  whofe  Terms  are  any  Diraen* 
fion  whatfoever  of  the  Terms  of  the  Arithmetical  Progreflion,  i.  e.  the 
Indexes  or  Exponents  of  whofe  Dimcnfions  are  any  Numbers  integral* 

fra&ional^ 


35* 
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fractional,  or  iurd,    whether  pofitive,  or  negative  *.     Hd  confidered 
thefe  Progreflions  as  confifting  of  an  infinite  Number  of  Terms,  the 
laft  Term,  which  reprefented  the  loweft  Ordinate  of  the  Curve,  being 
flill  finite,  and  the  intermediate  Terms  from  o  to  the  laft,  being  in- 
finite  in  Number,  reprefented  Ordinate*  applied  to  the  Axis  at  infi- 
nitely fmall  and  equal  Diftances,  betwixt  the  Vertex  and  loweft  Ordi- 
nate :   Or  perhaps   thefe  Terms  reprefented  any  other  Lines  Right  or 
Curve ;  or  any  Plain  or  Curve  Surfaces,  in  the  Cafe  of  Solids,  which 
were  proportional  to  them.     And  he  found,  in  a  Way  of  Induction,  this 
moft  general  and  comprehenfivc  Propofition,  That  the  Sum  of  all  the 
Terms  of  any  fuch  Series  is  to  Jo  many  times  the  greateft,   as  Unity  is  to 
the  Index  or  Exponent  of  the  Power ',    Root,  or  Dimenfion  wbat/oever9 
encreafed  by  i.    Which  amounts  to  this:  Suppofing  o,  i,  2,  3,  4,  &c. 
x  to  be  an  Arithmetical  Progreffion  confiding  of  an  infinite  Number 
of  Terms,  in  the  natural  Order  of  the  Numbers,  having  the  laft  Tcriii 
x ;  and  let  ow,  iw,  2",  3*,  &c.  xm  be  a  Progreffion  of  Terms,  which  are 
any  the  fame  Power,  Root,  or  Dimenfion  whatfoever,  of  the  formerTerms, 
whofe  Exponent  is  denoted  by  m>  then  (hall  the  Sum  of  this  laft  Series  or 

AT1*"*"1 

Progreffion  be  equal  to  - — r— .     And  this  is  in  Subftance  the  fame  with 

the  firft  Rule  of  this  Analyfis  of  Sir  Ifaac  Newton's,  which  was  dis- 
covered by  an  Induftion  of  Particulars  by  Dr.  Wallis  \  but  is  demon* 
ftrated  univerfally,  by  Means  of  an  indefinite  Index,  by  Sir  Ifaac. 

10.  From  thence  Dr.  Wallis  proceeded  to  the  Confideration  of  fuch 
Progreflions  as  have  their  Terms  made  up  of  Combinations  of  the  Am- 
ple Terms  of  the  forementioned  Series's,  by  Addition  and  Subtraction ; 
and  likewife  of  the  Powers  of  fuch  Sums  and  Differences :  And  thence 
he  inveftigated  what  is  in  Subftance  the  fame  with  our  Author's  kcond 
Rule  of  his  Analyfis,  for  the  Quadrature  of  compound  Curves-  By 
this  Means  he  was  enabled  to  give  the  Quadrature  of  all  forts  of  Parabo- 
las, of  fpiral  (paces,  and  of  many  plain  Figures  which  extend  themfelvcs 
infinitely  along  an  aflymptote :  Likewife  the  Contents  of  fuch  folids  as 
are  generated  by  the  Revolution  of  thefe  Parabolical  and  Hyperbolical 
Curves;  and  thence  discovered  other  Things,  which  depended  upon 
thefe  Quadratures,  fuch  as  the  rectifying  of  feveral  Curve  Lines,  and 
plaining  of  Curve  Surfaces;  as  he  has  (hewn  in  his  Arithmetic  of  In- 
finites, and  other  mathematical  Works. 

1 1.  But  be  found  his  Method  fail  him  in  the  Cafe  of  thofe  Progrefli- 
ons, whofe  Terms  were  the  Roots  of  the  Sums  or  Differences  of  fimple 

1  Dr.  Wallis  is  reckoned  the  firft  Perfon  who  brought  in  the  Ufe  of  fra&ional  and  negative 
Indexes  *  and  likewife  of  indefinite  and  furd  ones. 

Terms, 
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Terms,  called  Roots  univerfal,  fuch  as  *Jr*  —  oa»,  */r*  —  m*,  \/r*~4*% 
a/^  —  j**,  vV»— ifoa,  Gfc.  */r*-+-r* :  Which  he  calls  a  Series  of  Terms 
in  the  fubduplicate  Ratio  of  a  Series  of  Equals  leflened  by  a  Scries  of 
Secundans  or  Squares.  Where  if  r  (land  for  the  Radius  of  a  Circle ; 
and  a  for  any  of  the  infinitely  fmall  and  equal  Diftances  of  the  Or  do- 
nates in  the  Quadrant  of  the  Circle,  beginning  at  it's  Center,  fuch 
Quadrant  is  equal  to  the  Sum  of  all  the  Terms  of  this  Progreflion ; 
as  he  (hews  in  Prop,  121.  Arith.  Inf.  The  fame  Series  with  the  Sine 
of  the  fecond  Term  under  the  Vinculum,  changed  into  it's  Oppofite, 
that  is  s/r*  +  o*»,  vV*  +  1**,  Vr»  +  411*,  &c.  vV*  +  r*,  being  fummed 
up,  would  give  the  Quadrature  of  the  equilateral  Hyperbola.  He  like- 
wife  (hews  other  two  Series's,  by  the  fuming  up  of  whofe  Terms,  the 
Quadrature  of  the  Circle  and  Hyperbola  would  be  found,  but  labouring 
under  the  fame  Inconveniency.  Here  Dr.  Wallis  ftuck :  But  this  Diffi- 
culty was  removed  afterwards  by  our  incomparable  Author,  by  his 
third  Rule  in  this  Analyfis,  as  we  (hall  fee  anon.  However  Dt.  Watts 
being  very  felicitous  to  do  fomething  towards  the  Quadrature  of  the 
Circle;  which  was  his  principal  View  when  he  engaged  in  the  Profe- 
cution  of  thefe  Enquiries  (as  he  tells  us  in  the  Preface  to  that  Work) 
he  thought  upon  another  Method,  which  her  calls  Interpolation  of 
Series.  By  which  he  means  a  Method  of  difcovering  certain  inter- 
mediate Terms  of  a  regular  Series  or  Progreflion,  by  confidering  the 
Properties  of  the  Progreflion,  and  the  Relations  of  the  Terms  to  each 
other.  Of  this  he  gives  fcveral  Inftances  for  finding  the  Area  of  the 
Circle.  Of  which  this  is  one:  In  the  Progreflion  1,  \%  y,  ^y,  &c. 
whole  Terms  are  produced  by  the  continual  Multiplication  of  1  x  4-  X  £ 
X£,  &c.  to  find  the  intermediate  Term  betwixt  1  and  f.  Such  in- 
termediate Term  he  exprefles  by  this  Symbol  D,  even  as  the  Square 
Root  of  2  is  exprefled  thus,  s/z  ;  and  he  (hews  that  die  Circle  is  to 
the  Square  of  it's  Diameter  as  1  to  a.  But  the  Refult  of  his  Enquiry 
was,  that  the  Value  of  o  cannot  be  adequately  exprefled  by  any  received 
Way  of  Notation ;  which  is  nothing  more  ftrange  than  that  s/z  or  any 
other  furd  Root  is  not  capable  of  being  adequately  exprefled,  in  that 
Way :  But  whereas  the  Value  of  s/z,  or  any  other  Surd,  may  be  ex- 
prefled approximately  by  the  common  Notation,  fo  likewife  he  found 

that  the  approximate  Value  of  o,  was  i  x  i%SS;S££%  or  i+ 

^A  -t-iVB  +  ttC+ToD  &c.  in  inf.  the  Capitals  A,  B,  C,  &c. 
denoting  the  firft,  fecond,  third,  &c.  Terms. 

12.  When  thefe  Difcoveries,  which  were  indeed  very  noble  and 
ufeful,  and  in  Point  of  Generality  and  Extent,  for  exceeding  any  thing 

Z  z  that 
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that  had  been  formerly  done  by  others  in  the  Geometry  of  Curve 
Lines,  were  made  public,  itwasobjeAedtohimbyMonfieari^riMf^ 
and  others,  that  however  valuable  his  Diicoveries  were,  and  true  in 
themfelves,  yet  the  Demonstrations  of  them  in  the  Way  of  Induction 
by  Dr.  Wallis,  did  not  come  up  to  that  Accuracy  which  a  Geome- 
trical Subject  required,  and   the  ancient  Geometricians  had  all  along 
obferved  in  all  their  Performances.     To  which  Dr.  Wallis  made  An- 
fwer  (even  as  he  had  remarked  in  the  Arithmetic  of  Infinites  itfelf) 
that  he  did  not  fo  much  defign  to  demonstrate  his  Diicoveries,  as  to 
lay  open  to  others  the  Method  he  ufed  in  making  them;  which  the 
Ancients  purpofely  concealed  \  that,  notwithftanding,  he  thought  the 
Proof  by  way  of  Induction  was  fatisfying  and  convincing ;  that  it  would 
be  an  eafy  Matter  for  any  Perfon  moderately  fkilled  in  Geometry  to 
demonflrate  thefe  Things  with  all  the  Pomp  and  Apparatus  made  Ufe 
of  by  the  Ancients :  But  that  was  a  Labour  he  never  defigned  to  under- 
take.   However,  to  give  fome  Satisfaction  in  this  Matter,  he  fhews  by 
fbme  Examples  in  the  78th  Chap,  of  his  Algebra,  how  the  Propofi- 
tions  he  had  difcoyered,  might  be  demonftrated  after  the  Manner  of 
the  Ancients,  in  imitation  of  what  had  been  done  by  Archimedes  in 
the  10th  and  1 1  th  Propofitions  of  his  Treatife  of  Spiral  Lines :  Li  which 
Archimedes  demonftrates,  what  is  the  Sum  of  all  the  Terms  of  a  Pro- 
grcffion  of  Squares,  whofe  Sides  conftitute  an  arithmetical  Progreffion 
of  Lines,  having  the  common  Difference  equal  to  the  firft  Term ; 
when  compared  with  fo  many  times  the  grcatcft  Square :  And  the 
limits  betwixt  which  the  Sum  of  the  Terms  of  fuch  a  Progreffion  is 
contained,  although  the  common  Difference  of  their  Sides  be  not  the 
fame  with  the  firft  of  them.    Which  he  applies  to  the  finding  the 
Relation  of  the  Spiral  Spaces  to  the  Circular  Sectors ;  even  as  Dr.  WaDis% 
by  profecuting  this  Amir  to  a  much  greater  Length,  fhews  how  to 
find  not  only  the  Sum  of  all  the  Squares ;  but  the  Sum  of  any  Powers* 
or  Roots  whatfbever,  of  an  arithmetical  Progreffion ;  and  thereby  to 
compare  infinite  Numbers  of  curvilinear  Areas  with  right-lined  Fi- 
gures, and  with  one  another.     And  truly,  when  one  attentively  con- 
siders this  elaborate  Treatife  of  Archimedes,  and  the  other  Works  of 
that  fubtile  and  penetrating  Genius,  one  cannot  help  feeing  Dr.  WaUis% 
Arithmetic  of  Infinites,  Mr.  Gregory's  Method  of  Infcription  and  Cir- 
cumfcription  of  Polygons;  and  even  our  fecond  Archimedes**  Method 
of  prime  and  ultimate  Ratios,  beginning  to  difcover  themfelves,  as  it 
were  in  Embryo,  in  order  to  be  brought  forth  afterwards  to  open  Light. 

\  See  Of.  WaIMz  Algebra,  Chap.  79. 

13.  And 
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,  13.  And  now  we  are  arrived  at  the  laft  Step  of  this  Progrefs,  as  it 
was  perfected  into  the  Method  of  infinite  Series  and  Fluxions  by  our 
celebrated  Author.  By  what  Means  this  was  done,  I  cannot  better  re- 
prefent  to  the  Reader  than  in  the  Account  he  gives  of  it  himfelf  in  his 
Letter  to  Mr.  Oldenburg^  OSfoL  24,  1676.  * 

14.  <c  About  the  Beginning  of  my  mathematical  Studies,  as  foon 
"  as  the  Works  of  our  celebrated  Countryman  Dr.  Wallis  fell  into  my 
"  Hands,  by  confidering  the  Series's,  by  the  Intercalation  of  which, 
u  he  exhibits  the  Area  of  the  Circle  and  Hyperbola  $  viz.  that  in  a 
"  Series  of  Curves,  whofe  common  Bafe  or  Axis  is  #,  and  the  Ordinates 

"  1  —  xx *,  1 — xri*,  1— xx£,  1— xx)K  1 — xxY*,  1 — xx^K  &c* 
t€  if  the  Areas  of  every  other  of  them,  that  is  x%  x  — |#3,  x  —  jX* 
c<  -4-  fx*,  x  —  f **  4"  \x*  —  t*7>  &c.  could  be  interpolated,  w$ 
"  would  have  the  Areas  of  the  intermediate  ones,  of  which  the  firft 

"  1— ##£  is  the  Circle ;  To  interpolate  thefe,  I  obferved  that  the 
<c  firft  Term  in  all  of  them  was  x,  and  that  the  fecond  Terms  fx*9 
"  Jx*,  y**,  \x\  Gfa  wetfe  in  arithmetical  Pfogteflion ;  and  that  there- 
"  tore  tne  two  firft  Terms  of  the  Series's  to  be  intercalated,  fhould  bq 

x  —  —%        ^Tf        "T* 

"  For  intercalating  the  reft,  I  confidered  that  the  Denominators  r, 
<c  3>  5>  7>  ^-  were  in  arithmetical  Progrcffion,  and  that  nothing 
<€  remained  but  to  inveftigate  the  numeral  Coefficients  of  the  Numera- 
cc  tors.  Now  thefe  I  law,  in  the  alternate  Areas  that  were  known, 
<c  to  be  the  Figures  which  exprefi  the  Powers  of  the  Number  1  r,  «#• 
"  u°,  ii1,  n%  n*,  ii4,  &c.  that  is  the  firft  was  ij  the  fecond 
«  1,  1 ;  the  third  i,  2,  1 ;  the  fourth  1,  3,  3,  1 ;  the  fifth  1,  4,  6n 
"  4,  1,  &c. 

"  Wherefore  I  enquired  how,  from  the  two  firft  Figures  given  in 
<c  thefe  Series's  the  reft  might  be  derived ;  and  I  found  that  if  the 


fecond  Figure  be  called  m9  the  reft  might  be  produced  by  a  conti- 


nual Multiplication  of  the  Terms  of  this  Series  ^=?  x  "  X  —  X 

*     5 


"  For  Example,  let  the  fecond  Term  »=4,  then  4  x^,  that 
"  is  6,  will  be  the  third  Tcrm>  and  6  x^,  that  is  4,  the  fourth 

„  *nS?  this  I*tter»  whicn  conttini  many  valuable  Difcoroies  of  Sir  Ifaac  in  the  Cbnu 
Epift.  N°  55.        .  .  *~-». 

Zn  "  Term ; 
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"  Term;  and  4X^,  that  is  if  the  fifth;  aid  iX^p,  thatiso, 

"  the  fixth  Term :  With  which  the  Series,  in  this  Cafe,  terminates. 
€%  Therefore  I  applied  this  Rule  for  intercalating  the  Series's.  And 

*'  fince,  for  the  Circle,  thefecond  Term  was  ^,  I  put  m  =  ±9  and 
€t  the  Terms  arifing  were  vX^p,  or  —  £;  —  TX^y^or+iV; 
«  J^  j^  x  •^=^,  or  —  yfr ;  and  fo  on  in  inf.  Whence  I  came  to 
"  underftand  that  the  Area  of  the  circular  Segment,  which  I  wanted, 
"  was  x - ^ —>  *sc* 

"  And  the  like  Method  may  be  made  ufe  of  to  interpolate  other 
<c  Series's,  and  that  although  they  be  deficient  by  the  Intervals  of  two 
«c  or  more  Terms  together.  Such  was  my  firft  Entry  upon  thefe  Studies; 
<c  which  had  certainly  efcaped  me,  had  I  not  accidentally  caft  my  Eye 
cc  upon  fome  loofe  Papers  that  came  in  my  Way  a  few  Weeks  ago. 
€C  But  having  arrived  this  Length,  I  immediately  began  to  confider  that 

"  the  Terms  i—  xx^,  i— #***,  i  —  xx*\  i  —  xx**,  &c.  that  is 
"  to  fay  i,  i—  x%%  i  —  zx%  -J-  **,  i  —  $x%  +  3**  —  *6>  &c  might 
<c  be  intercalated  after  the  fame  Manner  as  the  Areas  generated  by 
"  them ;  and  that  nothing  was  required  for  this  Purpofe  but  to  omit 
cc  the  Denominators  i,  3,  S>7*&c.  which  are  in  the  Terms  expreffing 
"  the  Areas :  That  is  to  fay  that  the  Coefficients  of  the  Terms  of  the 

1  €  Quantity  to  be  intercalated  1  —  xxft,  or  1— xx\* ;  or  in  general  of 

«  !— xx\M,  arife  by  the  continual  Multiplication  of  the  Terms  of 

«  this  Series  m  x^  %^  X^=-3,  &c.    And  thus  I  perceived  e.g. 

"  that  1— xx$  was  equivalent  to  1  —  ±x%  —  \x*  «—  ~5*6 ;  and  1—  xx¥, 
«  to  j  —  ^  +  l-xi+r^x6,  &c.   and  1  — xx\K  to  1—  f x*  —  ^ 

cc    TSTx*9   ($c. 

€t  And  thus  I  was  poffeffed  of  a  general  Method  of  reducing  Radicals 

"  to  infinite  Series,  byjhe  Rule  I  mentioned  towards  the  Beginning  of 

<c  my  former  Letter ',  and  that  before  I  was  acquainted   with  the 

J  "  Extratfions 

»  This  refers  to  his  Letter  wrote  to  Mr.  Oldenburg  13  June  1676,  at  the  Beginning  of 

m  m 

which  he  had  fet  down  Ws  fomems  Binomial  Theorem  thus,  P+f(£     =  P    +  —  A  Q_  + 

*Zf  BO  4-^=^-CQ,  fie.  which  is  what  he  underftands  by  the  Rule  he  mentioned.    See 
"  3*  Com. 


cc 


<c 
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"  Extractions  of  Roots.    But  once  this  was  known,  I  could  not  remain 
<c  long  ignorant  of  that  other.    For  in  order  to  prove  thefe  Operations, 
c<  I  multiplied  i  —  \x%  — |*+  —  -^x\  &c.  into  itfelf,  and  I  found 
"  the  Produd  i — xx,  the  reft  of  the  Terms  in  inf.  vaniftiing,  by  the 
<c  Continuation  of  the  Series.     And  thus  likewife  the  Series  i  —  jxz  — 
<c  ±x+  —  tt*5*  &c*  multiplied  twice  into  itfelf  produced    i  —  x\ 
Which,  as  it  afforded  a  certain  Proof  of  the  Truth  of  thefe  Con- 
clufions;  fo  it  led  idc  to  try  whether,  converfely,  thefe  Series's, 
which  thus  appeared  to  be  the  Roots  of  the  Quantity  i  —  x% 
might  not  in  an  arithmetical   Manner,  Jbe  extracted  out  of  it. 
The  Matter  fucceeded  to  my  Mind.     The  Form  of  the  Operation 
in  the  Extra&ion  was  this.  (See  it  under  the  Examples  for  extra&ing 
Roots  in  this  Anafyfis.  Art.  15.  and  following.) 
"  Having  difcovered  this,  I  entirely  negle&ed  the  Interpolation  of 
cc  Series's,  and  made  ufe  of  thefe  Operations  only,  as  a  more  genuine 
cc  Foundation.     And  as  to  Reduction  into  infinite  Series  by  Divifion, 
"  it  did  not  lye  long  concealed,  being  a  much  eafier  Affair.     Yea  I 
"  immediately  attempted  the  Refolution  of  affedted  Equations,  and 
<c  obtained  it  likewife.     Whence  the  Ordinatcs,  the  Segments  of  the 
"  Axes,  and  any  other  Right  Lines,  were  at  once  known,  from  the 
cc  Areas  or  Arches  of  the  Curves  being  given. 

"  About  that  Time  the  Plague  breaking  out  *,  obliged  me  to  get 
u  hence  (from  Cambridge)  and  think  of  fomcthing  elfe.  Notwith- 
"  ftanding,  I  added  to  my  other  Difcoveries,  at  that  Time,  a  certain 
"  Conftrudtion  of  Logarithms  deduced  from  the  Area  of  the  Hyperbola." 
And  after  (hewing  how  this  Conftru&ion  was  affe&ed,  he  proceeds 
thus : 

<c  I  am  afliamed  to  tell  to  how  many  Places  of  Figures  I  carried 
"  thefe  Computations,  having  no  other  Bufinefs  at  that  Time:  For  I 
<c  pleafed  myfelf  too  much  with  thefe  Difcoveries.  But  as  foon  as 
<c  that  ingenious  Performance  of  Nicolaus  Mercator  appeared,  I  mean 
€<  his  Logaritbmotecbnia  (who  I  doubt  not,  firft  difcovered  the  Things 
€C  he  publifhed)  I  began  to  cool  a  little  upon  thefe  Things,  fufpedting 
"  that  either  he  underftood  the  Extraction  of  Roots;  as  well  as  Divifion 
"  of  Fractions ;  or  at  lead  that  others  upon  the  Difcovery  of  Divifion, 
*c  would  find  out  the  reft,  before  I  could  be  of  a  fufficient  Age  for 
"  writing. 

Com.  Epift.  N°  48.    Thefe  two  Letters  of  Sir  1/aae  Newton  to  Mr.  Oldenburg  give  an  Account 
of  many  of  his  admirable  Difcoveries  in  the  Bufinefs  of  the  Quadrature  of  Curves,  and  infinite 
Series ;  and  upon  that  Account  deferve  the  mathematical  Reader's  careful  Peruial. 
z  This  happened  in  the  Yean  1665  and  1666. 

"  Yet 
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"  Yet  about  the  fame  Time  that  Performance  appeared,  I  comma- 
cc  nicated  to  NIr.  Collins  by  the  Intervention  of  our  Friend  Dr.  Barr&za 
"  (then  Profeffor  of  Mathematics  at  Cambridge)  a  certain  Compend 
"  of  thefe  Series's  *.  In  which  I  had  fignified  that  the  Areas  and 
"  Lengths  of  all  Curves  5  and  the  Surfaces  and  Contents  of  Solids, 
might  be  determined  from  Right  Lines  given  ;  and  converfeiy 
from  thefe  given,  the  others  irtight  be  found :  And  I  illuftrated 
the  Method  I  pointed  out,  by  feveral  Series's. 
cc  After  this  a  literary  Correfpondence  having  arifen  betwixt  us, 
<c  Mr.  Collins,  a  Perfon  born  for  the  Advancement  of  mathematical 
Learning,  infifted  ftrongly  upon  my  publilhing  thefe  other  Things. 
Accordingly  five  Years  ago  (1671)  when  at  the  Perfuafion  of  my 
Friends,  I  had  refolved  to  publifti  a  Treatife  of  the  Refradtion  of 
Light  5  and  of  Colours,  which  I  had  then  ready  by  me,  I  began 
to  turn  my  Thoughts  again  to  thefe  Series's,  and  wrote  likewife 
a  a  Treatife  upon  them  *,  that  I  might  ptiblifh  both  together. 

"  But  having  wrote  you  a  Letter  upon  the  Subject  of  the  refle&ing 

Telefcope,  in  which  I  explained  briefly  my  Notions  of  the  Nature 

of  Light,  fomething  unexpe&ed  fell  out,  which  made  me  imagine 

it  concerned  me  to  write  to  you  fpeedily  about  printing  that  Letter, 

<c  Immediately  upon  the  back  of  this  I  met  with  frequent  Interrup- 

<4  tions,  from  feveral  Perfbns  letters,  taken  up  with  Objections,  and 

€C  other  Things,  which  frighted  me  entirely  from  executing  my  De- 

"  fign ;  and  made  me  find  Fault  with  myfelf  for  my  Imprudence, 

"  that  by  catching  at  a  Shadow,  I  had  been  fo  far  deprived  of  the  Peace 

**  and  Quiet  of  my  own  Mind,  which  is  a  thing  of  more  fubftantial 

«  Worth. 

€€  About  that  Time,  yames  Gregory,  from  one  certain  Series  of 
mine,  which  Mr.  Collins  had  fent  him,  after  much  Thought  and  Ap- 
plication (as  he  himfelf  wrote  back  to  Collins)  lighted  upon  the 
fame  Method,  and  hath  left  a  Treatife  upon  it,  which  we  hope 
"  will  be  publifhed  by  his  Friends.  Since,  confidering  bis  extraordina- 
€C  ry  Genius,  he  muft  have  added  many  new  Difcoveries  of  his  own, 
"  which  would  be  a  great  Lofs  to  mathematical  Learning,  fhould  they 
«  be  loft4.  "  But 

3  By  which  he  means  this  Analyfis  by  infinite  Equations. 

1  This  Treatife  is  mentioned  by  Mr.  Collins  in  two  Letters  publifhed  in  the  Com.  EpifL 
N°  22,  23  ;  and  it  appears,  by  the  Account  given  of  it  by  him,  and  by  what  follows  in  this 
Letter  of  the  Author,  to  be  the  fame  with  that  publifhed  by  the  ingenious  Mr.  John  Colfon* 
now  Profeffor  of  Mathematics  in  the  Univerfity  of  Cambridge,  A°  1736,  under  the  Title  of  Tin 
Method  cf  Fluxions  and  infinite  Series  ;  nuitb  it's  Application  to  the  Geometry  of  Curve  Lines. 

*  Here  we  have  Sir  Ifaac  Newton's  own  Teftimony  that  Mr.  James  Gregory  discovered  a 
General  Method  of  Quadratures  and  Series's,  of  the  fame  Sort  with  his  own.    This  is  fufficient- 
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\  "  But  as  for  my  Treatife  I  mentioned,  I  had  not  quite  finished  it, 

]  "  when  I  gave  over  my  Defign :   And  I  have  had  no  Inclination  to 

"  this  very  Day,  to  add  the  other  Things  to  it.     For  it  wanted  that 
1  €C  Part,  in  which  I  had  defigned  to  explain  the  Method  of  folving 

[  "  fuch  Problems  as  cannot  be  reduced  to  Quadratures  :  Although  I  had 

•  "  laid  down  fomething  of  the  Foundation  of  this  alio.     However  the 

1  "  Dodtrine  of  Infinite  Series  made  but  a  fmall  Part  of  that  Treatife. 

u  I  put  a  good  many  Things  together,  among  which  was  the  Me- 
u  thod  of  drawing  Tangents  j  which  the  fagacious  Slufius  communi- 
"  cated  to  you  fome  two  or  three  Years  ago ;  concerning  which  (at 

1  \y  confirmed  by  Mr.  Gregory*  s  Letters  to  Mr.  Collins,  publifhed  in  the  Com.  Epift.  N°  16,   17 ; 

18,  20,  wrote  in  the  Years  167,0  and  1671 ;  by  Mr.  Oldenburg* &  Letter  to  Mr.  Leibnitz,  Ap.  15. 
A°  1675.  N°  36.  and  by  Mr.  Collins'*  Letter  to  David  Gregory,  Brother  to  James,  Jug.  11. 
A°  1676.  Np47 ;  which  was  the  Year  after  James  Gregory  died.     But  although  this  be  evident 
from  thefe  and  other  inconteftable  Proofs,  yet  by  any  thing  that  ever  I  could  learn,  Mr.  Gre- 
gory left  no  fuch  Treatife  behind  him,  at  his  Death,  as  Sir  lfaac  Newton  fpeaks  of  in  this  Place : 
And  had  there  been  any  fuch,  it  is  highly  probable  it  would  have  been  made  public  by  his 
Nephew,  Dr.  David  Gregory,  late  Profeffor  of  Aftronomy  at  Oxford,  with  whom  all  his  Uncle's 
Papers  were  left.    Thefe  Papers,  which  are  now  in  the  Cuftody  of  Dr.  David  Gregory,  Canon 
of  CbriJFi  Church  in  that  Univerfity,  according  to  his  known  Humanity,  were  allowed  me 
and  another  Gentleman  to  perufe  in  the  Year  1 736,  with  the  Hopes  of  fadingfome  fuch  Treatife 
as  that  mentioned  by  Sir  lfaac  Newton ;  but  we  could  not  difcover  any  fuch  Thing  among  thefe 
Papers,  although  we  faw  feveral  curious  ones  upon  particular  Subjects,  which  are  not  in  Print. 
On  the  contrary,  by  fome  Letters  we  faw,  it  appears  that  James  Gregory  had  not  compiled 
any  Treatife  containing  the  Foundations  of  this  General  Method,  a  very  fhort  Time  before  his 
Death.     So  that  all  that  can  be  known  about  his  Method,  can  only  be  collected  from  his 
Letters  publifhed  in  the  Com.  Epift.  and  the  fhort  Hiftory  of  his  Mathematical  Difcoveries  com* 
piled  by  Mr.  Collins  in  twelve  Sheets  after  his  Death,  at  the  Defire  of  the  Gentlemen  of  the 
Royal  Academy  at  Paris:  Which  was  repofited  among  the  Archives  of  die  Royal  Society  at 
London.    See  Com.  Epift.  N°47-    The  Principles  of  his  Method  feem  to  have  been  few  and 
funple  ;  which  he  could  eafily  retain  in  his  Mind,  and  apply  as  Occafion  offered.     And  I  ami 
much  miftaken,  if  they  have  not  been  the  very  fame,  or  nearly  the  fame,  with  thofe  of  Sir 
lfaac  Newton's  Method  ;  as  may  be  colle&ed  from  his  Letters  to  Mr.  Collins,  mentioned  already. 
In  one  of  which  he  favs,  I  bad  not  obferved  that  Mr.  Newton'/  Series  for  tbe  Zone  of  a  Circle 
(which  you  did  me  the  Pleafure  to  tranfimtfome  Time  ago)   together  with  an  infinite  Number  of 
fuch  Series's,  are  eafjy  Confequences  from  that  one  which  I  fent  you  about  Logarithms ;  viz.  a 
Logarithm  being  given,  to  find  it's  Number ;  or  to  change  the  Root  of  any  pure  Power  into  an  infinite 
Series.     And  in  another  he  fays:  As  to  Mr.  "Newton's  General  Method,  I  am  pojfejfed  of  it  in 
feme  Meafure,  I  think,  as  well  with  refped  to  mechanical  as  geometrical  Curves.     And,  after 
giving  him  a  confiderable  Number  of  different  Series's  for  the  Circle,  EUipfe,  and  Hyperbola, 
he  adds  :    I  would  not  incline  to  give  you  fo  much  Trouble ;  nor  have  I  a  Mind  to  print  any  thing, 
unlefs  it  be  to  give  a  new  Edition  of  my  Quadrature  of  the  Circle,  with  fome  trifling  Additions. 
As  to  my  Method  of  finding  tbe  Roots  of  all  Equations  ;  one  Series  difcovers  one  Root  only ;  but  there 
are  infinite  fuch  for  every  Root :   Although  it  requires  feme  Pains  to  begin  tbe  Series  right,  and  to 
diftinguijh  tbe  Root  to  which  it  belongs.     But  JJball  perhaps  write  you  more  of  this  afterwards. 
You  need  b    in  no  Strait  to  communicate  whatever  I  fend  you,  to  any  P erf  on  :  For  I  am  not  at  all 
anxious,   whether  it  be  publijbed  under  my  Name,  or  that  of  any  other.     This  laft  Sentence  fhews 
a  worthy  Difpoi.tion  of  Mind,  which  regarded  the  Difcovery  of  Truth  only,  without  aife&ing     - 
thd  Honour  of  being  the  Difcoverer.     From  thefe  and  fome  other  Paflages  in  other  Letters  in 
the  Com.  Epift.  it  appears  that  Mr.  Gregory**  Method  he  made  ufe  of  after  the  Year  1670,  and 
Sir  lfaac  Newton's  were  in  Efieft  the  lame. 

"  the 
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"  the  Defire  of  Mr.  Collins)  you  writ  back  that  I  was  in  the  Know- 
<c  ledge  of  the  fame.     We  fell  upon  it,  it  is  true,  in  different  Ways. 
<c  When  one  knows  the  Foundation  I  proceed  upon,  he  cannot  draw 
"  Tangents,  after  any  other  Manner,  unlefs  he  defignedly  go  out  of 
<c  the  right  Way. 

"  Moreover  there  is  no  Stop,  whatever  Way  the  Equations  be  af- 
<c  fedted  with  Radicals,  affedling  one  or  both  the  indefinite  Quantities  ; 
cc  but  without  any  Reduction  of  fuch  Equations  (which  would  render 
"  the  Work  frequently  infupportable)  the  Tangent  is  dire&ly  drawn. 
iC  And  the  Thing  is  much  the  fame  in  the  Questions  de  Maximis& 
"  Minimis ,  and  fome  others,  which  I  (hall  not  here  mention. 

c<  The  Foundation  of  thefe  Operations,  which  is  obvious  enough 
"  in  itfelf  (becaufe  I  can't  here  purfue  the  Explication  of  it)  I  chufe 
"  rather  to  conceal  in  Cypher  thus  baccdaiyffyiilgn^D/tfirr^sgtizvx  *. 
"  Upon  this  Foundation  I  have  endeavoured  likewife  to  render  the 
"  Speculation  concerning  the  Quadrature  of  Curves,  more  fimple ; 
"  and  have  arrived  at  fome  more  general  Theorems." 

Here  he  gives  an  Account  of  thefe  Theorems,  and  fome  Examples 
of  their  Application :  By  which  it  appears,  that,  by  applying  the 
Foundation  juft  now  mentioned  to  render  the  Speculations  about  the 
Quadrature  of  Curves  more  fimple,  he  means  the  Subftance  of  the 
Do&rine  contained  in  his  Treatife  of  the  Quadrature  of  Curves ;  which 
likewife  appears  from  that  Part  of  the  Method  of  Fluxions  and  Infinite 
Series  itfelf,  publifhed  by  Mr.  Colfon,  which  treats  of  this  Affair.  (See 
Prob.  9.  throughout,  ejpecially  Art.  63.)  And  after  he  has  given  fome 
Account  of  thefe  Theorems ;  and  (hewn  how,  at  length,  they  become 
very  complex,  when  the  Progreffions  of  the  Curves  are  continued  ; 
he  adds,  €C  So  that  I  am  of  Opinion  that  they  could  fcarce  be  found 
€c  out  by  the  Tranfinutation  of  Figures,  which  James  Gregory  *  and 
"  fome  others  have  made  ufe  of,  without  fome  other  Foundation. 
c<  For  my  own  Part,  I  could  not  arrive  at  any  thing  that  was  general 
in  thefe  Matters,  until  I  abftradted  from  the  Contemplation  of  Fi- 
gures, and  reduced  the  whole  Affair  to  the  fimple  Confideration  of 
the  Ordinates  only. 


«c 
cc 
cc 


1  This  being  decyphered,  is,  Data  Equation  quotcuxque  Fluentes  Quantttatts  invdvtnte, 
IluBiones  itevenire ;  6f  wee  <verfa.  i.  t.  An  Equation  being  given,  involving  any  Number  of 
Flowing  Quantities,  to  find  the  Fluxions ;  and  contrarily. 

*  This  is  the  Method  of  Quadratures  which  Mr.  James  Gregory  had  formerly  made  ufe  of 
in  his  Book  publiflied  at  Padua  in  1668,  under  the  Title  of  Geomctri*  fan  univerfalh in/emnens 
^uantitatum  Gurvarum  Iranfmutationi  t$  Menfura?. 

15.  And 
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15.  And  thus  I  have  given  fome  Account 3  of  the  Rife  and  Progrefs 
of  the  Contemplation  of  Curves  and  Infinite  Series :  And  therefore  come 
now,  as  I  propofed,  to  give  fome  Account  of  the  Contents  of  this 
Treatife  of  Analyfis  by  Equations  of  an  infinite  Number  of  Terms ;  and 
to  fliew  wherein  it  agrees  with  the  other  Treatife  of  the  Quadrature  of 
Curves ;  and  wherein  they  differ. 

16.  As  to  the  Analyfis  by  Equations  of  an  infinite  Number  of  Terms  > 
we  may  take  it  up  as  containing  the  following  Things. 

i°.  The  Quadrature  of  fimple  Curves;  where  the  Ordinate  is  equal 
to  one  Term  only,  including  fome  Power  of  the  Bafc  or  Abfcifs  *, 
any  Way  involved  with  known  Quantities  \   thus  generally  expreffed, 

M 

y=za^. 

20.  The  Quadrature  of  compound  Curves:  /.  e.  where  the  Ordinate 
is  equal  to  an  Aggregate  of  fuch  fimple  Terms. 

30.  The  Quadrature  of  all  other  Curves,  where  the  Value  of  the 
Ordinate  y%  or  fome  Part  of  it,  is  more  complex  than  in  the  two 
preceding  Cafes.  And  here,  fuch  complex  Value,  or  Part  of  the 
Value  of  y,  may  be  of  three  Kinds.  i°.  A  Fraction,  which,  after  it 
is  reduced  as  far  as  may  be,  by  the  common  Rules  of  Algebra,  ftill  re- 
tains the  Denominator  a  compound  Quantity,  including  the  Abfcifs  x 

in  one  or  more  of  it's  Terms,  as  7x7  •    2°#  Some  complex  Radical, 
involving  the  Abfcifs  x  in  one  or  more  Terms  below  the  Vinculum,  as 

y  =  */aa—xx.  30.  The  Root  of  an  affedted  Equation,  *&y*-\-a*y 
+  axy  —  2*3  — x*  =  o.  In  all  thefe  Cafes,  we  are  here  taught  how 
to  reduce  the.  Value  of  y  into  an  infinite  Series  of  fimple  Terms.  For 
doing  of  which  we  have  three  different  Methods,  correfponding  to 
thefe  three  different  Cafes;  which  are  Divifion,  Extraction  of  the* 
Roots  of  compound  Quantities,  and  Extraction  of  the  Roots  of  afle&ed 
Equations ;  all  explained  here  in  Order.  And  under  the  Head  of  the 
Extraction  of  Roots  of  affe&ed  Equations,  our  Author  (hews  the 
Method  of  doing  it  in  numeral  Equations,  as  well  zsfpecious. 

J  In  this  fhort  Account  of  the  Do&rine  of  Curves  and  Infinite  Series,  I  have  omitted  making 
Mention  of  a  great  Number  of  ingenious  and  learned  Men,  both  of  our  own  Nation  and 
Foreigners,  who  by  their  Induftry  and  Labours,  have  deferred  well  of  Mathematicks  in  thefe 
Particulars.  For,  an  exact  Account  of  their  Difcoreries  and  Improvements,  both  before  and 
fince  our  Author's  Time,  would  take  up  a  large  Volume  of  itfelf ;  which  I  think  might  be  a 
very  ufeful  Work.  Neither  have  I  entered  into  the  Difpute  betwixt  the  Entlijb  and  Foreigners  ' 
about  the  firft  Inventor  of  the  Method  of  Fluxions.  With  refped  to  which  I  am  of  Opinion, 
th.it  no  difinterefled  Perfon,  who  will  take  the  Trouble-to  read  the  Commercium  Epijloliatm,  • 
po&lifhed  by  Order  of  the  Royal  Society,  can  be  in  any  Doubt  ' 

A  a  a  4°.  He 


36*  ANALYSIS  hy   Eqjjatioks,  &c. 

4°«  He  likewife  flbews  how  the  foregoing  Do&rine  of  the  Quadra- 
ture of  Carves,  may  be  applied  to  other  Suh}e£ts>  and  gives  an  Exam- 
ple in  finding  the  Lengths  of  Curves. 

5°.  He  lets  us  fee  bow  we  may  return  again  from  the  Area,  or 
Length,  &c  given,  to  the  Bate  or  Abfcifs  of  die  Curve,  by  Means  of 
the  Refolution  of  affedted  Equations. 

6Q»  He  fhews  how  this  Do&rioe  may  be  applied  to  mechanical 
Curves. 

7°.  He  gives  a  Demonftrabon  of  the  Quadrature  of  fimple  Curves ; 
which  in  Effe£fc  contains  a  Demooftratioa  of  the  Quadrature  of  all 
Others.  And  here,  by  the  Way,  he  £hew&  what  Way  you  may  find 
as  many  Curves  as  you  pleafe,  that  can  be  fquared. 

Finally,  you  have  a  Demonftration  of  the  preceding  Method  of 
refblving  afle&cd  Equation*. 

17.  Wherefore  by  what  is  delivered  in  this  (hort  Compend  of  Sir 
Ifaac  Nmtori&  firft  Difcoveries,  we  are  taught  the  Method  of  finding 
the  Areas  of  all  Sorts  of  Owves,  either  exactly  or  approximately.  But 
this  wonderful  Perfbn,  not  content  with  this  noble  Dffeovery,  which 
infinitely  furpafled  all  that  had  been  done  before  m  this  Afl&ir,.  ffilt  pro- 
ceeded further,  and  made  eonfiderafek  Improvements  in  it ;  which 
are  delivered  in  the  other  twin  Performance,  hie  TVeatHk  of  the 
Quadrature  qf  Curves.  For  it  often  happen*  that  thp&  Cimes,  whofc 
Areas  can  only  be  exhibited  by  infinite  Equations,  according,  to  the 
Methods  laid  down  in  this  Analyfisv  are  capable  of  being  expreiTed  by 
finite  Equations,  and  fi>  may  be  geometrically  lquared;  or  they  may 
be  compared  wkh  other  more  fimpte  Curves,  whofe  Areas  may  in 
feme  Rcfpcft  be  considered  as  known ;  fuch  as  the  Conic  Sections. 
Accordingly  be  has  taught  as  the  Way  of  doing  thrs  in  his  Quadrature 
of  Carves-:  and  thereby  rendered  this  Speculation  more  fimpfe;  and 
advanced  that  Db&rinc  to  a  greater  Degree  of  Pbrfe&ion.  For  as  the 
^  Solution  of  a  Problem  by  an  Equation  of  an  higher  Qfder,  when  it 
may  be  fclved  by  one  of  a  lower,  is  reckoned  ungeometrical',  becaufo 
not  fo  fimple  a*  the  Nat  a  re  of  the  FroHenx  will  admit  5  fb>  much  ra-^ 
ther  a  Solution  by  means  of  an  infinite  Equation  is  not  to  be  admitted,, 
when  the  fame  Thing  can  be  done  hy  means  of  a  finite  BquatiQOv 
For  if  this  can  he  done,  the  Curve  is  geometrically  fquared,  i.t.  com- 
pared with  re<£tilinear  Figures.  And  when  this  cannot  be  done>  yet 
k  is  of  confiderable  Ufe  to  reduce  the  Areas  of  Curves,  to  the  moil, 
fimple  Curves,  with  which  they  admit  of  a  geometrical  Companion* 
"  The  fifth  and  fixth  Proportions  of  the  Quadrature  of  Curves  piefent 
us  wifh  two  General  Theorems  for  the  Areas  of  all  Curves  which  are 

thus; 
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thus  generally  expreffed  y=zz*~l  X  e-\-fz,-{-gz2',+bzSll&c. 

xa+fo?  +r^  -f<fe3n&c.  or y  =zz*~Jxe  +fz*  +  gxtn  bcS*~y 

X  h  +lz%  +  »^2*  &cT"!  X  *  +Ab'  +  ^^  &c  :7  king  the  Ordinate} 
z  the  Abfcifs ;  0,  *f  A,  p,  any  Numbers  whatfoever,  integral  or  fractional, 
pofitive  or  negative;  the  other  Letters  rcprcfenting  any  known  Quan- 
tities. Where  the  Series's  expreffing  the  Areas  often  terminate ;  and 
thereby  (hew  the  Curve  to  be  geometrically  quadrable ;  when  at  the 
fame  Time  the  Area  exhibited  by  the  Method  in  the  Analyfis,  can  be 
expreft  no  other  Way  but  by  an  infinite  Series. 

For  uoderftanding  of  which  the  Reader  may  confult  thefe  two  Pro* 
pofitioos,  and  our  Explication  of  them. 

18,  There  are  other  Cafes  of  Curves  likewife,  which  may  be  geo- 
metrically fquared  by  the  ninth  and  tenth  Propofitions:  whofe  Areas 
can  only  be  expreft  by  infinite  Equations,  according  to  the  Method  of 
the  Analyfis.  And  by  th6  tenth  Prop,  of  the  Treatife  of  Quadratures, 
you  can  always  difcover  what  are  the  tnoft  fimple  Figures,  whether 
rectilinear,  or  curvilinear,  with  which  any  Cnrve  can  be  geometrically 
compared,  whofe  Ordinate/  is  determined  from  the  Abfcifs  2  given, 
by  an  Equation  not  affeded.  By  Cor.  x.  of  that  Prop,  yon  can  find 
the  moft  fimple  Figures-  with  which  any  Curve  can  be  compared* 
whole  Ordinate/  is  the  Root  of  an  affoded  quadratic  Equation :  fuch 
as  axy%  -J-  z2y%  =  za*y  +.  zz*y  —  z*.  And  therefore  alfo,  every 
Curve,  whofe  Ordinate  is  defined  by  any  affeded  Equation,  which  can  be 
made  to  pafs  into  another  Curve  whofe  Ordinate  is  defined  by  a  quadratic 
affeded  Equation,  by  the  Method  taught  in  Cor.  8.  Prop.  9.  may  be  geo- 
metrically fquared ;  or  compared  with  the  moft  fimple  Figures  with  which 
it  admits  of  a  geometrical  Comparifon.  Moreover  by  Cor.  2 .  of  that  Prop, 
every  Curve  whofe  Ordinate  is  defined  by  fuch  an  affeded  Equation,  as 
may  be  made  to  pafs  into  an  Equation  not  affeded,  by  the  Method  taught 
in  Cor.  7.  Prop.  9.  can  be  geometrically  fquared;  or  compared  with 
Other  the  moft  fimple  Curves,  it  admits  of  being  compared  with. 
Under  this  laft  head  are  included  all  fuch  Curves,  whofe  Equation 
confifts  of  three  Terms,  whatever  Way  affeded :  thus  generally  expreft 

az!  -+-  bzff  +  cf = °- 

19.  Thefe  are  the  Cafes  of  Curves  whofe  Areas  may  be  found  by 
what  is  taught    in   our  Author's  Quadrature  of  Curves.     By'which^ 
alfo  we  find  when  they  admit  of  a  geometrical  Quadrature,  or  Com- 
parifon with  right  lined  Figures :  which  often  .  happens,    when   their 

a  Areas  can  only  be  expreft  by  an  infinite  Series,  by  the  Methods  taught 

A  a  a  2  in 
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in  this  Analyfis.  For  when  the  Ordinate,  or  *ny  Part  of  it,  is  expreffc 
by  a  complex  Fradtion  or  Radical,  the  Area  which  is  exhibited  by  the 
Analyfis  is  always  expreft  by  an  infinite  Series :  and  it  very  feldom  hap- 
pens to  be  otherwife,  when  the  Ordinate  is  the  Root  of  an  afFefted 
Equation.  Wherefore  it  hence  appears  that  our  Author's  Treatife  of 
the  Quadrature  of  Curves  is  a  considerable  Improvement  of  that  Sub- 
ject, and  what  is  connected  with  it.  Befides  what  has  been  faid,  it 
contains  the  fundamental  Principles  of  the  Method  of  Fluxions ;  many 
ufeful  Things  refpeding  the  Comparifon  andTranfmutation  of  Curves; 
and  (hews  in  the  laft  Scholium,  how  far  the  Quadrature  of  Curves  ferves 
for  finding  the  Fluents  from  the  Fluxions  given*  Finally  it  prefents  us 
with  two  moil  ufeful  Tables  of  Quadratures :  the  firft  of  which  exhibits 
I  the  Areas  of  the  more  fimple  Kinds  of  Curves  that  can  be  fquared  * 
the  other  contains  the  more  fimple  Kinds  of  Curves  that  may  be  com- 
pared with  the  Conk  Seflions.  So  that  the  Areas  in  both  Cafes  may 
be  found  by  fimple  Infpe&ion. 

20.  But  in  regard  there  are  Curves,  whole  Areas  cannot  be  found  at  all 
by  the  Methods  taught  in  the  Quadrature  of  Curves,  viz.  thofe  that  are 
defined  by  Equations  that  come  not  under  any  of  the  Heads  mentioned 
in  Art.  17.  and  18.  above:  therefore,  in  thefe  Cafes,  we  muft  have 
Recourfe  to  the  Method  taught  in  this  Analyfis,  by  the  Resolution  of 
afFeded  Equations  into  infinite  Series.  Which  is  one  of  the  chief  Rea- 
fons  of  annexing  this  Analyfis  with  the  Explication  of  it,  to  the  fore- 
going Treatife  of  the  Quadrature  of  Curves,  V. 


SECT.     II. 

Explication  of  the  firft  Part  of  the  Author's  third  Rule; 
which  fhews  «the  Method  of  finding  the  Areas  of  thofe 
Curves,  which  require  tKe^  Reduction  of  complicate 
Fra&ions  and  Radicals  :  contained  in  Art.  1 2  —  20. 

21.  A  S  to  the  two  firft  Rules  for  the  Quadrature  t£Jmp\e  and  com- 
jLjL  pound  Curves,  I  think  I  have  fo  fully  explained  the  Dodrine 
contained  in  them,  in  the  Notes  upon  the  preceding  Treatife,  efpecially 
in  Se<ft.  5.  and  the  Explication  of  Prop.  5.  that  it  would  be  a  needlefs 
Repetition  to  lay  any  thing  upon  that  Head,  in  this  Place. 

22.  I  told 
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22.  I  told  already  that  there  are  three  different  Ways  of  reducing 
Quantities  into  infinite  Series,  r*.  By  Divifwn*  2°.  By  extra<fting 
the  Roots  of  furd  Quantities.  30.  By  ex  trading  the  Roots  of  off  eft ed 
Equations.    The  firft  two  are  to  be  explained  in  thisSedion. 

23.  Any  Fra&ion,  whofe  Denominator  confifts  of  more  Terms  than 
one  after  the  Fradion  is  brought  to  it's  moft  fimple  Expreflion,  may 
be  reduced  to  an  infinite  Series  of  fimple  Terms  (/.  e .  which  either 
have  no  Denominators ;  or  elfe  only  fimple  ones)  by  dividing  con- 
tinually ;  as  is  done  in  the  Cafe  of  Divifion  in  Decimal  Arithmetic, 
where  there  is  a  Remainder  :  in  which  Cafe,  as  is  commonly  known, 
the  Quotient  may  be  continued  in  decimal  Fractions :  which  very  often 
run  out  infinitely.  The  Conveniency  of  thus  reducing  Fra&ions 
having  compound  Denominators ;  and  the  Ufe  to  be  made  of  it  in  the 
Quadrature  of  Curves,  appears  from  what  our  Author  (hews  of  it's 
Application  to  the  equilateral  Hyperbola ;  and  fome  other  Curves. 

24.  In  the  Application  of  this  Operation  to  the  fquaring  of  Curves,, 
where  the  Ordinate  y%  or  any  Part  of  it,  is  expreft  by  a  Fraftion  ;  it  is 
only  then  that  the  Denominator  of  the  Fraction  is  reckoned  compound, 
and  the  Fraction  to  be  turned  into  an  infinite  Series,  when,  after  it  is 
reduced  by  the  common  Rules  for  reducing  of  Fractions  in  Algebra, 
the  Denominator  is  ftillmade  up  of  feveral  Terms,  of  which  one  or 
more  include  the  Bafe  or  Abfcifs  x:    and  no  otherwife.     Thus 

r£r>    u»J?+ii>»  arc  fuch  ~mPlcx  Ff^ions;    but  -^X> 
a%  +  2ax+x%        arc  not  reckoned  fuch :  fince  in  the  firft  of  them* 

3«*  *\-  $ax  —  ab  —  ox*  > 

the  Abfcifs  x  does  not  enter  the  Denominator  >  and  the  other,  when  re- 
duced  to  it's  moft  fimple  Expreflion,  becomes  _j ,  where  the  De- 
nominator doth  not  include  x  neither.  But  in  the  other  two  Examples,, 
the  firft,  which  is  already  in  it's  loweft  Terms,  includes  x  in  one 
Term  of  it's  Denominator ;  and  the  other,  after  Redu&ion,  becomes 

— — ,  which  ftill  includes  x  in  one  Part  of  it's  Denominator. 

a— x  9 

25.  The  Author's  firft  Example  is  for  finding  the  Area  of  the  ex- 
ternal re&angular  Hyperbola  ABDC  (See  the  Fig.  in  the  Analyfis 
Art.  12.)  The  Manner  of  Operation  in  dividing  is  clearly  laid  before 
us,  and  contains  no  Difficulty  in  it.  In  this  Example,  AB  =  x  the 
Abfcifs,  which  commences  at  the  given  Point  A  in  one  of  the  Af- 
fymptotesj  BP=j  the  perpendicular  Ordinate;  the  Diftance  be- 
twixt 
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/  -  l»U  =  }  ,-_  :  and  tf  you  a<aua„y  d.y.de  ^  hyb_x   ^ 

tient  is  £  4-  «£   i.  «!fl   ,    «**»     ,         ,      ^  '         X 

^  -r  ^,  -r   j,    -1-  -p-,   &c :    therefore  the  Hvtwrh«i;~,i 

P»fi"g  -  negative,  become,  KTe'^b  ^T^  ^  J»  *P" 
adgcent  to  any  Part  of  the  MCmauZ  £  ,.  •  T^"*.!*  * *•  Ana 
biflefted  :  and  calling  i  the  DiS  J       reqwnsd,  te  ruch  Part  be 

Quantity  *  rhnding  forthchalfo/  *?? an(.  <fc«°<")0  and  the  variable 
and  «  being  the  fi.Se  as  before -^  JL^I  *"  "/ ^  Asymptote, 
2S  +  »'•>'    .    »■-   .    "^  ^  adjaceot  ,0  the  P«t  «  will  be 

«rge,  whatever  be  the  VaLof  -   /!„,,   k    ^"?,  wlU  »J»»J»  coo. 

ii  *?  +  j£  J^ 1  ^  **•*""**  the  Area. 
«c.  which  denotes  the  Are*  pn  .'  p        *        ***  "ris 

and  u,finl,ely  „,ended  along  &Ab&%2£ffiZ*J&*4 
l«  found,  .  reg.rd  A.  firft  Term  £  ia  infin^reaf  a°n0' 


27.  But 
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27.  Bat  in  oar  Author^  fecond  Example,  viz.  y  =  ~^f  (Art*  13.) 

which  belongs  to  an  Hyperbola  of  a  higher  Order,  if  you  divide  1  by 
**-H>  putting  **  fbremoft,  the  Quote  is **-*  —  x-4  -^  *-6  _  *-s  £c 


*-' 


==y  .•  and  therefore,  by  the  fecond  Rule,  the  Area  is  —  *-»  -| 


—I  «7 


—  - J-  —  &c.  Which  is  the  Value  of  the  Area  BD«,  extending 

itfelf  along  the  Abfcifs  infinitely  produced  beyond  the  Ordinate  BD,  the 
Signs  of  all  the  Terms  being  changed  into  their  Oppofites.  Which 
Value  is  finite,  although  the  Area  be  infinitely  extended :  and  the 
Series  converges,  if  x  be  greater  than  1.  Whereas  the  other  Series, 
viz.  x  —  ±x*  -|-  7 x*  —  y*7  &c*  denotes  the  Area  ABDC  adjacent  to 
the  Abfcifs  AB  :  which  converges  when  x  is  lefs  than  k  Thefe  two 
Expreflions  of  the  Area  are  exadly  the  lame  which  the  fifth  Prop,  of 
the  Treatife  of  the  Quadrature  of  Curves  would  be  found  to  give,  by 

putting  yzzziJf-oPl*  5  or  x-2x  i  +  x-2l~  ,   and  comparing  them 

with  the  general  Form  in  that  Prop.  viz.  y=zz*~l  xe-\-fz*1  "    x 

a  -f-  bz*  &c 

2X*  — »  xi 

28.  TheDwifion  ia  the  Author's  Iaft  Example  (Art.  i^.)viz.——t 

—y>  is  performed  xtt  the  following  Manner. 

1  -J-  xi  — >  $x)  *x*  —  xi  {zxi  —  %x  -|r  7**  —  13**  &c»  =y 
2xk -\~  2X  —  6*t 

—  £x  +  5xi 

—  2X**~  2X*  -)»6x* 


+  7**  — 6x* 

+  7**"+7**— ai** 

I  ■  >        ■   1  -    . 

—  13*4  -f-  stjxi 


And 
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And  if  you  invert  the  Order  of  the  Terms  of  the  Divifor  and  Dividend, 
the  Operation  is  as  follows. 


-3*+* 

*+i)- 

11 

six 

— ._13_^&c.=/ 
243** 

.5** 
—  t*  +  — 
•     3 

-f*  +  -^  +  i 

9" 

X   7 

A- 

2JX* 

+ 
+ 

1    I 

II 
8ix* 

11 
""8ix 

• 

» 

53 
81** 

,  1L 

1  8ix 

&c 

'    Therefore  the  Area  in  the  former  Cafe,  which  is  adjacent  to  the 
Abfcifs,  is  ±xl  —  x%  4-  y*t  —  y  x*  &c.     But  in  the  other  Value  of 

y,  there  is  included  the  Term  —  ^,  where  x  is  of  one  Dimenfion  in 

the  Denominator :  which  therefore  denotes  the  Ordinate  applied  to  the 
Affymptote  in  the  Conical  Hyperbola :  the  Quadrature  of  which  Term 
produces  an  Area  infinitely  great  By  fuch  a  Series  you  can  neither 
find  the  Area  adjacent  to  the  whole  Abfcifs  x ;  nor  adjacent  to  the 
Abfcifs  produced  infinitely  beyond  the  Ordinate  $  but  only  the  Area 
adjacent  to  fome  intermediate  Part  of  the  Abfcifs :  which  would  be 
the  Cafe  likewife  here,  although  there  were  no  fuch  Hyperbolical 
Term,  in  regard  the  Powers  of  x  would  be  found  in  the  Numerators 
of  fome  of  the  Terms ;  and  in  the  Denominators  of  other  of  the  Terms 
of  the  Value  of  the  Curvilinear  Area.  For  underflanding  of  this 
confult  Sett.  5.  of  the  former  Treatife. 

Froa 


EXP  LAI  NE  D.  369 

From  thefe  Examples  of  the  Quadrature  of  Curves,  which  require 
a  Reduction  of  their  Ordinates  into  infinite  Scries  by  Means  of  Divi- 
sion, you  may  underfland  how  you  are  to  proceed  in  any  fimilar  Cafe 
of  Curves,  where  fuch  Operation  is  required  V 

29.  In  the  whole  Bufinefs  of  Infinite  Series,  whether  arifing  by  Di- 
vifion  j  or  otherwife,  the  Operation  refembles  thofe  operations  in 
Decimal  Arithmetic,  where  the  Quotient  runs  out  into  a  Number, 
which  approximates  to  the  Value  of  the  Thing  fought  continually,  but 
fo  as  that  it  never  terminates.  Such  is  that  Operation  by  which  Vulgar 
Fractions  are  reduced  to  Decimal  Fractions,  when  the  Fra&ions  can- 
not be  wholly  expreft  in  Decimals ;  and  that  whereby  the  Roots  of 
fuch  Numbers  are  extraded,  which  are  not  true  Powers  of  their  Kind. 
In  which  Cafes  you  approximate  to  the  Quotient,  or  Root,  in  Decimals ; 
and  may  approach  nearer  to  it  than  by  any  given  Difference ;  but  can 
never  arrive  at  the  full  Value.  The  chief  Difference  betwixt  thefe  in- 
finite Series's  in  Decimal  Arithmetic,  and  thofe  in  the  Literal  or  Spe- 
cious, is,  that,  in  the  former,  there  is  only  one  Scale  or  Progrefiion  of 
Terms,  which  decrcafes  in  a  decuple  Proportion ;  and  the  Coefficients 

.  ■  Mr.  Jama-  Gregory,  in  his  Vera  Circuit  &  Hyperbola  gnadratnra,  publiihcd  in  the  Year 

1667,  gave  a  converging  Series ;  or  at  leaft  (hewed  the  Conifcturion  of  a  converging  Series, 
which  proceeds  by  Pairs  of  Terms,  of  that  Sort  I  have  mentioned  above,  Art.  7.  by  which  he 
(hews  how  to  approach  to  the  Area  of  the  Hyperbola,  as  well  as  that  of  the  Circle,  as  near  as 
you  pkafe.  In  April  next  Year,  Lord  Vifcount  Brounker  publiihcd  an  infinite  Series  (of  that 
kind,  which.  I  have  called  above,  Art.  6.  the  Newtonian)  for  the  fame  Porpofe :  which  Series 

he  expreflfes  thus  ^— +—  4-  — -r  +y^p  &**  **  '*/-  That  fame  Year  Mr.  Nicholas 

Mercator,  an  Holfatiati  by  Birth,  but  who  had  fpent  a  great  Fart  of  his  Life  in  England,  pub- 
lifhed  his  LogaritbmoUcbnia,  in  which  he  Jhewed  how  Lord  Viscount  BronwUr's  Series  might 
be  found,  by  reducing  a.  complex  Fraction  to  an  infinite  Series  of  fimple  Terms  by  Di vifion. 
Which  was  but  a  (mall  Improvement  upon  what  Dr.  Walks  had  (hewn  in  his  Math.  Unru. 
Chap.  33.  with  reipeft  to  Divifion  (although  the  Do&or  had  not  given  any  explicate  Example, 
in  which  the  Number  of  Terms  in  the  Quotient  was  infinite,  as  fome  alledge)  Mercator  having 
reduced  the  complex  Fra&ioa  to  an  infinite  Series  of  fimple  Terms,  had  no  more  ado  after 
that,  but  apply  the  fame  Perfon's  Method  of  Quadratures  in  his  Jritb.  Inf.  for  fquaring  the 
feveral  Terms.  Upon  the  Publication  of  the  Logaritbmoteebnia,  Dr.  Wallis  iUultrated  the  Dif- 
covery;  and  gave  another  infinite  Series  for  the  feme  Porpofe,  in  the  Pkihfiph.  Tranf.  for 
Aug.  1668.  Mercator  and  Wmtttfi  Series's  were  in  effe&  the  fame  with  thofe  mentioned  above, 

A*.  25,  WK.  ^  _  _-  +  —  __,  &c    aiMl  T  +12r+  -^  +  ~^M. 

the  former  being  Mercator*  t;  the  latter  Dr.  WaHis's.    Towards  the  End  of  the  fame  Year 

1668,  Mr.  James  Gregory  publithed  his  Exercitationes  Geometric*  :  in  which  he  promoted  and 
enlarged  Mercator**  Difcovery,  and  gave  a  geometrical  Demonftration  of  it,  by  means  of  fum- 
ing up  the  Secants  of  a  circular  Arch.  However  it  appears  from- what  we  have  taken  out  of 
Sir  Ifaac  Newton's  Letter  to  Mr.  Oldenburg,  recorded  above,  and  other  undoubted  Evidences, 
that  bir  Ifaac  was  pofleft  of  his  General  Method  of  reducing  Complicate  FraeJions,  Radicals,  and', 
affeaed  Equations y  into  infinite  Stria's,  above  two  Years  before  the  Logaritbmotecbnia  was 
publiihcd.. 

Bbb  arc 
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are  all  pofitive  Integers'  below  10 ;  whereas  in  die  latter,  which  k  of  x 
more  general  and  indefinite  Nature,  the  Scales  ot  Progrdfions  may  b* 
infinitely  varied,  fo  as  to  decrcafe  in  a  decuple,  or  any  other  Ptop0Etk>& 
whatfoever ;  and  the  numeral  Coefficients,  may  be  any  Numbers,  integral 
or  fractional j.  pofitive  or  negative.  Thus  we  may  conceive  any  integral 
Number  as  a  Series  of  Powers  with  their  proper  Coefficients,  A  r.  the 
Number  86047  may  be  conceived  as exprefledthusj  "8  x  lol4*-^"^  X  io^* 
-V  «*X  i©  *  4-  a  *  io- '  +•  7  X  7©^ :  and.if.tto  Number  be  continued 
into  Places  below  the  Place  of  Units,  as  thus  86027  .  403:8,,  then  tt  is 
eejuivalent  to  this  8 x  i©t*  +  6  X^oH  •+•  o-xlo^'4'  *X  io*1  4* 
7x70,'*  -f  4XJ^~'  4"  6x7?"*  -f-  3Xiof~^-|-  8xTol"+t  the- 

4  6 

fractional  Pajtofwmch.maybecAerwifedfepte4mt»'^Hj7  --!»._»» 

*  •  ft*  ':' 

-lr  rJ-~  +  ^=:  •    We  ""W  Ukewifc  fijppofc  <&.  *  to  be  the  Root 

io>7        To* 
inftead  of  10,  and  then  the  preceding  Number  86027  *  4&3$  wilfrftand 

thus   ^=^+  =^4=xi4  ^^  +  =^  +  4**^  + 

♦  xoTT^  -}-  jxoTil*  4-  &X0.1P:  the  fraftfenal  Fart  of  which* 

v/s. . 463 8 may likewife ftand thus ^J;    ,  +  — .  ._ 4-    m\  ^  +  == — - 

All  wtick  Seaea'a,  would  few  iafiaite  if  tl^  I^^w^LF^ion  wen 
infinite,  •"  And  after  the  fame  Mfrirnr  a  mat  Varittp  of  other  Scaks^ 
Qt  Forxod.of  pr^ceiCqiv  HMgJit  be  deviled,,  with  fefcaWe  Roeto  for 
different  Kinds  of  Arithmetic:  flich  as  the  fe»ganary  ufcd  in  A/lro- 
aoroy  v  fc  which  the  Root  is  60  or  ite  Reciprocal  Fwtfccr  it  omv' 
b*  qfafemd,  that  tbt  QpttaiiAiifc  10  DqgwuI  Ackhmetk,rby  which 
the  QtptTent>  or  Quantity  fought,  is  cfc&owed,  correfpoad  to  the. 
Qperatiaas  relating,  to  iofioite  Series,  ia  luscious-  Arithmetic,  fa  tbfe 
RdptA  that  every  new  Step  of  the  QptcatioQ,  in  both  Cafes,  by  which 
the  conftitucm  Part*  of  the  Quotient  att  founds  mates  as  great  an  Ad- 
vance toward;  the  Supply  of  what  the  Q^tfcnt  k^  cMyknt*  a&tbfc 
Nature  of  the  progRrifiofewUl  admit. 

3bu  In  thole  Series^  whick  belong  to  the  literal  Arithmetic,  the 
Index**  or  Exponents  of  th*  Powers  qk  Pimeafions,  may  be  fra&iogal 
as  weft  as  integral;  and  are  fometimesteft  indoftMl* :  bat  they  are  al- 
ways fuppofed  to  proceed  by  equal  Differences.    The  numeral  Coe&~ 

cienls 
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cients  are  fikewife  (btoetimes  left  indefinite.  And  then  thefe  indefinite 
FrfMWTitt  and  Cofcffioieft^w^^eKpteft  <byl»efcte<*.  &ach; « .general  and 
indefinite  converging  Series  may  be  reprefented  thus,  Ak"  -f*  TZxm—n  + 
Qocm±ln  +  D*"*3*,  Gfr.  where  x±*  denotes  the  Root  ©F  the  Scak  or 

Progreffion  $  A,  B,  C,  D,  &c.  any  Coefficients,  pofitive  of  negative  j 
j»  and  n  any  pofitive  Numbers  whatfoever ;  m  my  toe  nothmg  > :  and 
fo  may  one  or  more  of  the  Quantities,  A,  ■£,  -C,  -&c. 

31.  But  every  Series  in  fpecious  Arithmetic^  when  it  is  lor  toe  ^rppff64 
in  Pradice,  muft  have  it's  fcveral  Species  and  indefinite  Characters, 
reduced  to  determinate  and  itraovrn  Values,  that  fo  the  Value  of  the 
feveral  Terms,  and  confeqiiently  of the  whole,  may  be-cdHedled.  Thus 

fuppofe  we  are  going  to  make  ufe  of  <he  Series  -^  4"  ^jr  "V  ~"/r 

+  ~i!r  ®Cm  (Sce^OTeArt-2^)  for  finding  the  hyperbolical  Area 

ABDC  (See  the  Fig.  referred  tekfthat  Place)  where  AB  =  2x:  ay  and 
b,  the  fame  as  there  mentioned :  fiippofe  a  =  \^=.b;  and  x  —  o .  1  or 

AB  =  0.2,  «U.y«'Bfc«eASDC-(=  ^4-91+ ^  +  !g 

&c.)  =0.2  4.±p.-4.2i2S2+i£SS~    ^    OT  0.2  + 

0.0006666  6?r.  +  0.000004  -|-  0.000000028  &c.  =0.20067069  Gfc. 
I  «jer  Mooeed  to  «xplak*  the  Reflation  rif  compter  Radioes  rnto 
iafimteSeiie*:  and  the  QudrsMurai depending  thenpoa*  of  fffekA  our 
Author  treats  in  Aft.  1  ^ — *o. 

32.  i^vhc  Account  I  htf%  gfoto  tfeo*e*f  die  &ift  and  frogmft  of 
the  Do&rine  of  Qgadcatuifs  aad  Serious,  I  have  4hcwn  after  what  Man- 
ner, and  by  what  Steps  our  Author  dlfcovered  the  Redodion  of  Radi- 
cal* ioto  infinite  Seek*.  At  for  Ae  Manner  of  Qpctftftta^  it  nefemMes 
the  like  Operation  in  Decimal  Arithmetic  for  extracting  the  Roots  of 
Nutates  which  art  not  true  Fmrate  of  Acfc  Kind:  In  which  Ctfe, 
the  Root  or  Quotient  runs  out  into  an  infinite  Decimal.  Wherefore 
dus  being  ^ndoritaod ;  aftd  tie  Reader  t»iag  finpofcd  to  be  aapNiim&l 
with  the  Operations  of  literal  Arithmetic  ;  and  the  Fouocktion  upon 
which  the  Extradion  of  Rotfs  is  built,  I  frail  not  detain  him  in  ex- 
plaining this  Operation,  when  applied  to  the  Reduction  of  complex 
SordB  into  infinite  Series,  further  than  to  reprefent  the  Parts  of  the 
Operation  in  the  Example  Art.  15.  a  little  more  fully. 

33.  Let  it  be  proposed  then  to  extraft  the  Square  Root  of  an  \- 
xx ;  or  to  find  the  Value  of  y  in  an  infinite  Scries,  fuppofing  that 
y  =  jaa  4-  **.    The  Manner  of  proceeding  is  as  follows. 

B  b  b  2  aa-\-xx 
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Where,  having  fet  down  the  Quantity  <m  +xx,  whole  Square  Root 
is  to  be  extracled,  you  take  the  Square  Root  of  a*  the  firft  Term,  viz. 
ay  which  yon  place  in  the  Quotient:  and  then  fubtra&ing  a*  from  die 
propofed  Quantity,  the  Remainder  -♦>  **  is  divided  by  aa,  which  gives 

+ £  to  be  fubjoined  to  a  in  the  Quotient :  You  annex  it  likewifi  to  the 
Divifor  %at  making  24  +  £,  and  then  multiplymg  this  augmented 
Bivifor  by  it,  place  the  Product  +  xx  +.-£.  under  the  Retolvend  or 

Dividend  -J-  xx :  fiibtraft  it  from  it,  and  the  Remainder 2±.  gfae, 

a  new  Refolvend  or  Dividend.    For  forming  the  Divifor  to  which 
take  double  the  Part  of  the  Root  or  Quotient  already  found,  viz. 

a*  +  "T  *  wh**  place  for  the  Divifor  as  you  fee,  leaving  Room  for 
another  Term  to  be  fubjotaed.  Divide  —  —t  by  20,  the  firft  Term 
of  this  Divifor  i  which  gives  —  ~  to  be  fiibjoined  to  the  preceding 

Part 
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Part  of  the  Quotient;  and  likewife  to  the  Divifor:  then  multiply  the 
augmented  Divifor  za  «+•  —  —  g^  by  It,  forming  thereby  the  Abla- 

throm  —  z?"—  sr  +  ZZ3%    t0  **  fubtra&ed  from  th£  Refolvend 

—  — :  and  fo  you  proceed,  repeating  always  the  fame  Operation,  until 

you  obtain  as  many  Terms  in  the  Root  as  you  defire.  Where  you  may* 
obferve  that  thole  Terms  may  be  ncgle&ed  in  the  Operation,  which 
have  no  Influence  upon  the  Quotient  within  the  propofed  Limits. 
Thus  you'll  obferve  that  if  the  Quotient  is  to  be  continued  to  the  ioth 
Power  of  x  only,  thofe  Terms  are  negle&ed,  which  can  be  of  no  Ufe 
within  thefe  Bounds :  which  I  have  accordingly  marked  with  Afterifks. 

34.  The  Operation  being  finiihed  as  far  as  you  intend,  the  Truth 
of  it  may  be  proved  by  multiplying  the  Root  into  itfelf :  for  that  ought 
to  produce  a%  -f-  *\  the  fubfequent  Terms  in  inf.  destroying  one  another : 
which  you  will  find  to  be  fo  here,  as- far  as  the  Product  can  be  carried 
by  the  defective  Root  found,  viz.  to  as  many  Terms  as  have*  been 
found  in  the  Quotient.  And  after  the  fame  Manner  you  ate  to  proceed 
in  other  Examples. 

35.  And  thus  having  found  j=(VaqT*=)*-|-£  —  Sr  +  iSr 

—  7§^  +  rS"  ®k  *c  Arca  °^  *c  ^urve  wk°k  Property  is  defined 
byjj*=<**-|-x%  or  j  =  */«*+**,   is  (by  the  fecond  Rule)  *#-f-^ 

-£  +  -£*-■&•+&<*'■  Now  if  CD  (««,&*&. 
Art.  15.)  be  a  rectangular  Hyperbola,  A  it's  Center,  AC(  =  *)  the 
half  of  the  determinate  Axis  %  and  conftquentiy  of  the  Latus  Redtum* 
AB  (=x)  any  Part  of  the  fecond  Axis,  and  BD  (  =  7)  it's  Ordinate: 

from  the  Property  of  the  Hyperbola,  you  have  BD  +  AC  x  BD— AC 
;=A%,  or y-\-axj—a=zx%,  that  isj>*  —  a*=zx%  ory%=a'l-\-x*z 
which  is  the  Property  required.     Therefore  ax  -f-  ^ ^  ($c.  s= 

ABDC  the  Area  required:  for  the  Area  begins  at  AC,  fince 
it  vanifhes,  when  #  =  AB  vanishes.  And  to  make  this  Series  con- 
verge, x  fhould  be  lefe  than  a :  and  the  lefsaris,  *  remaining,  the 
quicker  is  the  Cbnvergency.  The  fame  hyperbolical  Area  would  be 
found  by  Prop.  5.  of  theTreatife  of  Quadratures,    to  be  aa  -\-xx* 

j6.  If 


/ 
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3&.  2f  k  woe  j?  =  «/**_**,  the  Sqaafaoa  wopUt/fae  Jo  ftrOicde 

(Sec  the  Fig.  Art.  16.)  AECD.;  where  the  Radius.  AC  as:  ##  AB=jr, 

"BD==y:  for  ED*  =  AO  —  AB*,  that  t6^=**  —  x\    ^Nowifthe 

Sfwane  Rdbt  bc.c^uafited  out  of.**  —  **#  after  xheMaaaer  of  the  |»e- 

ceding  Example,,  it  will  be  found  to  be  a  — ^ — ^  —  555"": — ^~r 

•-■~S3*fifr.  which  dBfe*  from  the  Sorkt  for  Ae  Gyrate  to  *c  fc- 

'cond  Axis  of  the  Hypertxtfa,  as  above,  in  no  other  llefpcCt  bat  that 
att  the  Terms  after  the  firft  are  negative ;  which  m  the  Hypert>ola  are 
pofitive  artd  negative  alternately.     Whence  the  circular  Area  ABDC= 

^-S  — 5^-1^-1^  — i^^*  $&ni*  &<m  the 

Series  for  the  HypeAcfttca!  Area  tn  the  iame  Re^eft  ^hofefcr  the 

H>rdinates  differ.     The  doable  of  this  Series  wiH  give  the  Are*  of  die 

Circular  Zone  adjacent  to  the  Diameter,  and  &*mng  it's  Right  Sine  tar 

Altitude   equal  to  x.    viz.   zax  —  fa  —  ^  —  —■  —  -JJjL  QKr. 

*     which  by  &bftftuti*g  R  for  a  theRadfan,  atti  B  fer  *  <fae  Sine,  is 

"Dj  dj  ry 

$RB  —  -=- — —  GSV.  the  fame  with  that  which  was  fent 

3*  sol.'     -   j£&  . 

by  Mr.  Collins  tn  one  of  his  Letters  to  Mr.  James  Gregory ,  as  a*9peci- 
.  men  of  Sir  Ipuc\  Method  of  Series.  See  Com.  Epift.  N°.  iS.  The 
lame  circular  Area  ABDC  would  be  found  by  Prop.  5.  of  the  Qua- 
dratures to  be;  xx  +  f  J  +  tVS'+  ttS  +  .TiV'5  &*  th«  *mc 
with  that  for  the.  hyperbolical  Area  fouod  by  the  fame  Prop,  except 
Italy  in  the  Signs.    The  fanner  Series  ***±£  —  ^^-^ek-Mid 

'    .this  one^x-x+f  J+'  tV  5  ®Ca  w^  **  ^otta^  l^c  &****  ^  f°r.f 
you  rafert  it's  Value,  viz.  »  ±  £  —  £7  +  73^-  €f A  *nd  Aen  multiply it 

byx+^i-f  J*+J*-tf,.  • 

.37.  When  a  few  of  the  initial  Terms  of  -a  Series  are  once  found,  it 
is  of  conliderable  Ufe  to  know  the  Law  of  the  Progreffion  by  which 
the  Series  proceeds,  that  thereby  it  may  be  continued  at  Fleafure.  This 
Law  is  found  either  by  obfetving  the  Steps  of  the  general  Theorem 
from  whence  the  Series  is  de^gped ;  or  by  confidering  the  Relations 
pf  thofe  Terms  which  are  already  found  in  the  beginning  of  the  Series. 
■."■'•"  Thus 
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x* 


*7 


Thus  the  Stories  *x±^—.   .  fi, 


5*9 


&c.  for  the 


1152*?  —  2816*? 

hyperbolical ;  or  circular  Area :  found  as  above  by  the  Method  of  in- 
finite Series,,  may  be  continued  at  Pleaftire,  by  observing  that  the  nu- 
meral Coefficients  \ .  ~  .  —[--  #  7-1  Yr  ■  &*•  are  formed  by  multiplying 


8      "  ToTm  #  ^  ^uc  ^c8ar<^  heing  had 


11    u     ixt     ixr     3x5     5x7      7x9 
continually  by .  — - .  j>l .  jl_l     <  l 

J     *    2*3      4XJ      6x7      8x9 

to  the  Signs.  So  likewije  the  other  Series  for  the  fame  Areas,  derived 
fromProp.  5.  of  the  Quadratures,^.^  X  x+^+7^  +  3^+^^- 

may  be  continued,  by  obfcrving  that  the  Numeral  Coefficients  j-  •  r*r  • 
~r .  TW  &t.  are  formed  by  the  continual  Multiplication  of  the  toliow- 
ing  FradKonsf  .  f  .4  .  £ .  ff.  &c. 

38.  Hence  if  CD,  Cd>  be  a  Circle,  and 
retfaagolar  Hyberbola,  defcribed  witbthe 
Center  A,  and-Tranfrerfe  Axis  AC  ;  and 
AB  =  x  the  Rale  or  Abfrifc;  as  before, 
upon  the  conjugate  Affis;  BD  or  B^=^r 
the  Ordinate:  and  the  Ordinate*  DE,  dey 
to  the  Tranfverfe  Axis  fee  drawn :    then 


f*wnABDC=«— ~ 

0<r 


*7  ■ 


5** 


7>« 


GV. 
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fubtra&ing    the 


**$&*-         38116** 

Rfca»gltt  AJM>E  —  ABxfiD = *  x  *— 

**•  ^ _*♦_  _     $**      _     2»s»*     


2+i         8*» 


|(W 


iz8*7 


0* 


"      *»  *'  Ja7  5** 


*J 
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«*       »     3*7    _K      5*»      1.    ***' 


£—&*.  t\mt  tcmmatUCE 


~^+J^  +  J^±-J^+u?L„  ^  which  feveefcefibdtor 

the  Ar*fi  ot  half  Segpent  DCE  from  the  Right  Sine  AB  or  DE  given. 
And  after  tha  like  manner*  from  AB  or  de  =  x  giVen  in  the  Hy- 
perbola, you'll  find  the  Hyperbolical  half  Segment  dCe  equal -to 


X* 


+ 


3*? 


3" 


,    ,    ,  e  ,    foe  Gfr-'  which  two  Sferies  may  be  con- 

3^        la**     '   56**  *44*7     4    1408*9  J 

trnued  at  Figure  fcp  forming  the  numeral  Coefficients  afeacb  Tetchy 
the  couisual MuUipKratioa  of  ia  many  Terms  of  the, following  Series,, 


1X3 


+ 
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+  $  &c.  together,  you  have  -=L  +  £.  +  lg£c*.  =  DCE 
-V-</<J? :  and  by  fubtradting  the  latter  from  the  former  you  have 
— ,  -4-  -^r  ®*  =  DCE  —  dCe:  the  firft  is  the  Sum  of  the  two  half 
Segments;  the  laft  their  Difference:  both  which  converge  very  feft; 
fo  doth  the  Series  ^-  4-  -4-?  4-   7*Q  Q  G?r.   =  the  intermediate  Area 

.  3*     ■     56**      ■     1408*9 

DG/ the  Difference  betwixt  A BDC  and  AB</C:  and  alfo  2*x— - 
-^-r  —  -^-=  ^-  equal  to  their  Sum. 

20**  5764I7  *  ' 

39,  Our  Author's  next  Example  (Art.  17.)  is  y  =:  **x  —  xx  or 
Vixx  —  xx  •  which  is  to  the  Circle  ABD  (See  the  Fig.  belonging  to 
that  Art.)  having  it's  Diameter  equal  to  1  *  and  the  Abfeifs  AB=x, 
beginning  at  the  extremity  of  the  Diameter ;  in  which  Cafe  you  have 
yy  ( =  BDf  =  T^x  x  x)  =  x  —  x* ;  or  ^  =  V«— **.  Now  if  the 
Square  Root  of  a:  —  xx  be  extracted,  you'll  find  it  to  be  x*  —  £x* 

—  i*1  —  r**1  —  ttt*s  —  rf»*  v  fife  =' J :  and  therefore  by  fijuaring 
all  the  Terms,  it  is  f  xl  —  f x*  —  T'Tx*  —  fixt  —  t^xV^  —  T6V^xV 
&c.  =  Area  ABD.    The  numeral  Coefficients  of  which  are  produced 

by  the  continual  Multiplication  of  f .  =l^.^.pl.^l.  1±H&C. 
J  r  j       1x5       4x7      oxp    8x11     10x13 

by  which  the  Series  may  be  continued  as  far  as  you  plcafe. 

40.  Now  by  Means  of  the  foregoing  Series's  contained  in  the  four 
preceding  Articles,  you  may  cafily  find  any  hyperbolical,  or  circular 
Area,  in  any  Cafe  propofed.  For  the  Satisfaction  of  the  young  Geo- 
metrician, I  (hall  lay  before  him  the  Computation  of  the  circular  Area 
from  the  laft  Series  fxi  —  f x*  —■  ^xl  &c+  z=  ABD.  Here  the  Dia- 
meter is  1 :  let  us  (uppofe  AB  (=x)  to  be  any  Part  of  the  Diameter, 
the  lefs  Part  it  is  taken,  the  Series  will  converge  the  more  quickly: 
but  becaufe  it  is  moft  convenient  for  the  computing  the  Area  of  the 
whole  Circle,  let  it  be  x=  ~  that  is  the  verfed  Sine  of  60  Degrees. 
By  what  was  {hewn  in  the  laft  Article,  the  firft  Term  being  f  xl ,  the 

fecond  Term  will  be  found  by  multiplying  the  firft  by  —  — x  =  — 

^xy  the  third,  by  multiplying  the  fecond,  viz.  —xi  by  -^x  or 

T5Tx ;  and  fo  on.  But  in  fuch  numeral  Calculations,  you'll  do  beft  to 
reduce  all  to  Decimals:  and  fet  down  each  Term,  as  you  fee  in  the 
Margin,  after  it  is  found.  Now  fince  x  =  i,  it  appears  that  fxi  = 
f  X|=;rr=3o-©83333  &c.  Which  I  fet  down  in  the  Margin  with 

it's 
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it's  proper  Sign.      This   multiplied  by  +  Q-o833333333333333 

—  -^x  =  —  TV»    makes  —  o .  00625.  * 

Which   being  placed    duly    under  the  °'°°  2^         0 

former  with  it's  proper  Sign,  you  mul-  -0.0002790178571429 

tiplyitby,T*=PT-£  anS  itUuces  Zt£%%$%\ 

—  0.00027 00 1 78 C7 1 42 o©f.  Andfoon  jt«/yw«u«jt 
for  the  reft  j  which  will  be  fuch  as  you  fee  ~  0.0000005 13 5 169396 
expreffed  in  the  Margin.  Where  the  firft  ~  0.0000000834465027 
Line  only  is  pofitivej  and  all  the  reft  nega-  -  0.0000000 1446289 17 
tive.  Wherefore  fubtracT:  the  Sum  of  all  the  —  00000000026285354 
Negatives,™*.  0.006560227 1702860^.  -  0.000000000495458 1 
fromthefirftTermo.0833333333333333  -  0.0000000000961296 
^.andtherCremainso.o;67731o6r630473  ~  0-0000000000190948 
&c.  =  the  half  Segment  A  BD.  Tne  -  0.0000000000038676 
Radius  CD  being  drawn,  the  Triangle  -0.0000000000007963 
Rrn_  BCxCD  _  jxS-h  _  */3  !_  ~~  o-oo°oooooooooi663 

tSy"U  2  I  -p-   —  0.OO0O00OOOOOO0352 

0.0541265877365275  Gfc.  which  being  —  0.0000000000000075 
added  to  ABD,  makes  0.13089969389957  — 0.0000000000000016 
&c.  =  Sedtor  ACD  a  fixth  Part  of  the  —  0.0000000000000004 
whole  Circle :  So  that  multiplying  it  by     —  0.000000000000000 1 

6,  you  have  0.785308 16139744  &c.  for  ,   , tt~ 

the  Area  of  a  Circlfwhofe  Diameter  is  i :  -0-0065602271702860 
trae  to  14  Places  of  Decimals.  And  there-  +  0.076773 1 06 1 630473 
fore  the  Diameter  of  any  Circle  being  +  0.0541265877365275 
given,  multiply  this  Number -by  the  Square  0.13089969389957 

of  that  Diameter,  and  you  have  it  s  Area.  °     *y  7°  **■>/. 

Moreover  the  Area  being  foiind  divide  by  i  Radius,  and  you'll  have 
the  Circumference :  that  is  in  the  prefent  Cafe,  divide  the  preceding. 
Number  by  ^or  multiply  it  by  4,  and  1^^3.14159265358979  &c. 
for  the  Circumference  of  a  Circle  whofe  Diamete*  is  1. 

'4t;  -After  the  like  Manner  you  may  find  the  Area  of  the  Hyperbola 
firotn  the  Equation  y  =  \lx + ** :  and  both  that  of  the  Circle  and  that 
of  the  Hyperbola,  by  Means  of  the  other  Series's  which  have  been 
mentioned.  And  it  appears  with  what  Eafe  and  Expedition  this  is  per- 
formed :  So  that  for  Eafe  and  Expedition  it  vaftly  furpafles  any  former 
Method  for  approaching  the  Area  of  the  Circle,  made  ufe  of  before 
our  Author's  Time :  not  excepting  Mr.  James  Gregory's,  in  his  Vera 
Circuit  &  Hyperbola  Qyadratura  (which  was  the  beft)  as  will  eafily 
appear  by  confidering  the  Operation  made  ufe  of  for  this  Purpofe  in 
Prop.  29;  and  comparing  it  with  the  Method  here  (hewn:  which 
yet  is  capable  of  great  Improvement.  q  q 
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42.  Our  Author's  next  Example  (Art  r8.)  is  ^y^L==.y;theQua- 

•drature  ?£  which  gives  the  Length  of  in  Elliptical  Arch.  For  ftppofe 
the  Figure  ACF>  belonging  to  Art.  ifo  above,  to  be  an  Effipfe,  having 
AF  the  half  Tranfverfe  and  AC  the  half  conjugate  Ax/is j  and  Dfe  -an  j 
DE  Ordinate*  to  them  refpe&ively :  call  Aft  ==  #,  BD  =*  i;,  AF  5=  t9 
AC  =t^  ««*  ri»e  Arch  CD  =* :  then  ty  What  Was  detrfo'nftrated  in 
♦he  preceding  Trcatife  (See  Notes  upon  Art.  5.  of  'the  <treatife  of'^ud- 

drafiures)  h  is  z  is  Vx*^* :  that  is  (by  idMqg  ^^    for    «* $ 

which  is  equal  to  it  from  the  Property  x£  the  Cdrve,  and  reducing) 

V^4±^**  ... 

»  =  *  t==-'    Wherefore  «  Curve  Which  has  «  for  it's  AbfcKs  and 
v  <*—«** 

■:,  .  "  -  for  it's  Ordinate.  flews  whh  4  Fhxxioh  or  Velocity  affidogous 
•*— «** 

to  that  with  which  the  Elliptical  Arch  CD  flows:  c^nfajuelrtly  the 

Area  generated  by  that  Ordinate  is  analogous  to  the  Elliptical  Arch  CD: 

So  that  the  fame  Algebraical  Expremon  lhati  denote  both  agreeably  to 

Art.  37.  of  this  Analyus;  and  what  was  /hewn  with  Refpeft  to  the 

ReOmcation  xr(  Curves  in  the  preceding  Treatife.    Therefore  if  k  be 

y—<^±E_}  ^c  Q^ratcure  «f  it  will  give  the  Eltipocal  Afoh,  fop* 

pOfingc==i,  #  — <*=*,  va.&ccz=.b. 

43 .  For  this  Ptrrpofc  you  may  extract  the  Square  Roots  of  1  ^rax1<isA 
1  — j>x\  and  divide  the  former  "by  the  latter :  but,  as  our  Author  dbferves, 
you  may  abridge  the  Operation  by  multiplying  the  Numerator  and  Deno- 

v^'i*  ***-'*** 

minatorhy  «/i — fa* :  by  which  it  heooines  _- — ~r^ :  9X^L  & 

you  need  only  extradthe  Square  Root  of  the  Numerator,  and  divide-by 
the  Denominator,  in  order  to  have  the  Value  of  y.    The  Opetti&A 

follows. 


*±U* 
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-i&  )  -b 


aix* 


—  \bb     —j*& 


—  A     —iai 


-i*b 

—  £a*      —  |W 
-r-i^       +  *«** 

• 

Which  Square  Root,  now  reduced  into  a  Series  of  firople  Terms, 
may  beeafijy  divided,  by  »— A**  after  the  Manner  (hewn  above:  by 
doing  of  which,  you'll  obtain  this  Quotient « +  jf1  —  i***4  +  A"*6  «*. 


Ajul  therefore,  by  Rjrfe  the  ficond,  the  Terms  beinfc  iquared,  will  give 

*  4.  £«,»  _  ^,«v*  -|r  -^1*7  tfe .  z?  Elliptical  Areh  CD 

lor  tfat  injlfod  Limit  of  tint  Arch  u  at  tta  ffeiitt  C :  fact  tie  Series 
becomes  oethtfig  whw  *=cAEva«ifhw:  that ia  when,  CD  vantfhes. 

44.  1  mould  n«t  jiroccod  te  fiww  kow  &e  Cube  RoQt ;  and  ottor 
higher  RootSi  of  complex  Radicab  magr  h*  extracted,.,  and  thereby  rc- 
doeed  toJtfinilft  Series's;:  which  Operation*  are  performed,  after  the  fame 
Manner  as  they  are  in  {pecious  Arithmetic,  by  confidering  the  Genefis 
of  me  ftv«ral  ftwejs  of  a  BiwmjaJ  j.  and  pefforming  me  Extraction 
or  Bsfolution  in  eyeiy  Cafe,  as  the  Compofitipn-qf  the  Power,  whofe 
Root  is  extra&ed,  may  require  i  and  continuing  the  Operation,  alter 
the  Manner  VQU  do  in  common  Arithmetic,  in  Decimal  Fractions : 
as  may  be  eaffly  underftood  by  the  Method  of  refolving  quadratic  Ra- 
dicals, (hewn  above.    Gut  I  think  k  needlefi  to  detain  the  Reader  with 

Ccc2  this: 
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this  :  fince  our  Author's  famous  Binomial  Theorem^  mentioned  already 
in  the  Hiftory  of  his  Difcoveries,  ferves  more  readily  and  generally, 
not  only  for  extrading  Roots  properly  fo  called ;  but  for  expreffing  by 
a  Series  of  fimple  Terms,  any  Root,  Power,  or  Dimenfion  whatfoever 
of  a  compound  Quantity,  having  any  Index  pofitive;  negative;  inte- 
gral or  fractional.  Which,  without  all  Peradventure,  is  one  of  the 
moft  general  and  ufeful  Theorems,  that  ever  were  difcovered. 


45.  Sir  Ifaac  exhibits  the  Theorem  thus:  P+PQ"  +P*  +^AQ 

+  ^BQJ-^CQ  +  ^DQ  +  efr."     Where  P  +  PQrepre- 

fents  any  compound  Quantity,  whofe  Root  or  Dimenfion  whatfoever 
is  to  be  inveftigated  :  P,  the  firft  Term  of  that  Quantity ;  Q,  the  reft 
of  the  Terms  divided  by  the  firft  5  and  confequently,  PQ,  all  the  reft 

of  the  Terms :  —  the  numeral  Index  of  the  Root,  Power,  or  Di- 

menfion  of  P  +  PQ  )  whether  that  numeral  Index  be  integral,  or 
fra&ional ;  pofitive,  or  negative.  Moreover  the  Capitals  A,  B,  C,  D, 
&c.    ftand    for    the    firft,     fecond,    third,    fourth,    &c.    Terms  : 

/.  e.  A=Fri  B  =  ^-AQ}    C  =  ^BQj,  &c.    The  lame  Theo- 

t  *       *  m 

rem  may  ftand  otherwife  thus:  P+PQ1"  =  (P'xi+Ql"  =)  F  x 

Which  is  the  fame  with  the  former,  only  differently  cxpreft:  fome- 
times  the  one  Exprefiion  being  more  commodious  5  iometimes  the 
other. 

46.  This  celebrated  Theorem  was  difcovered  at  firft  by  the  Method 
of  Trial  and  Induction,  as  may  be  feen  in  the  foregoing  Account  of 
our  Author's  Difcoveries,  Art.  14.  Since  that  Time  feveral  Demon- 
fixations  of  it  have  been  given  ;  or  alledged  to  be  given.  The  Me- 
thod of  Fluxions  is  moft  frequently  made  ufe  of  for  this  Purpofe :  viz. 


this  Prop:  that  the  Fluxion  of  ax*  is  -ax9     x.    Which  therefore. 

ought  to  be  proved  independently  of  the  Binomial  Theorem :  other- 
wife  the  Proof  goes  in  a  Circle.  But  we  (hall  fuperfede  the  Demon- 
stration of  it,  in  this  Place,   referving  it  till  we  have  explained  the 

*  See  his  Letter  to  Mr.  Oldenburg  June  13,  1676.  Com.  Epift.  N°  48. 
>  See  the  Account  of  our  Author's  Difcoveries  above,  in  Art.  14. 

Refolution 
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Resolution  of  affe&ed  Equations :  and  only  fhew,  by  fome  Examples, 
in  what  Manner  it  is  applied.  

47.  Ex.- 1.  Let  it  be  required  to  exprefs  *Ja—*x  in  an  infinite  Series ; 
or  to  find  the  Value  of  y  in  fuch  a  Series,  fuppofing  y  =  tc  —  xx\*  • 

By  comparing  this  Example  with  the  General  Theorem  P-4-PQ1*  = 

m 

=  F  +  7 AQjf  ~BQ  +  ^CQJft:.    You  have  P  =  cc,  Q== 

m 

^,  m=nit  »  =  a:    therefore  alfo  P"  =  «*  =  r==A,  ^AQ^== 

^x— =  -^  =  B,—  BQ=Tx--x-fT=-8?=C» 
^CQ^x-£x-£  =  -^  =  D,^DQ  =  ^ 
*  — S?  x~ ?= ^r  =  E»®><:-  Thereforeitis^=(V^;=) 

'  — £  —  *&  —  T5f  T^-  ^  Ac  lkme  as  above»  Art*  36»  king 
the  Sine  of  an  Arch  in  a  Circle,  whofe  Radius  is  c,  the  Cofine  being  x. 

48.  Ex.  2.  Let  it  bcy=zVax*-\-x\  y  is  fought.    Here  P=ax\ 

m 

Q=  £  >»  =  j,  «  =  3  :  therefore  alfo  it  is  P"  =  *V  =  A,  -J-AQ_ 
=T^^  Xr=-r  =  B,  — BQ  =  Tx-TXT  = ^=0, 

3*  3**  9*T 


t  ii 


X-j  = i2Lrr=:E,  Gfc.     Wherefore  it  is;r=  («*»  +  x'l*  =) 


*43* 


tf1*7 -1 r ^r  +  ^T  — -^tt  Gfo     In  which  Example  yoi* 

*d*  (pfl         8i«*        243*  T 

might  have  inverted  the  Order  of  the  Terms  of  the  Binomial,  fo  as  to 
make  it  ftand  thus  x*  -f"  ax*\* :  and  in  that  Cafe  it  would  have  beea 

m 

P = *3,  and  Q=  -  :   and  therefore  P"  =  x  =  A,  " AQ  =  ±  = 

*  3 

B,  ~ -BQ==  —  Jj  =  C,  Gfo  and  confequently  ^ = x3  -f  <***  * = * 
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+  7  — ^+"S&— T^Gfc-    The  former  is  to  be  chpfcn  when 
x  is  iball;  the  latter,  .when  k  is  gpeot  in  Companion  qf  *. 
49,  Ex*  3.  Let  it  be^  =  c5  -4"  ***  ■*-  *5^  :  att(*  Aifqpofo  i«e  take 

MM  *■, 

the  fccood  Form  of  the  Theorem,  wis.  P-f  PQ.'  =»  (I*  X  iTQ? 

M  - 

=  )  P7X  14-  -  Q4-  -x  — QT  8c.     Here  tte  have  P=s^, 

M 

Q  =    ***  ~  *' ,  *=i,  »=5>   P"  =  <r:  andtheMforaitk^iacx- 


2» 
— =-        -— *      "~')i      '      ~-~*' 

—  -       —- ~       TV      .X  t        11    J •""  MfrM^,       ~~ 

'*H*   **^*$  +|x^x~^ K*r*xf$x ^/Z     t+jxHxTJx *&*  ^T*    &* 

Here  it  may  be  obfcirved,  when  you  make  ufe  of  this  Form  qf  the 
General  Theorem,  the  Series  may  be  eafily  produced,  by  considering 
that  the  Favors  both  i*>  the  Nusttttftatt.aoa  DeaQ»in»tQR  of  the  Nu- 
meral Coefficients  go  on  in  Arithmetical  Pwgreifions.    This  Series  by 

involving  the  Quantity  — - —  to  the  feverat  Powers,  and  multiplying 

,  .  .     c+x  —  x*         2c^x%-4^x6+2exf0    1    6r|1xi-ife*jr74-i8r4*"-6*'S 

by,,  is  jr  =  c  +  -^ -^j* +— -JJ, 

In  this  Example  you  might  have  inverted  the  Order  of  the  Terms, 
making  it  ftand  thus  V— tfS+c+x+f5 :  and  then  it  would  have  been 

P  =— **,  Q==.£±£;  P"  =  —  x,  &c.  and  fo  you  would  have 

"had^^s^^  +  ^ff +*>.  TheformexSwefcoa- 
verges  when  x  is  finall  ;  this  when  x  is  great. 
50.  5*.  4^  Suppoie  j  =s**  4* ****•    Hen»  you  feaye.  ?  =  o\ 

m 

Q  =  £>  »  =  4.  «  =  3.:  P"  =  **,.  flftf.  Wherefore,  by  the  ffe- 
cond   Form   of   the    Theorem  it    is  y  =  (<w -^  #*1*  =)    <arfx 

?■»»         1  i   ■  ■  ■  11  ■  1  m  n  |       ii    1  m     |i.|n      III       mm  r      tii    a*IWI    I    Will    MM'HIHIII     MHV»    J' -  • 
,   4-       4x1*+  .  4XIX-2*6  .   4xix-2x-;^,  4xix-2x^;x^Tjrfo 

1   '  *?  *  3x5«+"*    3x6x9. 3?  '     3x6x9x11*    ?"■"    3x6.x  9,ku'h  15"    #*• 

b  4A*      ,       2**  4*»         I         5f"        rrf/, 

r         *  9a'  8ia*  243*  7 

You  might  affo  have  made*1  the  firft  Member  under  the  Viflcuhin* 
of  the  Root :  and  the  Series  would  come  out  the  fame,  only  placing  <r 
for  *•,  and  x  for  a  in  the  feveral  Terms.  5 1.  Ex.  5. 
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rr 


51.  Ex.  5.  Let  y  =     ,         jT  **  prop°fed  •  and  *l »  required  to 

find  the  Value  of  j  in  an  infinite  Series,  and  then  divide  the  one  by 
the  other  5  or  you  might  firft  multiply  both  by  the  Denominator,  hy 
way  of  Preparation,  as  was  (hewn  above,  Art.  43  :  or  laftly  yon  -ftiay 
iiifag  die  *Quafntiiy  </<+  —  ccx*  from  tiifc  frendrtitoator  to  the  Numera- 
tor, *y  changing  die  S%ft  <rf  d*  fedex  £,  toe*  tfs  <*ppdite,  fo  thttt 

*be  B*^ffioftift«ad  thus  c*^xz$  X  **  —  ax*^  aftd  then  rtihfce 

the  two  Factors  into  infinite  Series  by  the  Binomial  Theorem;  and 
afterwards  multiply  thefe  two  Series  into  one  another.  Stfppofe  "we 
thislaft  Method:  then  for  Brevity  fake,  fubftftate  a  for  ec  and 4> 


for—  <?4-rr,  fo  that  kbey^4*+4*%\*Ka%>~ax')-i,.  By<coifr- 
jparing  the  firft  of  thefe  with  the  general  Thtiowtn  ycto  hwc  P  str  »*, 
Q^ttly  <tnzzi%  *==2:  by  comparing  the  feoml,  Pitttz^  Q^c 

^>  wir-ii  »=<&.    And  ^Geordiflg  ID  *he  firft  Forth  of  that 


Thebrata,  you'll  hate  for  <be  fetk  Sdrie*  f>"  *=*  st  A,  ^AK^t 


fc**4  yn,         *~2ff>H7V  **** 


2^ 


"■"• 'f§5  ^  attd  wording  to  the  -fecdttd  Form  of  the  Theorem, 
^rotiH  have  for  the  fecond  Series  V  ^t  <j&wi= ± :  and  therefore  ?££*H 

=ix,+ZXHEEJ*riHE^p^  &> 

**      ~  ta     *        2x4    «»  2x4x6        Mi  ~  2x4x6x8  «4    «F*-      °° 

=  T  +  £+lir+^*+  i&"  ^    Mufcply  them  as  follow^ 

,       fa*    __  *»*♦     ,    fr<«  5M»» 


«.  T     "»    ^  «*    ^  i6«»  ^  TS5T  w* 

-r  ^sr  +  ;s?  — blST  w» 


<8«*     '    i6tt*  64** 
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andyouobtainthisProduft  I+^+lf!^^^+if!±^|j*±iV+ 

35,4+20^-6,^+4^-5^,   &^       yjy^   therefore   ^    ^    Value    of 


s/a%—axx 

52.  Hence  it  follows,  by  our  Author's  fecond  Rule,  that  a  Curve 
having  fuch  an  Ordinate,  has  it's  Area  equal  to  x  +  ^r*J+  —  "*"^f~***y 

+  S'^y+'V  +  W^^-y^^V,^.     Which  by 

replacing  c*  for  </,  and  rr  —  cc  for  £,  makes  x  -f-  ;r;#5+  —  e%~—x* 

+  ' — FT^ *   H n^6 *-*»  Gfc.   Which  expreffes 

j  the  Length  of  an  Elliptical  Arch,  beginning  at  the  Extremity  of  either 

I  of  the  Axes  whofe  Halves  are  r  and  c ;  and  having  *  for  it's  right 

1  Sine  (as  appears  from  Art.  42.)  And  this  is  the  Series  which  Mr.  James 

Gregory  fent  to  Mr.  Collins.  See  Com.  Epift.  N°  20.  And  the  feme 
Series  will  ferve  for  the  Length  of  an  Arch  of  the  Hyperbola,  if  all 
the  particular  Parts  of  each  Term  be  made  pofitive  j  and  the  whole  of 
the  3d,  5th,  7th,  Gfc.  Terms  be  made  negative:  that  is,  if  it  ftand  thus 


*+ZZ* 


***+**:*  |  8c*^  +  4**r*  +  >*  x.       64<V+48Hr44.24f»^j=c:t 


&♦  4o<«  *  ^  rn?3  * — — ■  11$2f,t — 1-2— *»  &■ 
And  if  you  fuppofe  p  to  be  inferted  for  £,  that  is  half  the  Parame- 
ter of  the  Axis  2r;  or,  which  is  the  fame,  infert  pr  for  c*  every 
where:  the  Series  for  the  Arch  of  the  Ellipfe  will  appear  in  this 
Form: 


1  1  1 


40/*  a8/#5  24^6 

~  n2/».    -r  4gr/7 


1 152/* 


Which  is  the  Series  given  by  Sir  JJaac  Newton  for  the  Elliptical  Arch 
in  his  firft  Letter  to  Mr.  Oldenburg,  Com.  Epift.  N°48.  And  this 
Series  may  be  continued  by  obferving  that  the  Numeral  Coefficients  of 
the  uppermoft  Line,  viz.  \ .  -± .  T«_  &c.  are  Fractions,  whofe  Deno- 
minators go  on  by  the  common  Difference  4,  having  Unity  their  com- 
mon Numerator :  and  as  to  the  Numeral  Coefficients  of  all  the  inferior 

Terms 
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'  Terms  in  every  Column,  that  they  arife  ty  multiplying  the  numeral 
Coefficient  of  the  uppermoft  Term  continually,  by  the  Terms  of  this 

Progreffion  fa  .  te  .  *^  .  *p  .  &c.  the  Letter  *  denoting  the 

•Index  of  the  Power  of  p,  in  die  uppermoft  Term  of  the  Column. 

53.  If  in  the  preceding  Gregorian  Series,  you  fuppofe  r  =  c;  or 
in  the  Newtonian  r=zp\  m  which  Cafe  the  EUipfe  becomes  a  Circle : 

the  Series  becomes  r4-,4+^+-^  +  -^r   «*      Which 

therefore  denotes  the  Arch  of  a  Circle  whofe  Right  Sine  is  x,  the  Radius 
being  r.  Which  Scries  may  be  produced  to  any  Length  by  multiply- 
ing continually  by  the  Numbers  1^- .  1^1 ,  -gi  .  f?^ifl  for^^g 

the  numeral  Coefficients  of  the  Terms.  Which  is  the  Series  given  by 
Sir  IJaac  Newton  for  this  Purpofe  at  Art.  38  of  this  Analyfis,  fuppofing 

54.  'Tis  evident  from  what  lias  been  fard,  that  this  Binomial  Theo- 
rem will  eqaally  ferve  for  redudng  complicate  Fra&ions  to  infinite 
Series  j  and  alfo  for  involving  any  compound  Quantity  to  any  perfed: 
Pbwer :  as  it  doth  for  reducing  complicate  Radicals. 

l$x.  6.  Let  it  be  required  to  find  the  Value  of  y  in  fimple  Terms,  fup- 

pofing^=tf4"^5*  HereP=i/,  Q==^,  w=5,  *=i:  confe- 
quently  P*  =  #  =  A,  -;AQ=  5***  =  B,  J^LBQ^=:  jo****  =~ 

—  F,  ^^EQ=r  0=  G :  and  fo  the  Series  terminates,  fince  G  (=0) 
enters  into  the  Compofition  of  every  fobfequent  Term.     So  that  you 

have?  =tf  +  ^5  =  a s  +  S*4*  4"  i°*s**  +  io*1**  4"  5***  4"  **• 
And  it's  evident  that  in  this  Cafe  of  perfect  Powers,  the  Series  muft 
always  terminate ;  and  that  when  die  Number  of  Terms  is  one  more 
than  the  Exponent  of  the  Power. 

5$.  And  in  order  to  reduce  complicate  Fractions,  you  have  no  more 
to  do  but  bring  the  Denominator  into  the  Numerator,  with  the  Sign 
of  die  Index  chafiged  into  it's  oppofite :  aftd  then  apply  the  Theorem. 

Ex.  7.  Suppofe  y  =  a^x  :  I  -exprefs  it  thus  y>=  *  — -a;!""1. 
By  comparing  which  with  the  fecond  Form  of  the  general  Theorem, 

youhaveP=tff  Q=— — ,  •=—  it  *=i.    Therefore  it  Isy  z=z 

Ddd  n 
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IX— 2       Xx       ix— 2x— 3  *'        IX 2X — 3x— 4      *«■  CJ 

X  -T -X ' -X  -7  &fc. 


/I  J_  X 

\a        "*"  1  «  1x2    ~  «*  1x2x3      "       **  1x2x3x4       ~  «♦ 

-'r  +  ^  +  ii  +  ^  +  ir  «*• 

Ex.  8.     Let  it  be  y==^f~:  that  is  v  =  * —  x  X  **  4-  x*rJ- 

By  Comparing  a*-\-x*r*  with  the  fecond  Form  of  the  Theorem,  you 
have  P  =  **,  0^=  -,  w=— 3,  0=1.  Therefore  by  a  due  Subftitution 

i7k7+^-3=(*-6x^^^ 

>^  V  *  **  1X2  «4  1X2X3     «*  1X2X3X4        «« 

•=)y-5-  +  ^-S1  +  ^».     Which  being  multiplied 

by*-*,  produce8i-J-^  +  5!+^-^^.=^   And 

fo  the  Area's  of  the  Curves,  having  their  Ordinates  thus  reduced  into 
infinite  Series,  are  eafily  found  by  the  Author's  fecond  Rule. 

56.  And  thus  far  I  have  {hewn  how  the  Binomial  Theorem  is  ap- 
plied, in  a  variety  of  Examples.  But  it  may  be  proper  in  this  Place  to 
obferve  that,  notwithftanding  the  Series  for  the  Area;  or  Fluent,  found 
by  the  Help  of  this  Theorem,  always  becomes  infinite,  when  the  In- 
dex of  the  Power,  Root,  or  Dimenfion  of  the  Quantity  expreffing  the 
Ordinate  of  the  Curve ;  or  Fluxion,  is  not  a  pofitive  Integer :  and  con- 
fequently  exhibits  the  Area  or  Fluent,  only  by  an  Approximation : 
yet  it  often  happens  that  the  Curve  is  geometrically  quadrabk\  and  fo 
the  Area  or  Fluent  may  be  fully  afligned.  Which  is  done  by  Means 
of  Propositions  5  and  6  of  the  Treatife  of  Quadratures.  Wnich  fee, 
with  our  Notes  upon  them. 

$j.  The  fame  Thing  may  be  found  likewife  by  Means  of  the 
Tranjmutation  of  Curves,  founded  upon  Prop.  9.  of  the  Treatife  of 

Quadratures.  Thus  let  y  =  dzt  X  *-\-fz"X  define  the  Relation  betwixt 
the  Abfcifs  %  and  Ordinate  y  of  a  Curve :  and  fuppofe  that  the  Index 

/is  fuch,  that  the  Quantity  *+/***,  being  reduced,  runs  out  into  an 
Infinite  Series ;    and  you  would  know  if  the  Curve  be  geometrically 

quadrabk.    Put  *+>•  =*;    hence  3  =  *=^",   s'  =  3",  and 

z*  =  ^~ .    Therefore,  by  taking  the  Fluxions  of  e  -\-fi?  =#,  you 

have  nfi?"1  z  =  £,  that  is  x  :  z  : :  nfo?-1 :  1  : :  nfst? :  z.  Now,  fup- 
pofe v  to  be  the  Ordinate  of  a  Curve,  whofe  Abfcifs  is  x,  and  it's 

Area 
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Area  equal  to  the  Area  of  the  Curve  propofed,  having  z  for  it's  Abfcifs, 
and  y  =  dzk  xe-\-fzA  for  it's  Ordinate :  then,  by  that  Prop.  y(-=.dz*  x 

'-h/*"l)  :«::(*:«::)  nfz*  :  2?.     Whence  v  =  £zk—+t  X 

/  /      _*±i_, 

e+jP>  =  (by  fubftituting  the  preceding  Values)  ±  x  ~'+Jf|  "       • 

Therefore,  if  ^±i  —  1  be  a  pofitive  Integer,  the  Quantity  j+j\  ' 

is  a  perfect  Power,  which  may  be  expreft  by  a  finite  Number  of  fimple 
Terms  (See  Art.  54.)     Let  it  be  done,  and  each  Term  multiplied  by 

— r,  and  then  fquared  by  Rule  ift :  So  you  fliall  have  the  Area  re- 
quired :  unlefs  perhaps  the  Values  of  kt  I  and  n  be  fuch,  as  to  give 
fome  Term  with  the  Root  x  in  it's  Denominator :  which  would  make 
the  Area  infinite  (See  Art.  28.)  Therefore,  when,  in  the  Curve  pro- 
pofed y = dz*  x  e+fz* ,  the  Expreflion  £±i,  is  an  Integer,  the  Curve 
is  quadrable,  with  the  Limitation  mentioned. 

58.  Moreover,  fince  the  Ordinate  or  Expreflion  dz*  x  e+fz^  may 

be  converted  into  this  other  Form  </«*+*■  x  f-\-  ezr*'  (by  Article  28. 
Treatife  of  Quad.)  if  you  put  x  =f-\-ez-*i  and  proceed  as  in  the 
former  Article,  you'll  find  that  the  Curve  whofe  Abfcifs  is  zt  and 

Ordinate  y  ==  dz*  xe+fz7] ,  is  equal  to  another  Curve,  having  the 

./     h-*h-i     , 

Abfchs  x,  and  Ordinate  —  -£x— £-fy|~"         .      Therefore 

if  "__,  '  be  a  pofitive  Integer,  the  Curve  propofed  will  be  quadrable, 
with  the  like  Limitation  as  to  an  hyperbolical  Term,  as  in  the  preceding 
Article :  and  the  Area  found  the  fame  Way.  But  thefe  two  Areas 
found  by  this  and  the  preceding  Article,  lye  upon  different  Sides  of 
the  Ordinate  (See  Sea.  5  of  the  preceding  Treatife.)  And  if  they  can 
both  be  exadly  found,  the  Curve  is  of  that  Sort,  which  we  caH 
doubly  Quadrable. 

59.  The  9th  and  10th  Corollaries  of  Prop.  9.  of  the  Quadratures 
fervc  for  the  fame  Purpofe.  Thus,  if  in  Cor.  9.  you  put  r=o  =  0, 
«,  =  i=t=*',  confequently  0  =  x—  1;  and  fuppofe  it  be  *== 
—  j,  bz=.  j,  £=0  &c.  then  in  the  Curve  whofe  Abfcifs  is  z  and 

Ddda  Ordinate 
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Ordinate  vfz***'"  x*4-/*"1  "  ?*&* int0  another  which  is  equal  to 
it,  whofe  Ordinate  is  xMx-  j  -\-y\  .  Or  (by  multiplying  both, 
by  the  given  Quantity  —^  the  Curve  whofe  Ordinate  is  dz"*^**1  X 

e-\-fz*\  "  ,  pafles  into  another  equal  Curve,  whofe  Ordinate  is  j**—1 

V  / 

X^j+yU    Compare  the  Ordinate  <ak*x*4^sl,  in  Art.  ^yy 

with  the  former  of  thefe  two,  and  you  have  «» =  » J  **  4*  *  —  i  =  £, 
or  «  =  i~*"^"1;  x  —  i  =  /••  the  reft  the  feme.    Therefore,  by  a  due 

Substitution,  the  given  Curve,  whofe  Ordinate  is  da?Xe+fzn\,  paff. 

j*  '  "  "%  - — -  ~  f. 

cs  into  another  of  an  equal  Area,  whofe  Ordinate  is  -^  x  -  7+7]  " 

Whence,  if  ~-  be  a  pofitive  Integer,   the  Curve  is  geometrically 

quadrable,  as  before.    And  the  feme  way,  it  may  be  flbuewn  that  the 

Curve propofedislikewifequadrable,  if     _,     be  a  pofitive  Integer. 

But  I  treated  more  fully  of  this  Afiair  $  and  in  a  different  Manner,  in 
the  Explication  of  Prop.  5.  Quad.  Which  the  Reader  may  confult. 


SECT,     III. 

Explication  of  the  Numeral  Resolution  ofaffe&edJ^uations* 
contain'd  in  Art  2i».  .■■■■^9, 

60.  TN  order  to  underftand  our  Author's  Method  of  extracting'  the 

X  Roots  of  affe&ed  Numeral  Ekj»#ion$>  with  die  Abbceviarioro  * 
made  ufe  of  therein,  it  will  bs  propyl  t»  explain  fome  Things  which  • 
refped  Decimal  Fractions,  and  the'  Operations  about  theou 

61.  h°.  In  Multiplication  of  Decimals,  the  Number  of  Places  of 
Decimal  Fradion$in,the  Product,  mqft  be  mads  equal  to?  the  Sum;  of 
the  Places  of  Decimal  Fractions,  it*  betfc  Fafiprs.    Anffc  in  Dxvifion,  * 
the  Number  of  fuch  Places,  in  the  Quotient,  rauft  be  m^de  equal  ta, 
the  Excefs  of  thofe  in  the  Divided  above  thofe  in  the  Dfrvifor*    And 

if 
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if  the  Number  of  Figures  in  the  Product  be  not  fo  great  as  the  fore- 
faid  iiim,  you  muft  prefix  Decimal  Cyphers  upon  the  left  hand  of 
the  Produdt,  until  the  Number  of  Places  altogether  be  as  great  as 
that  Sum.  And  in  Divifion  if  there  be  a  Defedt  in  the  Number  of 
Places  in  the  .Quotient,  it  muft  be  fupplied  the  fame  way.  But  if 
the  Places  of  Decimal  Fractions,  in  the  Dividend,,  be  fewer  than  thofe 
in  the  Divifor,  you  muft  add  Decimal  Cyphers  upon  the  right  hand 
of  the  Dividend,  untill  the  Places  of  Decimal  Fractions  be  as  many  as 
in  the  Divifor.  Which  Operations  are  commonly  known ;  and  the1 
Reafons  of  them  underftood. 

z°.  When  any  two   Decimal  Fraftions  are  multiplied,,  whereof 
one,  or  both,  have  any  Number  of  Cyphers  prefixt,.  the  Number  of? 
Cyphers  prefixt  in  the  Ptoduft,  muft  at  leaft:  be  as  great  as  the  Sum' 
ot  thofe  prefixt  in  both  Fadtors.     For,   by  the  laft,  the  Number  o£ 
Decimal)  Places  in  the  Ptodufi,  is  equal  to  the  Sum  of  thofe  in  the 
two  Factors :  bun  the  Number  of  fignificant  Figures  in  the  Produft, 
towards  the  right  hand,   can  never  be  greater  than  the  Number  of 
fignificant  Figures  in  both  Factors  (which  is  evident  from  the  Nature 
of  Multiplication) :  therefore  the  Number  of  Cyphers  prefixt  in  the 
Product  is  at  leaft  equal  to  thofe  prefixt  in  both  Factors.     And  often 
times  they  ace  more.    Thus  aao24-K 0.03:  =^0^00072; 

30-  Hence  it  follows  that  if  r  denote  any  Decimal  Fra&ion  with 
n  Number  of  Cyphers  prefixt,  then  the  Number  of  Cyphers  prefixt 
in  its  feveral  Powers,  viz.  r*,  r3,  r+,  r*,  &c.  muft  be  at  leaft  zn,  $n> 
4*»  Sn>  &*•  w2?-  &•  fflaay  tiroes  n  as  the  Exponent  of  the  Power 
denotes* 

40.  If  two  Numbers  are  propofed  to  be  multiplied,  whereof  the  one 
is  either  a  Decimal  Fraction  or  mixt  Number ;  and  the  other  a  Decimal 
Fm&ion,  with  Cyphers  prefixt ;  and  the  Produft  is  only  required  to  a 
certain  Number  of  Decimal  Places,  you' may  cut  off  from  the  right, 
hand  of  the  firft  as  many  Decimal  Places,  as  will  make  thofe  which 
remain',  together  with  the  prefixed  Ciphers  in  the  other,  equal  to  the 
Number  of  Decimal  Places  required  ih  die  Ptodutf:  and  negled  thofe 
which  are  ci\t  off,  ih  the  Multiplication.  Thuis.if  it  were  required,  to 
find  the  Produft  of  123,4567  and  o*oooo$gL,  only  to  6-Places  of  De- 
cimals, f  you  may  neglc£t  67  in  the  Multiplication :  if  the  Product  were 
required  only  tQ  5  Places,  you  may  neg)e&  567 :  fo  as  to  multiply- 
0.000089,  by  1 23.4  only-:  and- if.  the  Produdt  be  required  only  to  4; 
Places  of  Decimals,  you  need  only  multiply  0.000089  by.  the  integral . 
Part  123*  But  if  tha  Number  of  Efecimai  Places;  to- which  the  rro-- 
dtk&  is  required,  be  lefs  than  the  Number  of  Cyphers  prefixt  in  the 

Decimal 
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Decanal  Fraction,  which  is  one  of  the  Fa*™  ' 

you  may  neglcd,  not  only  all  te  Daimrf^'jr0^ *  the0» 
"3.4567  J  but  as  many  of  the  inte^Tp  *  °f  ^  other  F*»or 
^quired  in  the  Produ^  want  o me  ciV  U  *******  Places 
Fador     ThusiftheProdudbe  «$fo^J?"  *  *c  fi* 

*-- ^  *  *-  I23,4;Iefi 

^  Obf.  1.  Therefore  it  kS^S!?^^*^^00^! 
follows  I23>45,  muft  pXf^^^^^  by  what 

there/ore  cannot  afie<ft  the  Produft  wS  tte  A*™*""*??  l :  and 
And  the  reafoning  is  the  fame  in  ew  otLr  r  ?  ulaCe  °f  Dccimak 
Decimal  Progreffion  of  the  PlaccT*  °^  *  confi<fcnng  the 

^^  out  Au- 

Let  ar-\-br%  4- rr*  J-  //#*  fifc.  a 

tion,  in  which  \hj  d  &I'  ™Aa  fCprd?nt  "V  N«meral  Equa- 
"negative,  ^/^^^^r^^ttj^ 
by  *,  and  tranfpofing,  you  have  r=^_  t  L  22 _*^  S 

when  one  of  the  Values  of  r  is  fmnll    r„     "•       ^       T^*   Now 

'=  r»  ™<*  be  contained.    For  fince  £  is  an  Emrf 
■f-  be  Ids  .ban  ,  (i,  which  &fe  it.s  VaIne  b  j.   f '  j- '  *ft   For 


EXPLAINED.  291 

at  leaft,  prefixt  in  ^,  as  in  r*  (by  Obf.  2.)    But  if  —  contain  any 

Number  of  Integral  Places,  then  the  Cyphers  prefixt  in  ■£  will,  at 
leaft,  be  equal  to  the  Excefs  of  the  Cyphers  prefixt  in  r*,  above  the 
Integral  Places  in  7.  Thus>  if  r  had  4  Decimal  Cyphers  prefixt  in 
it's  Valaej  and  fuppofe  «=u,  16196;  £==6,3;  then,  fince 
i.  (r=     **  6)  is  lefe  than  an  Integer,  and  r*  has  8  decimal  Cyphers 

prefixt,  —  muft  have  as  many  prefixt  at  leaft.  After  the  fame  Manner 
—  would  have  12  at  leaft :  and  univerfally  — ,  as  many,  at  leaft,  as  is 
denoted  by  4».  But  if,  the  Value  of  r  remaining,  it  were  a= 0.243* 
b  =  6.3 ;  then  fince  —  (=  -^—z  )  is  more  than  1,  and  contains  two 

integral  Places,  therefore  —  may  have  only  6  (=8—2)  Decimal 
Cyphers  prefixt :  although  in  fome  Cafes,  when  the  Figures  are  fmall, 

brn 

it  may  have  more.    And  univerfally  —  has  4*  —  2  at  leaft.    And  fo 

in  other  Cafes.  Which  Things  eafily  follow  from  what  was  (hewn  in 
the  preceding  Obfervations.  And  therefore  you  may  proceed  thus: 
i°,  Confider  how  many  integral    Places   would  be  contained  in 

j,  (which  may  be  eafily  found  by  Infpection)  cut  off  as  many  of  the 
Cyphers  prefixt  to  the  fignificant  Figures  in  r*,  the  remaining  Cyphers 
are  the  feweft  that  can  be  prefixt  to  the  fignificant  Figures  in  -^  ■ 
20.  If  the  Value  of  j  have  no  integral  Places,  but  only  decimal  Places,  ' 
then  confider  how  many  Decimal  Cyphers  would  be  prefixt  to  the 
fignificant  Figures  in  the  Value  of  —  (which  you  may  eafily  difcover 
by  Infpection)  and  then  the  decimal  Cyphers  prefixt  to  the  fignifi- 
cant Figures  in  the  Value  of  —  will  be  equal  to  the  Sum  of  thefe 

prefixt  in  —  and  r%  both  together. 

63.  From  what  has  been  kid  it  appears,  that,  if  the  Number  of 
Decimal  Cyphers  prefixt  in  the  Value  of  r,  be  known,  in  the  preceding 

Equation  r  =  -  —  7^7^,   in  which ~  is  an  approximate 

Value 
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Value  of  r,  you  may  eafily  know  to  what  Number  of  Decimal  Places 
the  approximate  Value  of  r,  viz.  — ,  may  be  continued,  before  any 

of  the  fupplementary  Parts  ~,  ^,  &c.  can  affedfc  the  Root.     Thus 

fuppofe  you  had  this  Equation  0.000541550536  -f-  1 1.1620474^  4- 
6.2838^ -f- ^3  =0:  Which  is  the  third  fupplementary  Equation  in 
#ur  Author's  Example^  fuppofing  k  to  be  fully  drawn  out :   that  is 

r^-0/005.41^36-'  *?**■ r1-!,  and  it  is  known 

1 1. 16204748  11.16204748  1 1. 1 6204.748  » 

that  the  Value  of  r  is  a  decimal  -Fraction  having  4  Cyphers  prefixt. 

Then  becaufe  the  Tm-j^tt  equal  to  _L_Xr,f  0f 

which  the  firft  Part  is  a  Decimal  Fraftion  with  one  Cypher  prefix*; 
'and  the  other  a  Decimal  Fra&ion  with  12  Cyphers  prfefixt/  therefore 
(the  firft  fignificant  Figure  of  it's  Value  will  fall  upon  the  14th  Phce 
of  Decimals  (by  Art.  62.)  fo  that  the  Value  of  the  Root  r  cannot 
fbe  affected  by  it  within  the  Limits  of  13   Places.     After  the  fame 

Manner  the  Term  ..frffsftV  wffl  not  affeft  the  Hoot  Within  the  Limits 

v  1 1. 1 0204740 

of  8  Places  of  Decimals.  Whence  you  conclude  that  the  Value  of  r, 
xfcduced  from  fuppofing  r:^^°rTi°:i6lllni  w^  **  tW^S  Decimal 
Places,  that  is  the  Divifion  titf  0.00054 1 550536  by  1 1. 16204748  may 
rbe  carried  forward  to  ib  many  Decimal  Places :  all  which  will  be  true 
<pnlci$  perhaps  the  laft  Figure,  which  may  fometimes  be  inencafed  or 
diminished  by  1,  by  the  Addition  or  SabtracSioQ  of  the  fupplemen- 
tary Part.  And  fince  /*  will,  at  leaft,  have  twice  as  many  Decimal 
-Cyphers  prefixed  in  it's  Value  as  r  has,  therefore,  generally  fpeafcing, 
,the  Number  of  Decimal  Places  or  Figures,  to  which  tne  Quotient  de- 

noted  by  — ,  may  be  carried,  will  be  twice  %s  many  as  thofe  to  which 

the  Root  hath  been  found  already,  by  the  former  Approximation : 
agreeably  to  what  Sir  Ifaac  remarks  Art.  22,  So  that  in  this  Method 
of  .reviving  affe&ed  Numeral  Equations,  every  new  Operation,  as  it 
were,  doubles  the  Number  of  Decimal  Places  formerly  found  in  the 
Root :  even  fuppofing  all  the  Terms  of  the  fupplementary  Equations 
to  be  reje&ed,  wherein  the  Supplements^,  y,  r,  &c.  rife  above  the 
lit  Power;    unkfs  perhaps  when  b  exceeds  a :  in  which  Cafe  the 

fupplementary  Part  -r%  may  affeft  the  laft  Figures. 

64.  By 
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64.  By  the  Confederation  of  thefe  Things  you  may  abridge  the 
Work  confiderably  towards  the  latter  End,  by  neglefting  fuch  Terms 
or  Parts  of  Terms,  as  you  forefee  will  be  of  no  Ufe  within  the  Limits 
to  which  the  Root  is  propofed  to  be  carried :  as  you  fee  done  by  the 
Author  in  the  Profccution  of  the  Root^,  in  the  Example  propofed  by 
him.  However  it  may  be  obferved  that  the  Quotient  0.00004853  ©V. 
errs  in  the  laft  figure  3,  by  his  omitting  the  Term  <?3  altogether,  in 
transforming  the  Equation  of  q:  for  it  ought  to  be  0.00004851  &c. 
only :  as  you  may  find  by  Art.  63. 

05.  Scbol.  Dr.  Halky's  Rational  Formula  for  extracting  the  Roots  of 
Equations  is  eafily  deduced  from  what  hath  been  (hewn  above.  Let 
fz-\-gz%-\-bz*  -\-  iz+  &c.  =K  be  any  Equation;  z  the  unknown 
Quantity,  the  other  Letters  ftanding  for  known  Quantities :  and  let 
/  be  a  Number  as  near  a  Value  of  z  as  may  be  5  found  by  Trial,  or 
any  other  Way :  fubftitute  l-\-r  inftead  of  z  in  the  given  Equation 
fz -\- gz% -\- bz*  &c.  =  K:  and  let  the  transformed  Equation  be 
a r  -\-  br%  -f-  cr*  -j-  dr+  &c.  =  A :  where  r  is  the  Supplement  to  / ;  or 
the  Difference  betwixt  /  the  approximate  Value  of  z>  and  it's  true 
Value:  which  therefore  is  fuppoied  to  be  fmall.     Wherefore  ar=zA 

or  r  =  —  nearly  5  or  ar  -|-  6r*  =  A  more  nearly,  that  is  r  =  ^-£-- 
fire,  Subftitute  for  r  in  the  fecond  Member  of  this  laft  Equation,  it's 
approximate  Value  deduced  from  the  preceding  r  =  — ,  and  you'll  have 

(A  \      aA. 

— —  =  J  a%+6A  quam  proxime.    Wherefore  you  have  z=.l-\- 

a 

al±bA  nearly.  Which  is  Dr.  Hallefs  Rational  Formula :  published  in 
Phil.  Tranfa&ions  for  May  1694,  N°  210. 

66.  And  if  any  one  will  be  at  Pains  to  confider  the  Bufinefs  of  the 
Refolution  of  Equations,  there  may  be  many  Methods  of  approximating 
to  their  Roots  difcovered.  Thus,  retaining  the  fame  fupplementary 
Equation  ar  +  br*  -\-  cr*-{-dr+  &c.  =  A,  you  have,  as  before  r  = 

-  nearly :  or  r  = — —  f-  more  nearly :  infert  in  the  latter  Member  of 
this  laft  Equation,  inftead  of  r*  it's  approximate  Value  ~t  deduced 
from  the  preceding,    and  you'll  obtain  r  =  —  —  i.x^!fora  n€arcr 

Approximation  to  the  fupplementary  Root  r.  Which  approximate 
Value  of  r  being  found,  call  it  e :   and  in  the  Equation  of  r,   infert 

Eee  '   e+s 
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e-\-s  for  r:  from  which  you  may  find  an  approximate  Value  ots: 
and  fo  on  for  the  other  fubfequcnt  Supplements. 

67.  Our  Author  tells  us  that  when  there  k  apy  Doubt  whether  the 
Value  of  p  in  the  fir  ft  fupplementary  Equation,  approaches  near  enough 
the  Truth,  by  fuppofing  iq/»  -— 1  =  o,  you  may  aflame  the  three-  Uft 
Terms  $  thus,  6/>*  -+-  i<#  —  1  =0  :  and  by  th^  Solution  of  the  Quar 
dratic,  find  the  firft  Figure  of  the  Value  of  p.    Now  by  the*  Solution. 

of  the  Quadratic  6p%-\-iop  —  1  =  q>  yojt  have  p  ==  ~~ s  ~     l  :    o| 

which  twor fold  Value  you  t&ke  -=4^^-^-  —  +,  0.09,    quamproxime  ^ 

whish  is  the  leaft  Root,  and  that  which  approaches,  ne^reft  to  tlje  Va- 
be  of/,  by  putting  10^  •—  1  ==e  0.  The  Reafpn  of  wfaiqh,  flbaJJ  fap 
Ibevf n  Art  71.  And  thus  you  fiad  Q.09  a  ncwor  Approach. tp  tt^  Va^ 
keof  /  than  o.x  is :  and  it  gims  you  on*  Deonttl.Ptec*  #*»  10  thfc 
i^Mo&A.  Monmmv  ashaeelbus*,  it  is;caw£m«fl£  to  aiperfeyi  tfeg 
fceqnd,  oc  third  Figure,  of  the  Quotient  tbg  ftw^uray,  <jufe#  Jfeftfe 
tyti  refitfakg  Bqurtim*  tbe-Swmreof  tie  Cbejfficimt  $f  th ^tndt  Term 
h  not  ten  timet  greater tbatktoe  Prtduft  of  the  lqft  Term  wukipkvi  mt+ 
the  Coefficient  of  the  jinUpenult  Term. 

i&.  To  undprftapd  the  Reafon  of  this:  fpppofe  qr-\-br%=i  A,  ta 
Wppefcmt  an  Equation  refufking,  when  all  the  Terms  except-  dke  three 
feft  of  «R¥  %plemefl*py  £$«**»*  are  tfflf&ed :  $nd  *  r  =  4*  jfttf; 
which  arifes  by  reje&ing  all  fave  the  two  laft  Termj:  thep  \\e  may 
eafily  find  the  Dfffeience  betwixt  the  %\m>  cprtefpo^idiag  Valued  s&  n 
arifing  from  thefe  two  Equations.     From  the  laft,    we  l|aw  r  = 

4*  fote  the-foft,  r=^  — +V«4^  <    xhatwwayQQw^ife^eic 

two  Values  of  r,  fuppofe  ^=«xM  (whew  # lepnfcote  the  Nom* 
\m  which  audti^yij^g  £A»  makes  tfce  PfoduA  equal-to xfl)  th#  is.  A= 

~  :    infeft  this  Value  of  £  inftead  of  it,    in  the  Equation  ran 


20  a 

which  two-fold  Value,  — |z  -|"  ^**+«  x  —  is  to  be  taken,  which 
is  the  ieaft*  of  the  two  Roots,  and  that  which  approaches  tneareft  to 
the  Root  of  the  Eqwrtiqn  *w=:=A,  orrsn-jp,  betwixt  which  and  it 
the  Difference  k  fought  This  Difference  rtheniis  the.fomo  with  the 
Difference  betwixt  —■  ap4  4**  vf?1 4-  z  —  t*  •  which  will  vary  ac- 
cording 
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dfttfttg  Ite  tiie  Value  of  *.  «THt  be  **=  to,  ^then  V-Ja»-4-»  — ^« 
=*=fr.$  ift  ffic.  fcirijtttetdfbifr'ftte  tHfiertrice  betftfot  the'two  Rotts,  in 

this" bafcis  i—  0.916  x  -y  =e  aoft^'Sfc.  x  ^,  w'hifcli is leXs-than  v'-  of 
4:  'btit  #•«•£=  9,  then  V^ss*  ^  2—-  £s  ==  0.9*68  :£?V.  'Jfo  that  the 
Difference  of  the  Roots  wdnld  be  deariy  .0.091  &c.  X  — :  which  is 
nigh  to  tV°F  ^-  And  if  #  be  $  or  any  thmg  lefc,  the  Difference 
frill  belhbrethan  -^  of  4  '(the  Blfl^itecftlB'lncfcafiiJg«  #  dimicfifhes) 

Whcnccflt  apjteart,  why,  if  5;  be  lefc  than  iot  that  «,.  if  the  Square 
of -the  Coefficient  of  the?  P<mult  Term  be  not  ten  times  greatenthan  the 
Produft*of  <he  laft  Term  and^CGeffioient  of  the  Antepenult  Terh),  .it 
is  prdperto  afcertain  the  firft  -Figure  of  the  Value  of  r,  by  affuming 
the  three  laft  Terms  of  *he  fupptementary  Equation ;  and  biking  ,the 
teaflrRoot-of  the-Quddratic:  Ixrcaufe  in  thisCkfe*he approximate  Root 
of  r  found  by  aifoikiiag  dntythc  twpkft  Terms*  of  the  Equation,  may 
fliflfer  from  tHe:  true 'Root,  by  a  Difference  which;  may  alter  .the. firft 
Elgortfof  that  approximate  Value  -of  r. 

69.  frfey,  *«s  6tP  ^fiw^obierves,  if  in^the1  whole. Courfe  of.  the  Qf>e- 
ration,  Vcrafluine^hi  threelaft  Terms  of  fcach  fupplementary  Equation, 
inftead  of  the  two  laft  only :  4nd«xtra£t  the  leaft  of  the  two  Roots 
out  of  the  Quadratic,  ^we-fliall  obtain  »  about  twice  as  'many  Figures 
in  the  Quotient  the  bne  >tvay,as  the  other,  at  each  Operation :  as 
may  beeafily troHedted  frqta  what  hath  been  faid  in  Art.  63,  64 :  by 
which  it  appears  that  each  new  Operation ;  or  fupplementary  Equatiorj, 
trill, -asiFtfere,'- triple'  the  Number  of  Decimal  Places  dready, found 
in  the-Qupti-fht.  -And  it  may  be  obferved  that  by-afluoiipg  the  three 
Iaft:Terms©f  the  rfepplem*ntafy  Equation,  as  in  the  preceding  Ar- 
littey'.ydahweDr.Hellfy's  irrational  Formula,  publkhed  in  the  Hu- 
fafopbical  Transitions* in-the-  Place  mentioned  already  *.  , And .  as  to  *  Art.  65. 
Mr.  'linphforiv  Method  of  Approximation  in'the  extna&ing  the  Roots  of 
Ec|uations,  JpuifUfhed  '  in  '•  his  AnalyJU  Equatiwium-  univerjalis;  it  is,  in 
Rffe&y  "dae;irfery  fame  -with  *ur  Author's  Method- here  kid  down; 
which  proceeds  by  affuming  only  the  two  laft  Terms  of  the  fupple- 
mentary  EquatiOTSj-^at  each  new  Operation. 

'70.  This  Method  of  extra Aing  the  Hoots  of  afi&ied  Numeral 
Equations,  may  be  fuccefsfully  applied  to  all  kinds  of  them,  how  high 
(Sever :  'whether  Vhe  'Ifetms'bc  all'dompleat ;  or  any  Number  of  them 
wanting :  "arid  therefore  alfo'  ferves  •  for*extra<SHng  the  Roots  of -pure 

E  c  e  2  Equations, 
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Equations,  that  is  the  Roots  of  Numbers,  efpecially  the  higher  Ones. 
Moreover,  after  you  have  found  the  Quotient  to  any  Degree  of  Ex- 
adtnefs  you  pleafe,  the  Quotient  fo  found  together  with  the  Root  of 
the  laft  refulting  Equation,  muft  be  equal  to  the  Root  of  the  Equation 
at  firft  propofed :  as  appears  from  the  Proccfe  itfelf.  And  therefore, 
having  continued  the  Work  to  any  defired  Length,  in  approximating 
to  the  Root,  you  may  prove  or  afcertain  the  Truth  of  the  Operation 
liere,  as  well  as  in  any  other  arithmetical  Operation,  which  proceeds 
by  Refolution.  For  it  you  fubftitute  for^,  in  the  Original  Equation; 
the  Quotient  already  found  +  the  Supplement  7,  r,  or  sy  &c.  the  tranf- 
formed  Equation  ought  to  be  the  fame  with  the  Supplementary  Equation 
of  y,  r,  or/,  &c.  Tnus  e.  g.  having  found,  in  the  Author's  Example, 
y  =  (2  +  p  =)  2. 1  +q  •  transform  the  original  Equation  y*  —  2y  —  5 
=  o,  by  fubftituting  2.1  -]-q  for  y,  and  you  have  0.061  4~  1 1.23?  4* 
6-3y*  4"  q*  =  o,  the  fame  with  the  correfponding  fupplementary  Equa« 
tion :  which  ascertains  the  Truth  of  the  Operation. 

71.  There  fecms  to  be  no  other  Difficulty  that  can  occur  to  the 
young  Geometrician  in  this  Matter :  unlefs  it  be  this.  Every  fupple- 
mentary Equation  is  of  the  fame  Order  or  Rank  with  the  original 
Equation  propofed ;  and  therefore  the  Roots  or  Values  of  the  Supple* 
ment  may  be  as  many  as  the  Dimenfions  of  that  Equation  r  how  tken 
doth  it  appear  which  Root  of  the  fupplementary  Equation  ought  to  be 
taken :  and  that  the  Value  of  the  Supplement  which  arifes  by  affum- 
ing  the  two  laft  Terms  of  that  Equation ;  or  the  lcaft  of  the  two 
Values  of  the  Supplement,  which  arife  by  affuming  the  three  laft 
Terms,  is  an  approximate  Value  of  that  which  you  want,  to  make  up 
the  true  Root  ? 

In  order  to  clear  up  this  Difficulty,  let  ay  -\-h*  +  cy*  &c.  =  A, 
reprefent  any  Numeral  Equation,  y  being  the  unknown  Quantity,  and 
the  other  Letters  ftanding  for  known  Numbers ;  pofitive,  or  negative : 
and  let  the  Roots  of  the  Equation  be  called  f^  g,  b%  &c.  pofitive,  or 
negative.  Then  let  n  be  a  Number  which  approaches  near  to  one  of 
the  Roots  as/:  which  is  found  by  Trial ;  or  otherwife  :  and  let  it  be 
n  -\-p=y%  where  p  is  the  Supplement.  Subftitute  n  -}-/for  y  in  the 
Equation  ay-\-by%-\-cy*  &c=.  Ar  and  thence  arifes  a  new  Equation,  viz. 

which  you  may  call  the  Equation  of  pi 


Uc.      &V.       &c.      &c.) 


and  the  other  the  Equation  of y.    In  this  Equation  of/,  the  Roots  or 
Values  ofp  are  juft  as  many  as  the  Roots  or  Values  ofy  in  the  Equation 

Values 


EXPLAINED.  397 

ofy  fince^==y— ny  thatis/—  n%  g—n>  b  —  n9  &c.  but  of  thefe 
Values  of/,  one,  at  leaft,  is  very  (mall  in  Companion  of  ny  which  is 
denoted  by  f —  ny  finer  n  was  fuppofed  to  differ  but  little  from  fy 
and  this  therefore  is  the  Value  of  p9  which  is  the  Supplement  fought. 
Wherefore  in  the  Equation  ofp>  the  Terms  which  include  the  Powers 
of  p,  that  is  all  before  the  two  kft  Terms,  will  be  fmall  in  Compa- 
nion of  thefe  two  laft  Terms,  if  p  be  fmall  enough  in  Comparifon  of 
n:  which  is  the  Cafe  when  the  Root/ — n  is  fought:  therefore 
thefe  Terms  may  be  negle&ed,  when  you  are  feekmg  a  near  Value 

of  the  Root/ —  n :   fo  that  you'll  have  ■<  +  ***  +  2*»t  >  =  o  nearly, 


A  —  *»  —  £»*  —  r»i  fsfc 


or /  =  7+Z%yJ"vT  a  near  Valac  of  thc  Supplement/,  that  » 
of,/*— ».  And  you  may  eafily  difcover  how  near  this  Approach  will 
come  to  the  true  Value  of  the  Supplement  /  or/ — n  :  which 
(cateris  paribus)  will  be  different  according  to  the  different  Propor- 
tion that  n  bears  to  /  otf—  n :  fuppofe  /  (==/ —  n)  =  -^,  then  in 

the  preceding  Equation  of/,  each  Term,  proceeding  from  the  left  to  the 
right,  abftracUng  from  the  numeral  Coefficients,  may  be  confidered  as- 
ten  times  greater  than  the  Term  immediately  fucceeding  it :  in  which 
Cafe  the  two  laft  Terms  of  the  Equation  upon  the  left  hand,  are,  ab- 
ftra&ing  from  the  Coefficients,  more  than'  -^  of  the  whole;  the 
three  laft  Terms  more  than  tVsV  of"  the  whole,  Gfc.  And  therefore 
the  Value  of  the  Supplement  /  deduced  from  the  two  laft  Terms  of  the 
Equation  put  equal  to  nothing,  will  not  differ,  generally  fpeaking, 
from  the  true  Value,  but  by  a  few  hundred  Parts.  This  will  further 
appear  if  you  compare  the  Value  of/  deduced  from  the  abridg'd  Equa- 
tion, viz .  p  =  A7+ZX£"v*''  »  with  it's  Value  derived  from  the 

entire  Equation,  which  will  be/=  A- ££££- jj^£.- 

:i£+W  ^t  is  (by  inferring  i  for  /)  /=£5ffg& 


pears  that  the  approximate  Value  differs  from  the  full  Value,  gene* 
rally  fpeaking,  but  by  a  few  hundred  Parts;  fince  the  Value  of  the 
Places  in  the  Numerator  of  the  fecond  Term  of  the  Value  of  p>  are 
but  hundred  Parts  of  the  Value  of  the  Places  in  the  Numerator  of  the 
firft  Term,   the  Denominators  being  the  fame.     And  after  the  fame 

Manner- 
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,  differ  frorfi  flic  true  Value  df  fo  tjrily  -by  ferine  thoufaThd -Pahs,  -fifr. 

.but. .whatever  be  the  Ratio  oftj>to%  fbrirething: depends  updn  the 
,CoefficieAts :  yet  the  "exaft  LSnif9,  in  *eveiy  ^aiftictibr  €afe,  itfiy 
eafilyUe  foohd,  by' applying  wMtl,his  heen  rfaid  fci-JAWt.  6*,  63-:  "by 

;doirig  which,  you -may ^fwyp  cfifcoter  to  wHat  'Number  'of  Pfeces -the 

.QAptidnt  ma^  be  continued^  'wiifch  arifesfrdm-tKe£Wvifon.bf'A  —  an 
-r-^*.-r- ra?  &c.  by  u4-<2^w  4"*3CT*  ^*  fo  :as  to  q^e :  thefe  Fhtote 
all  true ;  when  you  know  die  Ratio  below  which  the  Ratio  of  n  to  p 

doth  not  delfcencL  «  • .  ;L  *  1.  — 

*  iBiit  Yf  the  Squaip  of  &e  Coefficient ;of 'the  penult  Te>mTxT not  ten 
times  greater*  than  the  Produdi  of  the  laft  Term  multiplied  into  the 
Coefficient  of  the^htepeftult  TVflhv  when  n  'is  not  milch  more  than 
jp^  .{of  which  Cafe  I  fpqke  Art^  68)  then  by  aflurhirig'flie  three'laft 
jTerms*of  the  "Eauatjoix  of'*,  and  putfthg  them*  eqi&ff o  hothlng.  4he 


%$n  the  Supp6fitiBhlffiat toe  VBl&e  bfy^HfchtyBD 
Valqe,  bizsf — ^  Which  may  bcflippofed  to  be 'the  kaft  Value  o$p. 
^^*]2:,Scholiufa^    There  b&Jb)ki&  Things  :copcernihg  bur  Xuithor> 
JVfethod  of  rfefoltfing  nitmeraV Equations,  "which  it  fiiay  be  proper  here 

to  remark.  ...  .  

\\  He  fuppofes  tb^t  the  approximate  Value  of y%.  .which  is  aflumed 
in; the  bfegfaning,  ^differs  not  a  tenth  part  of  itfelf  from;  "the  tnie 
Value.  Stfeh'lan  approiimate  Value  inayibe  found  by, the  Methods 
for'determiuifig  the  LItiiits  of  the  Roots  of  Equations,  found  in  At- 
gehraical  Wf itefs ;  on  ffediaps  by  repeated  'Trials.  . 

.  2\  This  Method  of  Wfolviog  numeral  Equations^  equally  extends  t<? 
the  difeqyering ^  of  ail  the.poffibfe  Roots  t>f  any  Equation,  whether 
they  he  politTve  pr  negative,  commenfuhbleoririctommenRirablet'for 
wHetKer  the^  approximate  Value  of /-m  tfid^pbfcd-Equatioir.fietakcn 
pofitive  or  negative ;  If  it  he  fuch  an  approximation  to  any  real  Root 
as  has  been* mentioned/' *the. Operation  gdes^dn  zffct  the  feme  MaTF- 


ahd  ib!fce''flfcll^^  'M6rettver  this 
^faHsf^                                 aeteitiTlfiihg  the  L^irriltstof  tBe'R66ts: 
%r  VHeVyckt  Kite  fo3n(fW:ttfo^ 
-  any 


4ny  Root  lyes,  ^hereof  ofte  $  gffsate?  and  $g  other  left,  than  fte  I£b$ 
fought,  ill  the  Manner  might  by  our  Autb.pr  in  his  -4ni^.  t/n/u  && 
4?  Limitibw  Eqwtiopm,  you  rnay  easily  difeqver  whethej  any  of 
thefe  Limits  dpth  qf  doth  not,  differ  by  ^  of  itfejf  fron}  the  true, 
Root:  for  if  you  .fiib&tute.  th&.Limrta  \x\  Place  of  the,  i^knpjyp 
Quantity  in  the  Equation,:  and-  then,  fuhftitute  the,  leaft  Limit  h}~ 
jpreafed  by  -^  of  itfelfo  orthe  greajeft.  Limit  diminished  by  ±  of  it- 
{&(>  in  PUoe.  oj  thg  un^npwn.Qaamitx  ;  and  obferye  tlje  Signs  with 
which  the  Aggregates  pf-  all  the,  T&rmf  of  the  Ifqqatipn  in  evexy  Cafe 
are  aife&ed,  you'll,  thereby  dieiermjng  what  you,  waqt :  for  jf  the,  A^r 
gr<e#te  arising  frorn.  tfc  SuWfctutjpn  pf,  the  JeaA '  Limit,  be  aff$&;d 
wuh  a  difereot  Sign  from  th^t  wi*h  wjijph,  the  Aggregate  i&af!fe<3tea 
by  fobftuuting  that  Limit  Uwreafed  by  -^  of,  iijfejf,-  the  leaft  Limff 
doth  not  differ  -^  of  itfelf  from  thp  tnu£.Roptr;  pther.wife  if  they 
be  abased  with  the  Cone  Sigfl,  «  differ?  mpre  than  A :  the  lame  Rule 
K  «o  be  oMecwd  with  r,efpe&  to,  the  greafeft  Limjfc:  t?uf  hAP  I  fupppfe, 
*h#  the  Difierence  o€  the.  itv«o  Limits  *  gfieafc*.  U*ajn  -^  o£  tlje  lea£ 
Limit  ia  the  firA  Cafe ;  and  greater  tha»  ^  of  thagreajeft  Ljmit  in  the 
other  Caje :  fpr  if  the  Lwta i.doo'jt  diier  tha*  rnuch  fcorn  one  another; 
they  will  not  differ  from  the  true  Root  hy  rs-  of  ttipm/eW  rer 
%e#txdy» 

3°.  This  ftfet&od  of  cefyfouag  Fquatfofta  #  wp#.  flronerjy  applied 
for  finding  the  incommenfurable  Roots:  becaufe  the  com^nenifor.ah|p 
■Mwts  a&  fewnd  mote  con,H«Wttitly  a&d  dh#Jtk/  by  the  Methods,  taught 
jo.  Algebra^ 

4«  If  the  laft  Terw  of  any  fupplsmentary  EquAtipn  of pt  qy  r,  $c,  . 
VAntfh,   then  the  preceding  Quotient  ajr^dy  found,  is  a  true  Root.; 
or  fuU  Valve  of  the  unJcrwvKO  ^aan.tUy>--  f«r  in.thfc  Cafe  the  lea.fr 
Root  qf  the  Suppleojieotay  Equation  k  equsd  to  npthiqg,  that  is  th^ 
.Supplern^m  isequal  to.notbjRg. 


$  e  e  T.   iy. 

Explicatiqn.9f.tJ1e  J^fhJ^iqn  of  ^ffe^e^  fpfcic^or  U^erjlJ 

73.  /~l^^,E,fpec\ous^juatiens;!!  wfifi^Re^lutignqiwA^thpc.frfijJs- 
£     pf  in  thjs  Place,  conjoin  t,wp  unl^wn,Qjja^tit|$s,.as*  a^ 

of 
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of  a  Curve ;  whofe  Relation  to  one  another  is  expreft  by  any  fuch 
Equation :  the  other  letters  (landing  for  definite  known  Quantities. 
And  it  is  propofed  to  exprefs  the  Root  y  in  a  Series  of  Terms  in- 
cluding the  Quantity  x  together  with  the  other  known  Quantities. 
Thus  in  the  Equation  y*  -\-axy —  2a*-\-axy —  x*  =  o,  which  he 
propofes,  x  is  confidered  as  the  Abfcifi,  and  y  as  the  Ordinate,  in  a 
Curve,  whofe  Nature  is  defined  by  that  Equation.  Now  that  the 
Value  of  y  may  he  found  in  fuch  a  converging  Series,  it  is  neceflary 
toebnfider  x  either,  i°.  as  very  (mail;  or,  29.  as  very  great;  or  then, 
3°.,  as  differing  very  little  from  fome  given  Quantity.  That  fo  by  fup- 
pofing x  to  be  very  fmall,  the  Series  may  converge  wherein  the  Root 
y  is  expreft  by  a  Progreffion  of  Terms,  in  which  the  Dimenfions  of  x 
increaic  in  the  Numerators:  2°.  By  fuppofing  x  to  be  very  great, 
that  Series  may  converge,  in  which  the  Dimenfions  of  x  continually 
increafe  in  the  Denominators  of  the  Terms :  Or  that,  30.  By  fuppofing 
x  to  differ  but  very  little  from  fome  given  Quantity,  fome  Species  or 
Letter,  as  2,  being  fubftituted  for  that  Difference,  it  may  come  in 
Place  of  the  Species  x  confidered  as  very  fmall.  And  all  thefe  three 
different  Suppofitions,  may  have  each  it's  Conveniency,  according  to 
the  Circumftances  of  .the  Cafe. 

74.  The  firft  is  the  Cafe  Sir  Ifaac  chiefly  infifts  upon :  becaufe  moft 
ufeful  in  the  Affair  of  Quadratures:  and  to  which  the  other  Cafes  may 
be  reduced. 

In  which  he  proceeds  after  this  Manner.  He  iuppofes  x  entirely 
to  vantth :  and  from  the  refulting  Equation  feeks  a  Value  of y.  This 
muff  be  an  approximate  Value  of  y9  becaufe  when  x  is  very  fmall, 
the  Value  of  y  cannot  differ  much  from  it's  Value  when  x  quite  va- 
nifhes.  But  as  this  is  but  an  approximate  Value  of  y  {foppofe  you 
-call  it  A)  he  puts  jp = A  -fc-  p  •  wnerc/  is  the  Supplement  to  the  Root, 
as  in  the  Relolution  of  Numeral  Equations.  Wherefore  he  fubftitutes 
A  -J-/  inftead  of  y9  in  the  given  Equation :  whence  arifes  a  new  Equa- 
tion (which  we  (hall  call  the  Equation  of/)  from  whence  the  Value  of 
p  is  to  be  derived.  Now  although  p  may  have  feveral  different  Values, 
in  this  new  Equation,  yet  it  is  the  leaft  Value  that  makes  the  Supple- 
ment (for  which  See  Art.  71)  Wherefore,  fince  both  xand/  are 
very  fmall,  he  reje&s  all  the  other  Terms  unlefs  thofe  where  x  and 
f  are,  feparately,  of  the  feweft  Dimenfions :  and  fuppofes  them,  as 
it  were,  equal  to  nothing  from  whence  he  finds  an  approximate  Va- 
lue of/.-  Which  call  Bx";  and  put  >  =  Bjc"-f  q.  Then  he  fubfti- 
tutes fix"  4-  q  inftead  of  p  in  the  Equation  of  /;  q  being  the  Sup 
plementto  the  approximate  Value  of/,  viz.  Bof;  as  p  was  formerly 

*  the 
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the  Supplement  to  A,  the  approximate  Value  of  y.  And  from  hence 
you  obtain  a  third  Equation  for  finding  an  approximate  Value  of  q9 
viz.  by  the  like  Means,  that  is  by  reje&ing  all  the  Terms  of  the 
Equation  of  q%  fave  thofe  wherein  q  and  x  are  feparately  of  the  feweft 
Dimenfions,  the  other  Terms  being  comparatively  of  very  little  Sig- 
nificancy.  Which  near  Value  call  Of" ,  or  q  =  Cxw  -\-  r  :  r  being 
the  Supplement.  And  fo  he  proceeds.  Whence  he  finds  y  =  A  -f-  p 
=  A  -j-  Bx*  +  q  =  A  -j-  Bxn  +  C  xm  -f-  r,  &c.  By  which  you 
find  a  Series  of  Terms  continually  approaching  to  the  Root  y,  that  is 
to  one  of  it's  Values.     The  Procefs  may  be  fecn  in  the  Treatife  itfelf. 

j$.  In  which  you  may  obferve  the  following  Things  '. 

i°.  That  in  the  Equations  of^,  q,  r,  &c.  upon  the  right  Hand, 
thofe  Parts  of  the  laft  Term,  in  each  Equation,  will  mutually  deftroy 
each  other  *  in  which  x  is  of  no  higher  Dimenfion  than  in  the  laft, 
or  immediately  preceding  Term  of  the  Quotient.  Thus  in  the  Equa- 
tion of  p,  the  Parts  +  * 3  4~  a 3  —  2*3  °f  d*c  ultimate  Term  ;  in  the 
Equation  of  q,  the  Parts  —  arx  +  a2x ,  in  the  Equation  of  r,  the  Parts 
-{-  TV  ax%  —  tV  ax%  (and  fo  for  the  reft)  do  deftroy  one  another.  The 
Reafon  of  which  is  evident,  by  confidering  that  thofe  Parts  which  de- 
ftroy one  another  in  thefe  laft  Terms,  ftand  oppofite  to  fo  many  other 
Terms  in  the  collateral  Equation  upon  the  left  Hand,  which  were  put 

equal  to  nothing.    For  fince  a,  \  x,  -J-  ^- ,  &c.  are  the  Values  of  y% 

P%  h  &c%  *n  !^c  Equations  y*  *\-a\y  —  za*  =  o,  qaap  -\-  a*x  =  o, 
qa%q  —  yV  *#*  =  o,  &c.    Hence  it  follows  that  the  Subftitution  of  a, 

—  7  xy  +5^,  &c.  in  place  of  y>  p9  q%  &c.  muft  make  the  Whole 

equal  to  nothing:  So  that  thofe  Parts  of  the  laft  Terms  of  the  Equa- 
tions of  py  y,  r,  &c  upon  the  right  Hand  of  the  Diagram,  which 
have  been  mentioned,  muft  deftroy  each  other.     Whence  it  appears 

2°.  That  the  Powers  of  x  in  the  laft  Term  of  the  transformed 
Equations  of  py  q,  r,  &c.  upon  the  right  Hand,  increafe  more  and 
more  continually ,  the  loweft  of  which,  after  rejedting  thofe  Parts 


is  of  the  higheft  Dimenfion :  although  it  be  placed  laft  in  the  Diagram  ;  and  that  the  laft 
Term  of  the  Equation,  which  ftands  firft  in  that  Part  of  the  Diagram  :  becaufe  the  Order  of 
the  Terms  ought  to  be  computed  by  the  Dimenfions  ofp9  q,  r,  &c.  Moreover  when  any  Term 
of  an  Equation  is  complex,  I  call  the  feveral  fimple  Quantities,  which  make  it  up,  Parti  of 
that  Term:  thus  +  3**/>,  +  «*/,  +*?>  arc  the  Parts  of  the  penult  Term  of  the  Equation 
of  f  m  our  Author's  Diagram. 

Fff  which 
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which  dcftrov  one  another  (according  to  thtf  laft  Retoark)  Will  be 
higher  than  the  highcft  Dimenfion  of  x  in  the  preceding  part  of  the 
Quotient. 

3°.  Wherefore,  when  x  is  very  fmall  in  Comparifort  of  any  other 

given  Quantity,  as  7,  itt  the  given  Equation  of  y,  the  laft  Term  of 
the  fuppletachtary  Equation  of  /,  q,  r,  &c.  is  cdnfimially  diitiinifh- 
ing,  fo  as  at  length  to  vanifh.  And  therefore  dne  Value  01  the  Quan- 
tities p$  qi  r,  &e.  continually  dimirii(hes*  viz.  the  leaft  Value,  for 
♦Art.  71.  that  id  the  Supplement,  as  wasobferved  already  * :  Confequetifly  firice 
73-  that  Value  of/,  q,  r,  &c.  together  with  the  Qudtient  as  far  as  for- 
merly found,  make9  up  the  Value  of  y,  it  follows,  that,  by  this  Ope- 
ration,  you  approach  coiitiriually  to  the  Rootjp,  fo  as  td  differ  from  it 
at  length  by  lefs  than  ariy  giveto  Difference:  Befcattfe  the  laft  TtfTih  of 
the  fuppletnentdry  Equatbh,  beconlirig  at  length  lefs  than  any  given 
Quantity,  and  vanifhing,  foftle  Root  df  that  Equation  muft  become 
tefs  than  any  given  Quantity,  and  vanifh  ;  firice  the  lift  Term  of  anv 
Equation  is  the  Produd  of  all  the  Roofs  with  cdntrtry  Signs  :  which 
diminishing  and  etranefcfeiit  Root  is  the  Supplement,  as  hath  been  juli 
now  faid. 

40  Whereas  in  every  new  Step^  by  which  a  new  Term  of  the  Value 

of  y  is  found,  dur  Author  defires  you  to  aflame  the  Tirms  itt  which 

x  and  p  y  x  and  q  >  are  feparattely  of  the  feweft  Dimenfioos,  k  may 

beobferved  that  the  Species/,  q,  r,  &c.  will,  always  be  found  fepa- 

ratcly  of  one  Didifenfion,  without  being  affedled  with  x :  becaufe  ill 

the  firft  Suppofitiori,  you  dflUme  ah  Equation  ih  which  the  Letter*  h 

not  found*  and  therefore  the  approximate  Value  of  y  thence  deduced 

doth  not  include  x  ;  whence  it  is  evident  that  the  Parts  of  the  Pfenalt 

Term  of  the  firft  transformed  Equation,  upon  the  right  Hand  Side  of 

the  Diagram,  which  ftand  collaterally  to  thote  Terms  of  the  propofed 

Equation,  wherein^  is  not  affe&ed  with  #,  muft  contain p  ftparately 

of  one  Dimenfion  only,  in  the  Equation  of  p  ■:  which  in  his  Example 

ire  34*j(>  and  a*p :  therefore  in  the  next  fuofequent  Transformation 

*viz.  in  the  Equation  of  qy  upon  the  right  Hand  Side  of  the  Diagram, 

that  part  of  the  Penult  Term  which  ftands  collateral  to  44^  upon  the 

left  Hand,  where  p  is  feparately  but  of  one  Dimenfion,  muft  contain 

gr.  feparately  of  one  Dimenfion  only :  and  fo  the  Reafoning  is  the  fame 

through  all  the  fubfequent  Transformations  in  inf.   So  that  in  all 

Equations  of  this  Kind,  where  you  can  deduce  the  firft  approximate 

Value  of  y,  by  fuppofing  x  to  be  nothing,  the  Parts  of  the  transformed 

Equations  to  be  fele&ed,  for  deriving  the  Terms  of  the  Quotient,  in 

the  Progrefs  of  the  Operation,  are  manifeft :  and  the  Derivation  of 

/  thefe 
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tbefe  Terms  of  the  Quotient,  requires  no  more  but  the  dividing  the 
Part  of  the  laft  Term  wherein  x  is  of  the  leaft  Dimenfion,  with  the 
JBign  changed,  by  the  Coefficient  of  &ch  Part  of  the  Penult  Term,  as 
includes  but  one  Dimenfion  of  p,  q>  r>  &c.  feparately. 

76.  And  thus  I  have  explained  and  demonftrated  the  general  Procds 
for  deriving  the  feveral  Terms  of  the  converging  Series  for  cxpreffing 
the  Value  of  y:  but  whereas  in  Art.  31,  Sir  Ifaac  mentions  an  Abridg- 
ment, which  may  ferve  to  eontradt  the  Work,  I  muft  (hew  upon 
what  Foundation  k  is  built.  In  order  to  which,  let  it  be  obferved 
that,  when  the  Quotient  is  propofed  to  be  continued  only  to  a  certain 
number  of  Terms  j  or  (which  is  equivalent)  to  a  given  Dimenfion  of 
#,  all  tfoofe  Terms  of  any  Equation  upon  the  right  Hand  fide  of  the 
Diagram,  taay  be  entirely  omitted  in  the  fubfequent  Transformation, 
to  which,  if,  for  the  Supplement  p9  qy  r,  &c.  that  Power  of  x  were 
fabftttirted,  which  is  found  to  fee  k*s  approximate  Value,  x  would  he 
of  a  higher  Dimenfion  than  the  propofcd  Limit '.  The  Reafon  of 
which  is  this  :  fince  the  Species  x  is  fuppofed  indefinitely  fmall,  any 
Term,  that,  by  the  Subftitution  juft  now  mentioned,  would  arife  to  a 
higher  Dimenfion  of  x,  than  the  Dimenfion  to  which  the  Quotient  is 
propofed  to  be  continued,  is  vaftly  lefe  than  any  of  the  Terms  in 
which  the  Dimenfion  of  x  rifes  not  above  that  Limit :  and  as  fuch 
Term  in  the  fubfequent  Transformation,  muft  make  that  Part  of  the 
laft  Term  of  the  Equation  upon  the  right  Hand,  which  ftands  colla- 
teral to  it,  of  a  higher  Dimenfion  of  x  than  the  propofed  Dimenfion  ; 
and  every  fubfequent  Quantity  upon  that  feme  Line  of  the  Transfor- 
mation, of  ftill  a  higher  Dimenfion  of  x,  alter  a  proper  Subftitution, 
«s  is  evident,  hence  it  appears  that  no  fuch  Term  can  any  way  a#c& 
the  Quotient  within  the  propofed  Limits  :  fince  every  new  Quotient 
Term  muft  have  that  Dimenfion  of  x,  winch  is  the  loweft  in  thp 
laft  Term  of  the  fupplemental  Equation.  Thus  in  the  Operation  in 
the  Author,  after  you  have  arrived  at  the  Equation  of  q  *  und  found 

from  it  q^z  £-  nearly^  the  firft  Term  q*  is  eotirdy  hegleiSed  in  the 
fobft qpqpt  TisaDsfonpation  :  beewfe  if  £  -f  r  were  AihftitBfcd  far 

1  The  Reader  muft  Qbferve  that  thi*  Ride  yhifih  i$  given  by  Sir  {free ;  and  the  Reafon  given 

for  it  here,  can  only  be  extended  tp  thofe  Cafes  in  which  the  Supplements  p%  q,  r,  &c.  are  found 

in  fine  Part  of  the  stank  Tem  of  their  lefpt&iv©  Equations,  without  anp  Mixture  0/  x :  it 

XherQifes  the  Rait  yi]l  nflft  tafal,    4*4  t^refore  ^  nniytj&l  Kuk  fot  »p  gaff*  $all  be 

deli  vwped  aftexwar^. 

-  Fffa  q, 
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ft  it  would  give  q 3  =  ^  +  -£-•+  £  +  r3,    for  it's  colla- 

teral  Values  in  which  the  laft  Term  ^~~j,  rifes  above  the  fourth 

Power,  which  is  the  propofed  Limit  of  the  Dimenfion  of  x  :  and 
the  other  Terms  would  ftill  rife  to  higher  Dimenfions  of  x,  fince  the 
approximate  Value  of  r  muft  contain  more  Dimenfions  of  x  than  q 
doth,  which  contains  the  Dimenfion  x% :  whence  it  appears,  that  none 
of  the  Terms  of  the  Value  of  q\  in  any  fubfequent  Transformation, 
can  give  or  produce  any  Quantity,  but  what  (hall  contain  either  the 
6th  Dimenfion  of  x\  or  one  higher  in  the  ultimate  Term :  which 
therefore  can  have  no  Influence  upon  the  Quotient  within  the  pro- 
pofed Limit.  And  the  reafoning  is  exactly  the  fame  with  refped  to 
the  Part  —  \xq%  of  the  fecond  Term  of  the  Equation  of  q  upon  the 
right  hand  :  which  therefore  is  likewife  entirely  negledted  in  the  fub- 
fequent Transformation. 

yy.  But  fometimes  all  the  Terms  of  the  transformed  Value  of  a 
Quantity  are  not  to  be  omitted,  but  only  fome  of  them,  in  order  to 
carry  the  Quotient  to  a  propofed  Limit,  or  Dimenfion  of  x:  for 
which  you  are  to  obferve  this  Rule,  That  after  the  Jirji  refulting  Term 
of  the  transformed  Value  of  any  Quantity \  Jlanding  collateral  to  it  upon 
the  Right- bflnd>  Jo  many  more  Terms  are  to  be  added,  as  the  Index  of 
the  highefl  Power  of  x,  in  the  Quotient,  exceeds  the  Index  ofx  in  fucb 
frjl  refulting  Term  of  the  transformed  Value :  provided  the  Dimenfions 
of  x  afcend  only  by  the  Difference  of  one,  as  in  the  Example  of  the 
^Author  :  where  the  Dimenfions  of  x  in  the  Terms  of  the  Quote  are 
x°,  a:1,  #%  *3,  &c.  Thus  if  the  Quotient  is  to  be  continued  only 
to  the  4th  Dimenfion  of  x,  you  omit  all  the  Terms  after  x+,  and 
put  one  after  x*  $  and  fo  in  other  Cafes,  Accordingly  in  the  prefent 
Example,  after  you  have  arrived  at  the  Equation  of  qr  the  transformed 

Value  of  the  Quantity  $aq%  is  -~^  +  -^  +  $ar%  :.  of  which 

the  two  Terms  ~-  -f-  3ar%  might  be  omitted,    when  the  Quote 

is  defigned  to  be  carried  only  to  the  4th  Power  of  x:  for  the  fame 
Reafon,  oppofite  to  -^x2q,  the  Term  T*fX%r  might  be  omitted.  The 
Reaibn  of  which  may  be  eafily  deduced  from  what  hath  been  faid 
in  the  preceding  Article.  Which  Rule  includes  the  particular  Rule 
given  by  Sir  Ifaac,  Art.  3 1 :  as  will  be  evident  to  one  that  confiders 
it.  But  if  the  Dimenfions  of  x  in  the  Quote  proceed  by  greater 
Differences,   as  x°9  *%  x%  x6,  &c.    or  x°,  x\  x*,  x9,  Gff.    then, 

when 
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when  the  Differences  are  2,  after  the  firft  refulting  Term  of  the 
transformed  Value  of  any  Quantity,  you  need  only  fubjoin  half  the 
Number  of  Terms,  which  denotes  the  Excefs  of  the  Index  of  the 
Tiigheft  Power  of  x,  to  which  the  Quotient  is  to  be  continued,  above 
the  Index  of  x  in  the  firft  refulting  Term  of  the  Value  of  the  Quan- 
tity, to  which  that  Term  ftands  collateral :  And  when  the  Difference* 
of  the  Dimenfions  of  x  in  the  Terms  of  the  Quote  are  3,  you  need 
only  adjoin  a  third  of  that  Number  of  Terms,  &c.  becaufe  now  the 
Differences  of  the  Dimenfions  of  x  in  the'  Terms  of  the  transformed 
Value  of  any  Quantity  taken  from  the  laft  refulting  Equation,  will 
he  2,  3,  &c.  after  fubftituting  for  /,  q,  r,  &c.  their  approximate 
Values.  And  after  the  Operation,  in  this  abridged  way,  is  carried  fo  far, 
as  that  the  Supplement  q,  r,  &c.  rifes  no  higher  than  the  Root,  in  the 
transformed  Equation  upon  the  Right-hand  Side  of  the  Diagram, 
you  obtain  the  reft  of  the  Terms  by  Divifion :  which  is  to  be  con- 
tinued untill  the  Quote  be  brought  to  the  propofed  Limit *. 

78.  The  Author's  Example,  with  the  Operation  abridged,  accord- 
ing to  the  preceding  Rules,  may  (land  thus :  where  the  Mark  *  denotes 
the  Parts  of  the  Terms  which  are  omitted :  the  Quotient  or  Value  of 
y  being  propofed  to  be  carried  the  Length  of  the  4th  Power  of  x. 

«  Thcfc  Things  help  to  explain  Art.  44.  of  the  Author*  5 
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Here  in  this  Example,  becaufc  the  Differences  of  the  Dimenfions 
of  x  in  the  Value  of  yr  are  2,  and  that  Value  or  Quotient  is  to  be  car- 
ried forward  only  to  the  6th  Dimenfion  of  x>  therefore  in  transform- 
ing the  feveral  Quantities  of  the  Equation  of  py  you  will  obferve  that 
thofe  are  entirely  omitted  in  which  if  xa,  which  is  the  Dimenfion  of 
x  in  the  approximate  Value  of  py  were  fubftituted  for/,  the  Dimen- 
fion would  be  higher  than  the  6th :  no  Term  placed  after  the  firft  re* 
fulting  Term,  when  the  Index  of  x  in  it  is  6  :  and  only  one  Term  af- 
ter it,  when  the  Exponent  of  x  is  4.  By  which  the  Equation  of  q 
rifes  not  above  the  firft  Power  of  q :  therefore  you  find  other  two 
Terms  of  the  Quotient  by  Divifion,  as  appears  by  the  Operation  itfelf. 
And  fo  you  proceed  in  other  like  Cafes,  by  which  you  (hall  obtain  a 
Value  of  y  in  an  infinite  Series  of  fimple  Terms  :  and  therefore  if  x 
and  y  denote  the  Abfcifs  and  perpendicular  ordinate  of  a  Curve,  the 
correfpondent  Curvilinear  Area  is  found  by  our  Author's  fecond  Rule  : 
which  in  this  Cafe,  where  the  Powers  of  x  afcend  in  the  Numerators, 
approaches  the  nearer  to  the  Truth  the  lefs  that  x  is. 

80.  But  if  x  be  fuppofed  to  be  very  great  in  Comparifon  of  any 
other  known  Quantity  in  the  given  Equation  (which  is  the  fecond  Cafe 
*  Art.  72.  we  mentioned  above  *  ->  and  of  which  the  Author  treats  in  Art.  33, 
34,)  in  this  Cafe,  the  Quotient,  or  Value  of  y,  muftbefuch,  that  the 
Dimenfions  of  x  diminifh  in  the  Numerators ;  or  increafe  in  the  De- 
nominators of  the  Terms.  Now  in  order  to  find  fuch  a  Value  of  y, 
our  Author  directs  to  proceed  thus  :  \ety*  +  axy  -f-  x*y  —  **  —  2x* 
==  o.  bp  propofed,  in  which  x  is  fuppofed  very  great  in  Comparifon  of 
the  given  Quantity  a,  then  he  defires  you  to  fele<St  thofe  Terms  in 
which  x  and  y  either  feparately  or  multiplied  together  are  of  the  moft 
and  at  the  fame  Time  equal  Dimenfions,  and  put  them  as  it  were  equal 
to  .nothing,  and  the  Value  of  the  Root  y  thence  deduced,  (hall  give 
the  firft  Term  of  the  Quotient :  therefore  in  this  Example  you  put 
y*  +  x%y  —  £#3  =  o,  whence  you  find  y  —  x9  4  an  approximate  Value 
of  y,  that  is  y  =  x  +  A  P  being  the  Supplement.  It  will  be  the 
fame  Thing  as  Sir  Ifaac  obferves  if  you  turn  the  afliimed  Equation 
y*  +  x2y  —  2x*  =0,  into  this  other  y*  +  y  —  2=0,  and  extraft 
the  Root  y  out  of  this  laft  Equation  ;  which  will  be  found  y  =  i, 
and  then  multiply  this  Value  of  y  by  x  :  the  Reafon  of  which  is  this^ 
that  if  the  given  Equation  y*  4"  x%y  —  2*3  =  o,  be  transformed  by 

putting  z  =  i-  or  zx  =  y,  it  will  give  x*z*  +  x*z  —  2*3  =  o ;  or, 

by  dividing  by  x*,  z*  +  z  —  2  =  o,  which  is  the  fame  with  y*  +y 
—  2=0,  whofe  Root  1  being  multiplied  by  x>  is  the  Root  of  die 
given  Equation  y*  -}-  x%y  —  zx*  =  o,  fince^  =#x.  81.  Now 


EXPLAINED.  4c9 

8 1.  Now  the  firft  Term  of  the  Quotient  or  Value  of  y  being  dis- 
covered in  this  Manner  (the  Reafon  of  which  (hall  be  (hewn  after* 
wards)  the  fubfequent  Terms  are  found  by  fubftituting  x  -f-  p  fory 
in  the  given  Equation  y*  +  axy  -f-  x*y  —  a J  —  2#3  =  o,  and  trank 
forming  it  thereby  into  a  new  Equation ;  from  which  an  approxi- 
mate Value  of  p  is  to  be  found,  by  afluming  thofe  Terms  of  this  new 
Equation,  which  are  vaftly  greater  than  all  the  reft,  and  putting 
them,  as  it  were,  equal  to  nothing :  and  fo  carrying  on  the  Operation 
for  the  fubfequent  Terms,  after  the  like  manner  as  has  been  fhewn  al- 
ready, in  the  other  Cafe,  in  which  x  was  fuppofed  to  be  very  fmall. 
The  Procefs  of  which  is  here  reprefented  to  the  Reader, 
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82.  In  which  Operation,  having  obtained  the  Equation  of  fy  I 
throw  by  the  firft  and  fecond  Terms,  as  containing  the  Cube  and 
Square  of  p  :  which  being  of  fmall  Value  in  Comparifon  of  the  other 
Terms,  are  to  be  negle&ed:  likewife  of  the  Penult  Term,  you  only  retain 
the  Part  4*a/>,  in  which  x  rifes  to  the  higheft  pofitive  Dimenfion  ; 
or  if  there  were  no  pofitive  Dimenfion  of  x  in  it,  you  rouft  take  that 
Part  only  where  pc  is  of  the  loweft  Negative  Dimenfion  ',  the  reft  you 
neglect,  becaufe  by  the  Hypothecs  x  is  fuppofed  to  be  vaftly  great  in 
Comparifon  of  a  $  likewife  of  the  ultimate  Term  I  retain  (after  throw* 
ing  by  repugnant  Parte)  only  the  Part  ax%%  viz.  that  in  which  x  is  of 
the  higheft  pofitive  Dimenfion ;  otherwise,  if  there  be  no  pofitive  Di- 
menfion, wnere  it  is  of  the  loweft  Negative  Dimenfion :  and  fo  I  put 
4#*P  4"  ax%  =  °  alnioft,  whence  I  deduce  p  =  —  \a  for  an  approxi- 
mate Value  of  * ;  and  confequently,  for  the  fecond  Term  of  the  con- 
verging Series  for  the  Value  of  y :  and  then  putting  p  =  —  \a  +  y; 
you  transform  the  Equation  of  p  into  a  new  Equation;  as  you  fee  ; 
which  you  manage  after  the  fame  Manner  as  the  preceding,  by  put- 
ting jpc*q  —  -nr* 4*  =  °  almoft,  whence  I  deduce  q  =  -|-  £- 

nearly,  which  is  the  third  Term  of  the  converging  Series  :  and  fb  you 
proceed  to  find  the  other  Terms  by  the  like  Means.  But  here  it  may 
be  obferved,  that  when  the  Series  lor  the  Value  of  y  is  propofed  to  be 
continued  only  to  a  certain  Limit,  or  Dimenfion  of  #,  many  unne- 
ceflary  Terms,  or  Parts  of  Terms,  in  the  Transformations  of  the 
Equations,  may  be  omitted,  viz.  thofe  that  cannot  affedt  the  Quo- 
tient within  the  propofed  Limit,  agreeably  to  what  was  {hewn  for- 
*  Art.  7$.  merly  *,  allowing  for  the  Difference  of  the  Cafes :  according  to  which 
79-  thofe  Quantities  marked  with  an  Afterifk  above  them,  might  have 
been  omitted,  if  the  Value  of  y  was  propofed  to  be  carried  no  further 

than  the  Dimenfion  ~,  or  x-3.    Moreover  it  is  to  be  obferved,  that. 


after  you  have  obtained  a  certain  Number  of  Terms  of  the  Series,  by 
a  continued  Transformation,  you  may  obtain  fo  many  more  by  Divi- 
fion,  as  you  fee  in  the  Operation.  The  Divifion  is  always  performed 
by  dividing  the  laft  Term  with  the  Signs  changed,  by  the  Complex 

1  I  call  a  negative  Dimenfion  of  x,  a  Power  having  a  negative  Index  in  the  Numerator;  or 
a  pofitive  Index  in  the  Denominator  as  x~~   =  — —  :  accordingly  I  call  *~"3  =  —   a  lower 

negative  Dimenfion  of*  than  *■— *  =--7-  :  likewife  *°  =  1  is  to  be  accounted  the  lowed 
Dimenfion  of  *%  whether  pofitive  or  negative. 

Coefficient 


EXPLAINED.  4it 

Coefficient  of  the  Supplement  q,  r,  &c.  in  the  Penult  Term  of  the 
laft  Equation.  And  in  order  to  know  to  how  many  Terms  the 
Quotient  of  the  Divifion  may  be  carried,  obferve  this  Rule.  In  the 
Uyt  transformed  Equation,  fuppofe  it  be  that  of  r,  divide,  or  fuppofe  to 
be  divided,  all  the  Terms  of  the  Equation  preceding  the  Penult \  by  r, 
fome  Power  of  'which  above  tbefirfi,  enters  into  them  all:  Then  find  the 
Power  ofx  which  enters  into  tbefirfi  Term  of  the  Value  of  r:   which 

in  the  preceding  Example  I  find  to  be  -jj-  or  *-*,    by  putting  \xxr  — > 

-^-  —  -^g-  =:  o :  fubfiitute  that  Dimenfion  of  x,  viz.  -^  in  Place  of 

r,  or  fuppofe  it  to  be  fubfiituted,  in  the  Terms  preceding  the  Penult,  after 
they  have  been  fuppofed  to  be  divided  by  r  as  above ;  and  let  the  lowefl 
pofitive,  or  yet  negative  Dimenfion  of  x,  thence  arifing,  be  x*  or  x~n 
rejpetfively,  according  as  x  is  fuppofed  to  be  very  fmall,  or  very  great : 
then  you  may  continue  the  Divifion  untill  you  obtain  that  Term  of  the 
Quotient  wbofe  pofitive,  or  negative  Dimenfion,  is  the  next  below  xn  or 
*-*  rejpe&ively :  only  it  mufi  be  obferved,  that,  if  there  be  any 
pofitive  Dimenfion  of  x  in  any  of  the  Terms  preceding  the  Penult  Term 
of  the  Equation,  after  the  Divifion  and  Subfiitution  mentioned  above s  , 
and  the  pofitive  Dimenfions  of  x  decreafe  in  the  Value  ofy,  then  the  Di- 
vifion is  to  be  continued  only  until  you  obtain  that  Term  of  the  Quotient, 
wbofe  pofitive  Dimenfion  is  the  very  next  above  the  highefi  in  thefe  Terms 
of  the  Equation.  And  you  mufi  take  Care,  in  Jetting  down  the  Parts 
of  the  Divijbr  and  Dividend,  that  you  make  the  lower  Dimenfions  to 
precede  the  higher,  when  they  are  pofitive,  and  x  very  fmall ;  but  the 
higher  pofitive  Dimenfions  to  precede  the  lower,  and  the  lower  negative 
Dimenfions  to  precede  the  higher,  when  x  is  very  great. 

In  this  Rule  it  is  fuppofed  that  all  the  Terms  of  the  transformed 
Equations  are  compleat,  although  this  be  not  always  neqeflary  \ :  and 
the  Rule  will  ferve  in  all  Cafes,  whether  the  Dimenfions  of  x  be  all 
pofitive  and  increafe  from  the  beginning  of  the  Series ;  or  2°.  the 
Dimenfions  of  x  be  firft  negative  and  decreafe,  and  afterwards  become 
pofitive,  and  then  increafe :  in*  which  Cafes  x  muft  be  fuppofed  to  be 
very  fmall ;  or,  30.  the  Dimenfions  of  x  be  negative  and  increafe  from 

1  There  is  not  any  Neceflky  for  annexing  any  of  the  Terms,  of  the  laft1  transformed  Equati- 
on, which  precede  the  Antepenult :  becaufe  the  Dimenfions  of  x  contained  in  the  Quantities, 
which  lye  upon  the  fame  horizontal  Line,  proceed  always  in  an  arithmetical  Progreffion,  after 
the  Subfiitution  mentioned  in  the  Rule  :  nay  and  of  the  Antepenult  Term,  there  is  no  Nc- 
ceffity  for  annexing  any  other  Part  or  Quantity,  but  that  one  where  x  is  of  the  leaft  pofitive  or 
leaft  negative  Dimenfion,  according  as  x  is  very  fmall  or  very  great ;  fince  the  Continuation  of 
the  Terms  of  the  Quotient,  arifing  by  the  Divifion,  is  regulated  by  it  only. 
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the  beginning  of  the  Series;  or  4*.  the Dimenfions  of  x  be firft  pofitive 
and  decreafe,  and  then  become  negative  and  afterwards  increafe :  in 
which  two  laft  Cafes,  x  muft  be  fuppofed  to  be  very  great.  And 
1  need  not  take  up  Time  in  (hewing  the  Foundation  of  this  Rule: 
fince  the  Reader  will  eafily  underftand  it  from  what  was  demonftrated 

•  Ait  63.  formerly  with  refpeft  to  numeral  Equations  *,  applied  to  this  Cafe  of 

71 '         literal  Equations,  which  is  very  eafy  to  do. 

83.  From  thefe  Examples,  I  fuppofe,  it  will  be  manifeft  how  you 
are  to  proceed  in  extradting  the  Roots  of  literal  Equations  including 
two  unknown  Quantities  x  and  y ;  fo  as  to  exprefs  the  Value  of  y 
by  a  Series  of  Terms  including  different  Powers  of  x>  and  that  whe- 
ther x  be  fuppofed  to  be  very  fmall,  or  very  great.  But,  notwith- 
itanding  that  it  has  been  fhewn  in  the  laft  Example,  how  to  find  the 
Terms  of  a  converging  Series  exprefling  the  Value  of  y,  when  x  is 
very  great  in  comparifon  of  any  other  Quantity,  as  a,  in  the  Equa- 
tion, by  a  Method  differing  in  fome  refpedt  from  that  whereby  the 
Value  of  y  was  found,  when  x  was  fuppofed  to  be  very  fmall  5  yet 
the  fame  thing  might  be  obtained,  by  the  firft  Method,  if  you  only 
fuppofe  that  the  given  Quantity  a,  in  Comparifon  of  which  x  is  fup- 
pofed to  be  very  great,  be  confidered  as  the  indefinitely  fmall  Quan- 
tity coming  in  Place  of  x :  and  that  you  propofed  to  yourfelf  to  find 
a  converging  Series  exprefling  the  Value  of  y  in  Terms  proceeding  ac- 
cording to  the  pofitive  Dimenfions  of  ay  inftead  of  thofe  of  x :  which 
is  taken  Notice  of  by  our  Author  at  Art.  33 :  The  Reafon  of  which  is,, 
that  the  Smalnefs  or  Greatnefs  of  x  is  comparative,  viz.  with  refpeft 
to  the  Magnitude  of  the  known  Quantity  a ;  fo  that  the  fuppofing  of 
x  to  be  very  great  is  equivalent  to  the  fuppofing  of  a  to  be  very  little. 

84.  And  thus  by  either  of  thefe  Methods  the  Value  of  y  being  ex- 
traded,  and  exprefled  by  an  infinite  Series  of  fimple  Terms,,  includ- 
ing the  Quantity  x  involved  with  known  Quantities,  the  Area  of  the 
Curve,  whofe  Abfcifs  and  Ordinate  are  x  and  y  is  found  by  the  Au- 
thor's fecond  Rule.  And  the  Area  will  approach  the  nearer  to  the 
Truth  (cater is  paribus)  the  greater  that  x  is,  becaufe  this  will  evi- 
dently make  both  the  Series  tor  the  Value  of  y  y  and  that  for  the  Va- 
lue of  the  Area,  thence  deduced,  to  converge  the  fafter  :  thus  hav- 
ing found  in  the  preceding  Example  y  =  x  —  ^  -f  -^  +  -ynpr  +* 

1§S*T  Cfr-    the  Area  belonging  thereto  is  ■£-  —  -Z-  +  |^LJ  _ 

"sH**  "~  12768**  ®k  both  of  which  converge  the  more  quickly  the 

greater 


EXPLAINED. 

greater  the  Abfcifs  x  is.  And  as  to  the  Curve,  it  approaches  continual- 
ly towards  a  re&ilinear  Aflymptote,  at  which  the  Part  of  the  Ordinate 
y  denoted  by  the  two  firft  Terms  of  it's  Value,  viz.  x  —  \a%  always 
terminates ;  fo  that  you  may  eafily  find  the  Pofition  of  that  Aflymptote, 
and  any  Portion  of  it,  by  afliiming  any  two  Points  in  the  Abfcifs,  and 
drawing  two  Perpendiculars  at  thefe  two  Points,  equal  to  the  Length 
of  the  Abfcifs  Ids  ±a\  the  Line  drawn  betwixt  the  Extremities  of  the 
Perpendiculars,  is  the  Portion  of  the  redtilinear  Aflymptote,  correspond- 
ing to  the  Part  of  the  Abfcifs  lying  betwixt  the  two  Points  aflumed 
therein.  But  that  this,  and  likewife  the  way  of  computing  the  Area 
may  appear  the  more  clearly,  I  (hall  reprefent  the  thing  to  the  Reader 
by  an  actual  Defcription,  fince  the  Author  himfelf  has  juft  only 
mentioned  it,  Art.  34;  and  it  may  be  of  fome  Ufe  to  the  young 
Geometer. 

Draw  the  Right  Line  AB  produced  indefinitely  towards  B,  upon 
which  take  AG  =  ±a,  and  calling  the  Abfcifs  AB  =  x>  let  the  Curve 
£D«  be  defcribed  by  the 
perpendicular  Ordinate 
BD  =y,   fo  that  it  be 

ifjj  &c-  uP°n  BD  takc 

draw  GE,  and  it  is  an 

Aflymptote  to  the  Curve  1 

SDecy  to  which  the  Curve  [ 

infinitely  produced    to-  j 

wards «,  continually  ap-  j 

proaches.    The  Curvili-  j 

near  Area  was  found  to  A[   /L 
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Il!£  — 1f^r,  &c  of  which  that  Part  which  is  expreft  by  the  two 

jr*  ax 

firft  Terms  — —  denotes  a  reftilinear  Area  adjacent  to  the  Abfcife 

AB:  for  if  through  A  you  draw  AH  perpendicular  to  AB,  and  meet- 
ing the  Aflymptote  G  E  below  the  Abfcifs,  in  the  point  H,  then  the 
Triangle  GBE  =  \x*  —  ^ax  +  ^a\  and  the  Triangle  AGH  =  TV*% 

therefore  GBE-AGH  =4—^.    Again  the  Part  —  J££L 
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S2?£_Qfc.  denotes  a  curvilinear  Area  lying  upon  the  other  fide 

of  the  Ordinate,  terminated  at  the  Curve  infinitely  produced  upon  that 
Side  :  becaufe  the  pofitive  Powers  of  x  are  found  in  the  Denominators 
of  all  the  Terms :    the  other  Terminations  of  this  Curvilinear  Area 

may  be  determined  by  comparing  the  Ordinate  -f"  -j—r  +   16384*1" 

&c.  with  which  it  is  defcribed,  with  the  preceding  Parts  of  the  Value 

ofy,  viz.  *  — -,  and-f  ^,    of  which  the  firft  Part,  viz.  x  —  -^ 

is  the  right  Line  BE,  which  always  touches  the  Aflymptote  GE  j  the 

other  Part,  viz.  -f-  will  belong  to  an  Hyperbola :   for  if  in  the  Line 

ED  you  take  EF  =  -£-  the  third  Term  of  the  Value  of  y%  the 

Point  F  will  touch  an  Hyperbola  having  HE  and  HA  for  it's 
AiTymptotes ;  which  let  be  defcribed,  and  let  it  be  F<£> :  from  whence 

it  appears  that  the  Curvilinear  Area  denoted  by  the  Terms  —  -^^- 

2°68^'  ®Cm  *s  terminatC(*  by  the  Part  of  the  Ordinate  FD  and 

the  two  Legs  of  the  Curves  ^D  and  pF  infinitely  extended  beyond, 
the  Ordinate  B  D  towards  * :  but  whereas  the  third  part  of  the  Cur- 


vilenear  Area  denoted  by 


6\x 


is  an  infinite  hyperbolical  Space,  lying 


betwixt  the  Hyperbola  and  it's  Afiymptote,  infinitely  produced,  there- 
fore we  can  only  find  the  Curvilinear  Area  adjacent  to  any  given  Part 
of  the  Abfcifs  as  Bj3,  viz.  the  Area  B@$D:  which  is  done  thus: 
fubtradfc  the  Area  belonging  to  the  (hotter  Abfcifs  A  (3  from  the  Area* 
belonging  to  the  longer  Abfcifs  AB,  without  taking  in  the  Hyperbolical* 


Area 


and  the  Difference  (hall  give  the  Sum  of  the  rectilinear 

Area  Bj3sE  and  the  curvilinear  Area  F^^D:  (for  which  fee  our 
Author's  fecond  Rule,  Examp.  3.  and  Sedfc  5,  of  the  preceding' 
Treatife)  wherefore  if  to  thefe  you  add  the  hyperbolical. Area  Ec0F,% 
you  (hall  have  the  entire  ArcaBjQ^D.  To  find  that  hyperbolical' Area 
E$<pF>  you  may  proceed  thus:  Upon  BD  take  B_L  =  EF,  and. 
with  the  Center  A  and  Affymptotes  AB,  AH  defcribe  the  rectangular 
Hyperbola  L\  through  the  Point  L,  cutting  /3  J"  in  the  Point  x,  and' 
the  Area  Bj3xL  is  equal  to  the  Area  Ee^F,  as  is  evident ;  wherefore  let- 
the  Area  B/3xL  belonging  to  the  equilateral  Hyperbola;  and  adjacent 
to  the  given  part  of  the  AflymptQje  B/3  be  fopjicl  by  what,  hath  been 

(hewn 
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fliewn  formerly  * :  and  this  added  to  the  Areas  BjQiE  and  F0^D*Art.  **. 
iband  already,  will  make  up  the  whole  Area  B/3JD  required. 

85.  And  thus  I  have  endeavoured  to  illuftrate  the  two  different 
Cafes  mentioned  by  Sir  Ifaac  in  this  Treatife,  for  difcovering  the 
Roots  of  aflfe&ed  literal  Equations,  and  exprefling  them  by  infinite 
Series's,  either  when  x  is  fuppofed  to  be  very  fmall  j  or  when  it  is 
fuppofed  to  be  very  great  in  Comparifon  of  any  given  Quantity  in  the 
propofed  Equation :  but  I  mentioned  a  third  Cafe,  which  is  when  x  is 
fuppofed  to  differ  very  little  from  any  given  Quantity :  in  this  Cafe 
you  fubftitute  fome  letter  for  that  fmall  Difference  in  the  propofed 
Equation,  as  z;  and  fo  having  the  two  unknown  and  variable  Quan- 
tities y  and  zy  of  which  z  is  confidered  as  indefinitely  fmall  in  Com- 
parifon of  any  given  Quantity  in  the  Equation,  you  may  find  a  con- 
verging Series  for  the  Value  of  y,  in  Terms  made  up  of  pofitive  Pow- 
ers of  z,  and  known  Quantities,  as  formerly :  from  which  you  may 
deduce  a  Series  including  x  by  replacing  it  in  the  Series  for  it's  formerly 
fubftituted  Value.  Thus  in  the  Equation  y*  -}-  axy  4-  axy  —  x*  — 
2* 3  =  o,  it  being  known  or  fuppofed  that  x  is  nearly  of  the  fame 
Quantity  with  a ,  you  fubftitute  z  for  their  Difference,  u  e.  put  z  = 
a  —  x  or  x  —  a,  that  is  fubftitute  a  —  z  or  </  -J-  z  for  x  in  the  pro- 

grfed  Equation :  by  fubftituting  the  firft  of  which,  there  arifes  this  new 
quation  y*  -}-  za%y  —  azy  -f-  yfz  —  $az%  -f  z*  —  3*3  =  G>  from 
whence  the  Value  of  y  may  be  found  by  the  firft  Method,  z  being  fup- 
pofed very  fmall  in  Comparifon  of  a :  which  Value  being  found,  you 
may  replace  x  for  a  —  z,  that  is  a  —  x  for  z  ;  and  fo  the  Area  may 
be  found  in  Terms  made  up  of  a  and  x.  And  this  third  Method  is 
proper  to  be  taken  when  the  Series  for  the  Value  of  the  Ordinate  y9 
and  consequently  that  for  the  Value  of  the  Area,  will  converge  the 
more  quickly  the  nearer  that  the  Length  of  the  Abfcifs  x  is  to  the 
Length  of  the  given  Line  a. 

86.  Moreover,  hence  it  appears  that  all  the  three  different  Methods 
for  extra&ing  the  Roots  of  fuch  affedted  literal  Equations,  may  be  re- 
duced to  the  firft  Method  only :  for  this  third  Cafe  mentioned  in  the 
preceding  Art.  falls  in  with  it ;  and  it  was  fhewn  in  what  Manner  the 
iecond  Cafe,  which  fuppofes  x  to  be  very  great,  falls  in  with  it  alfo  *.  ♦Art.  $y* 

Which  Cafe  likewife  you  may  reduce  to  the  firft,  by  fubftituting—  for x 

in  the  propofed  Equation,  which  muft  make  z  very  fmall  when  x  is 
very  great.  Thus  in  the  preceding  Example  y*  -j-  axy  -f-  x%y  —  a* 
—  2„v3  =c,  in  which  x  is  fuppofed  very  great  in  Comparifon  of  a> 

fubftitute 
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fubftitute  -i  for  x,  and  you  will  have  y*  +  ^f+Jl  —  a%  ~~h  =:0» 

that  is,  by  multiplying  by  z*9  z*y*  4"  **\7  +37  —  a %z*  —  2=0, 
in  which  z  is  very  fmall :  and  from  which  the  Root  may  be  extracted 
upon  that  Suppofition,  by  what  will  be  faid  afterwards  upon  the  fecond 
Remark  under  Art.  35  of  the  Author.  Which  Article  I  fhould  now 
enter  upon  the  Explication  of  diredtly  j  were  it  not  that  it  will  fall  in 
to  be  explained  afterwards  to  more  Advantage  in  the  Progrefs  of  the 
following  Section. 


SECT.    v. 

Of  the  various  Methods  of  extra&ing  and  exprefling  the 
Roots  of  affeded  literal  Equations,  including  two  un- 
known Quantities,  by  Means  of  infinite  Series's:  in 
which  the  Author's  35th  42 46  Art.  are  explained. 

87.  /^NE  and  the  fame  Equation  may  afford  different  Series's  for 
\_J  exprefling  the  Root  or  Value  of  y>  by  feleSting  two  or  more 
Terms  differently,  out  of  the  propofed  Equation,  and  putting  them 
equal  to  nothing,  in  order  to  difcover  from  thence  the  firft  Term  of  a 
Series  exprefling  the  Value  of  y.  In  what  goes  before,  it  hath  been 
(hewn  that  one  and  the  fame  Equation  may  afford  two  different  Series's ; 
one  upon  Suppoiition  that  x  is  very  fmall,  and  another  upon  Suppo- 
fition that  x  is  very  great,  in  Comparifon  of  any  known  Quantity  in 
the  Equation  :  but  it  frequently  happens  that  from  the  fame  Equation, 
there  may  be  more  Series's  than  one  exprefling  the  Value  of  y%  when 
x  is  very  fmall ;  and  likewife  more  t'lan  one  agreeing  to  the  Suppofition 
of  x  being  very  great :  but  then  there  is  fome  Difficulty  in  finding  out 
the  firft  Terms  of  all  thofe  Series's  :  for  underftanding  of  which  I 
(hall  demonftrate  the  following  Lemmas. 

LEMMA    L 

88.  fn  any  Equation  including  two  unknown  Quantities  x  and  y> 
from  whence  a  converging  Series  is  to  be  derived  for  exprefling  a  Value 
of  y  in  fimple  Terms  involving  different  Powers  of  x  -,  let  Ax*  denote 
the  firft  Term  of  fuch  a  Series,  where  n  denotes  any  indefinite  Expo- 
nent, 
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nent,  pofitive  or  negative,  integral  or  fra&ional ;  and  A  any  indeter*. 
minate  Coefficient :  then  Ax"  being  fubftituted  for  y  throughout  the 
ieveral  Terms  of  the  propofed  Equation,  let  the  Dimenfions  of  x  in 
two  or  more  of  the  Terms  be  the  fame,  and  either  lefs  than  the  Di~ 
menfions  of  x  in  all  the  other  Terms ;  or  greater  than  the  Dimenfions 

""  of  x  in  all  the  other  Terms  x,  I  fay  thefe  two  or  more  Terms  are  vaftly 
greater  than  all  the  reft  of  the  Terms  of  the  Equation,  according  as  x 
is  fuppofed  to  be  indefinitely  lefs,  or  indefinitely  greater,  than  any 
known  Quantity  in  the  Equation,  i.  e.  if  x  be  fuppofed  to  be  indefi- 
nitely fmall,  thefe  two  or  more  Term6  in  whiqh  the  Dimenfions  of  x 
are  equal,  and  lefs  than  in  all  the  reft,  are  vaftly  greater  than  all  the 
reft  :  but  if  x  be  indefinitely  great,  the* two  or  more  Terms  in  which 
the  Dimenfions  of  x  are  equal  and  greater  than  in  all  the  reft,  are 
vaftly  greater  than  all  the  reft  of  the  Terms  of  the  Equation. 

Dem.  For  when  x  is  fuppofed  indefinitely  little,  the  Dimenfions  of 
x  in  the  Terms  of  a  converging  Series,  muft  be  fuppofed  to  increafe  as 
the  Series  proceeds,  fo  as  to  be  ieaft  of  all  in  the  firft  Term,  viz*  Ax*  : 
wherefore  Ax"  will  be  vaftly  greater  than  all  the  remaining  Terms, 
which  will  vanifh  in  Comparifon  of  it,  if  you  make  x  fmall  enough, 
fo  that  Ax"  is,  in  that  Cafe,  nearly  the  Value  of  y :  confequently  if 

'  Ax"  being  fubftituted  for  y  in  the  Tentas  of  the  Equation,  raife  two  or 
more  of  them  to  equal  and  lower  Dimenfions  of  x  than  in  all  the  reft, 
thefe  two  or  more  Terms  muft  be  vaftly  greater  than  all  the  reft 
taken  together.     This  is  when  x  is  fuppofed  to  be  indefinitely,  fmall. 

And  by  the  fame  Way  of  Reafoning,  if  x  be  vaftly  great,  it  may 
be  (hewn,  that,  if  there  be  two  or  more  Terms  in  which  the  Dimen- 
fions of  x  are  equal  and  higher  than  the  Dimenfions  of  x  in  all  the 
other  Terms  of  the  Equation,  after  Ax"  is  fubftituted  for  y,  fuch  two 
or  more  Terms  are  vaftly  greater  than  all  the  reft  of  the  Terms  taken 
together  :  by  confidering  that  in  a  converging  Series  anfwering  to  this 
Cafe,  the  Dimenfions  of  x  muft  continually  diminifti ;  and  that  any 
higher   Dimenfion  of  x  is  vaftly  greater  in  Value  than  all  the  lower 

Dimenfions  of  x  taken  together.  QJE.  D. 

i 

f 

1  Here  it  muft  be  obfervcd  that  any  negative  Dimenfion  of  x  is  confidered  as  lower  than  any 
pofitive  Dimenfion ;  and  of  negative  Dimenfions  of  x,  the  greater  the  negative  Exponent  is, 

the  lower  is  the  Dimenfion  efteemed  to  be  :  thus  x—+  or  — -  is  reckoned  a  lower  Dimenfion 

of  x  than  *—  *  or  —  :   fo  that  *— *  .  *—  *  .  *—*  .  4T1  .  x°  .  xl  .  a*  .  **  OV.  reprefents 

xi  •  * 

a  Scale  of  Dimenfions  of  x  afcending. 

Hhh  89.  |f 
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LEMMA    II. 

89.  If  x*p  .  x9ys  exhibit  the  Dimenfions  of  x  and  y  in  any  two  Terms 
of  fuch  an  Equation  as  has  been  mentioned,  in  which  Terms  Ax9  (fig- 
nifying  the  fame  Thing  as  before)  being  fubftituted  fory,  makes  the 
Dimenfions  of  x  equal,  and  lefs  in  them  -,  or  greater  in  them,  than 
the  Dimenfions  of  x  in-  all  the  reft  of  the  Terms  of  the  Equation, 
after  Subftitution  of  Axn  for  y  in  them  likewife,  thefe  two  Terms 
being  put  equal  to  nothing,  will  give  an  approximate  Value  of  yy  in 
which  the  Dimenfion  of  x  (hall  be  x",  the  fame  as  in  A#*  the  firft 
Term  of  the  converging  Series  *. 

Dem.  For  the  two  Terms  including  tff  and  xff  being  put  equal 
to  nothing,  will  give  a  Value  of  yy  which  contains  this  Dimenfion  of 

tr 
x,  viz.  jf~' ,  as  is  evident :   now  I  fay  ^^  =  n.     For,   by  inferring 

#*  for  y  in  the  two  Terms  of  the  Equation  in  which  the  Dimenfions 
of  x  and  y  are  tff  and  *y,  their  Dimenfions  of  x  will  be  *H-i"  an(i 
af+*f  which  by  the  Hypothefis  are  equal,  that  is^  -f-  qn  =  r-f-  sny 

whence  you'll  have  ^~  =  n.    QJE,  D. 

90.  Cor.  1.  From  the  laft  Lemma  it  follows,  that  if  there  be  any 
two  Terms  of  fuch  an  Equation  as  has  been  mentioned,  which  be- 
ing put  equal  to  nothing,  give  a  poffible  Value  of  yy  in  which  Va- 
lue the  Dimenfion  of  x  is  fuch,  that,  being  fubftituted  for^r  in  all 
the  Terms  of  the  Equation,  it  makes  them  all  of  higher,  or  all  of 
lower  Dimenfions  of  x  than  in  the  two  Terms  mentioned,  thefe  two 

.  Terms,  fo  affumed  and  put  equal  to  nothing,  will  give  the  firft  Term 
of  a  converging  Series  for  the  Value  of  y>  according  as  x  is  fuppofed  to 
be  indefinitely  fmall ;  or  indefinitely  great. 

Example  I.  Let  the  Equation  y*  —  axy  —  x3  =  o  be  propofed, 
(which  is  that  propofed  by  the  Author  in  Art.  35.  Rem.  2.)  put  the 

Terms  —  axy  —  x*  =  o,  thence  arifes^  =  — .  ^,  in  which  the  Di- 
menfion of  x  Is  x% :  which  being  fubftituted  for  y  in  the  firft  Term  of 
the  Equation,  viz.  y3  would  give  x6  for  the  Dimenfion  of  xy  and 
that  being  higher  than  #3  ;  which  is  the  Dimenfion  of  x  in  the  two 

XX 

Terms  aflumed,  hence  —  j  is  the  firft  Term  of  a  converging  Series, 
for  the  Value  of  y>  .whence  x  is  very  little. 

The  propofed  Equation  including  x  andjr,  is  fuppofed  here  and  all  along  to  have  all  it's 
Terms  brought  to  one  Side,  fo  that  the  whole  Aggregate  of  the  Terms  may  be  equal  to 
nothing.  Afer 
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After  the  fame  Manner,  if  you  put  y*  —  x*  =  0,  you  have^  =  *, 
which  will  give  the  firft  Term  of  another  converging  Series  for  the 
Value  of  y,  when  x  is  very  great :  becaufe  if  x  be  fubftituted  for  y  m 
the  middle  Term  of  the  Equation,  viz.  —  axy\  it  gives  the  Dimen- 
fion  x2,  lower  than  *3,  which  is  it's  Dimenfion  in  the  two  Terms 
aflumed. 

Example  II.  Let  the  Equation  y*  —  azy  -f-  axy  —  *  *  =  o  be  pro- 
pofed  :  if  you  put  y*  —  a*y  =  o,  you  have  thence  jf  =  -f-  a  or  —  ay 
where  the  Dimenfion  of  x  is  x°  =  1,  which  being  fubftituted  for  y 
through  all  the  Terms,  the  Dimenfions  of  x  will  be  x°,  x°,  x1,  *3 : 
which  (hews  that  +  a  or  —  a  may,  either  of  them,  be  the  firft 
Term  of  a  converging  Series,  when  x  is  veryJittle. 

91.  From  which  Example  it  is  evident,  that,  in  every  fuch  Equa- 
tion, if  there  be  two  or  more  Terms  including  no  Dimenfion  of  x  -, 
from  which  put  equal  to  nothing  a  Value  of  y  may  be  deduced,  fuch 
Value  will  always  give  the  firft  Term  of  a  converging  Series  which 
(hall  be  a  Root  of  the  Equation,  when  x  is  fmall.  And  this  coincides 
with  our  Author's  Rule,  Art.  30. 

92.  In  the  fame  Equation,  afliiming  the  two  Terms— »a*y  —  x3 

=  o,  you  have  y  =  —  ^  :  by  inferring  of  which  Dimenfion   of  x 

for  ^.through  all  the  Terms,  the  Dimenfions  of  a:   ftand  thus  #9,  x*9 

#+,  x3:    whence  it  appears  that  —  ^  will  be  the  firft  Term  of  another 

converging  Series,  when  x  is  very  little. 

Again  if  you  affiime^3  —  x*  =  o,  you  have^  =  x:  by  inferring 
of  which  for  yy  the  Dimenfions  of  x  are  *3,  x,.  x1,  xl  :  whence  it 
appears  that  x  will  be  the  firft  Term  of  a  converging  Series  for  the  Va- 
lue of  jy,  when  x  is  very  great :  becaufe  the  Dimenfions  of  x  in  the 
two  aflumed  Terms  are  higher  than  in  any  of  the  reft  of  the  Terms 
of  the  Equation. 

93.  Cor.  2.  But  if  any  two  Terms  of  fuch  an  Equation  as  has 
been  mentioned,  be  aflumed,  and  put  equal  to  nothing,  and  from 
thence  no  pojjible  Value  of  y  can  be  deduced  j  or  if  a  real  Value  can 
be  deduced,  but  fuch  a  one  that  the  Dimenfion  of  x  it  contains,  being 
fubftituted  in  place  of  y  through  all  the  Terms,  make  the  Dimenfions 
of  x  in  fome  higher,  and  in  fome  lower  than  in  the  two  aflumed 
Terms,  in  either  Cafe  the  two  aflumed  Terms  are  improper  from 
whence  to  derive  the  firft  Term  of  a  converging  Series,  either  when  x 
is  fmall  or  great.  For  in  the  firft  Cafe  there  is  no  real  Value  :  and  in 
the  other  Cafe  where  there  is  a  real  Value,  it  cannot  be  the  firft  Term 

H  h  h  %  of 


420  ANA  LYS  I  S  by  Equations,  &c. 

of  a  converging  Series,  fince  the  firft  Term  of  a  converging  Series  muft 
be  deduced  from  thofe  Terms  only,  which  are  much  greater  than  all 
the  reft  :  which  the  two  Terms  aflumed  would  not  be  in  this  Cafe,, 
whether  you  fuppofe  x  to  be  fmall  or  great :  as  eafily  appears  from  what 
hath  been  faid  above,  efpecially  in  Lem.  I.  The  fame  Thing  is  likewife 
evident  of  any  two  or  more  Terms  in  which  the  Dimenfion  of  y  is 
the  fame :  becaufe  the  Value  of  y  thence  deduced  is  o. 

Thus  in  the  laft  Equation  yl  —  a%y  -f-  axy  —  xl  =  o,  if  you 
put  the  two  Terms  yl  -f-  axy  =  o,  you  have^  =  \/  —  ax,  an  ima~ 
ginary  Expreffion  :  therefore  no  firft  Term  of  a  Series  confifting  of 
real  Terms,  can  be  thence  deduced. 


** 


Suppofe  you  put  axy  —  xl  =  o,  thence  you  havejr  =  —  by  fub- 

ftituting  of  which  Dimenfion  of  x  through  the  Terms  of  the  Equa- 
tion, theDimenfions  of  x  are  thefe,  *5,  #*,  xJ,  x* :  where  it  ap- 
pears that  there  is  one  Dimenfion  of  x  higher,  and  another  lower, 
than  in  the  two  aflumed  Terms :  and  therefore  thefe  two  Terms  are 
improper  for  deriving  the  firft  Term  of  a  converging  Series,  either 
when  x  is  very  fmaH ;  or  very  great. 

Finally,  the  two  Terms  —  a%y  -j-  axy  are  improper  :  becaufe  the 
Value  of  y  deduced  from  putting  them  equal  to  nothing  is  y  =  o- 

LEMMA    III. 

94.  In  any  Equation  including  one  variable  or  flawing  Quantity 
only,  as  xy  the  reft  being  conjiant  or  invariable  Quantities,  all  the 
Terms  muft  include  the  fame  Dimenfion  of  x.  1 

Dem.  For,  if  poffible^  let  ax*  -|-  bx*  4~  cx%  +  cx*  =  0  be  an 
Equation  whofe  Terms  include  different  Dimenfions  of  #,  viz.  #+and 
**,  and  x  at  the  fame  Time  a  variable  or  flowing  Quantity :  then  di- 
vide all  the  Terms  by  the  loweft  Dimenfion  of  x,  viz.  x\  and  it  ia 

ax%  -j-  bx%  -j-  c  =  o  :    whence  x%  =  ~-h  or  x=  y/^XTy  :     there- 
fore x  is  a  conftant  Quantity,  contrary  to  Hyp. 

Univerfaily  let  a x*  4-  b&  4"  cxr  =  °  b°  an  Equation  including 
one  variable  Quantity  xx  which  hath  different  Dimenfions^  if  pofiible,. 
and  let  xr  be  the  loweft  Dimenfion,  whether  the  others  be  equal  Di- 
menfions of  x  or  not :  divide  by  x\  and  you  have  ax*~f  -\-  A**~r  +  c 
=  o  :  which  being  an  Equation  of  a  definite  or  certain  degree,  x  can- 

1  In  this  Lemma  it  is  fuppofed  that  the  Coefficients  a>  £,  cy  lie.  are  not  notliing. 

only 
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only  have  &  certain  determinate  Number  of  Values,  which  is  contrary 
to  the  Nature  of  a  variable  Quantity;  which  admits  of  infinite  dif- 
ferent Values. 

L  E  M  M  A    IV. 

95.  Let  atfft  bxry\  ctfyv,  be  three  Terms  of  an  Equation,  which 
includes  two  unknown  and  variable  Quantities  x  and  y:  and  let 
thefe  Terms  be  fuch,  as  that,  when  any  Dimenfion  of  x,  as  #*,  is 
inferted  for  y  in  them,  the  Dimenfions  of  x  are  equal :  Moreover, 
when  the  three  Terms  axff  -f-  bxrf  -f-  c*f  are  Put  =  °>  *et  a  Va- 
lue of  y  thence  deduced  be  oar,  I  fay  n  =  v. 

Dem.  For  if  you  infert  *x>  for  y  in  the  Equation  a&y*  +  bxrf  + 
cx*yv  =  o,  you  fliall  have  artx?**9  4-  bu,sxr+"  +  raV+^  =  o :  where 
x  being  a  variable  Quantity,  it's  Dimenfions  through  all  the  Terms 

muft  be  equal  *  $   therefore  p  -J-  qv  =  r  +  jy ;   whence  *  =  ^":  but  *  Art 

by  inferting  #"  for  y  in  the  fame  three  Terms,  the  Dimenfions  of  x 
in  them  are  **+*■.  **+* .  xi+vn:   which  by  the  Hyp.  are  equal,  that 

is  ^  -}-  jra  =  r  -f-  sn  or  «  =  7^- :   therefore  n=zp.     Q^JL.  D. 

96.  Cor.  1.  The  reafoning  is  the  fame  if  there  be  more  than  three 
Terms.  And  hence  it  follows,  that,  if  there  be  three  or  more  Terms 
of  any  propofed  Equation,  including  two  unknown  Quantities  x  and 
yy  whicn  being  put  equal  to  nothing,  give  a  poflible  Value  of  y,  con- 
taining a  certain  Dimenfion  of  x  *  fuch,  as  that  the  Dimenfion  of  x, 
being  fubftituted  for  y  through  all  the  Terms  of  the  given  Equation, 
makes  the  Dimenfions  of  x  greater  in  all  the  other  Terms,  or  lefe  in 
them  all,  than  in  the  three  or  more  aflumed  Terms,  the  Value  of  y 
thence  deduced  will  give  the  firft  Term  of  a  converging  Series,  for  a 
Value  of  y  in  the  propofed  Equation :  according  as  x  is  fuppofed  to 
be  very  little,  or  very  great.  But  if  the  Dimenfions  of  x  rife  higher 
in  fome  Terms,  and  lower  in  other  Terms,  of  the  propofed  Equa- 
tion, than  they  do  in  the  three  or  more  aflumed  Terms,  thefe  aflumed 
Terms  are  improper  for  deriving  the  firft  Term  of  a  converging  Series, 
either  when  x  is  very  fmall,  or  very  great. 

97.  Cor.  2.  Let  axff  .  bxTy'  .  cx'jT  be  three  Terms  fele&ed  out  of 
the  propofed  Equation,  which  being  put  equal  to  nothing,  give  y  = 
Ax\  whether  Ax"  be  the  firft  Term  of  a  converging  Series  or  not  5, 
then  it  (hall  be  p — r  :  s — q  :  :  r—t  :  v — s  :  or  by  Alternation,  and 

*■  Here  x°  =  1  is  confideted  as  a  Dimenfion  of  *. 

Compofitioa 
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Compofition  /— r  :  p—t  :  :  s*-q  :  v — q  :  that  is  the  Differences 

of  the  Indexes  of  x  and  y  are  proportional.    For  by  inferting  Ax"  for 

y\  the  Dimenfions  of  x  in  the  three  Terms  f^le&ed,  are  *H-f»  .  xr+s* . 

•  Art. 94.  x'+v* :  which  being  equal*,  you  have  i°.p-\-qnz=zr-\-sn,  2°.  r+J# 

_:  /  J-^«  ;  from  the  firft  n  =  p~i  from  the  fecond  »  =  —  j  whence 

1  J— Q  *V— i 

*  —  r  :  j  —  ^:  :  r  —  /  :  *>  —  j*  And  the  reafoning  would  be  the 
fame  if  the  Terms  were  more  than  three.  The  Converfe  of  which 
is  likewife  true,  viz.  If  there  be  three  or  more  Terms  having  the  In- 
dexes of  x  and  y  proportional,  and  if  x"  be  inferted  for  y  in  all  of 
them,  make  the  Dimenfion  of  x  the  fame  in  any  two  of  them,  it 
will  make  it  to  be  the  fame  in  all  of  them.  For  let  #H-*»  =  #r+m, 
then  I  fay  x'+1*  is  equal  to  any  of  thefe :  becaufe  fince  it  is  p  -f-  qn 

-r-t-w,    hence  n  =  p—  :    but  ^  =  •^,  whence  n  =  —  or 

wi-^M  —  r  —  /,   and  by  Tranfpofition,  t-\-vn=.r-\-sn. 

98.  Cor.  3.  If  there  be  any  Number  of  Terms  more  than  two, 
of  any  propofed  Equation,  as  the  Terms  n&yi* .  bxrys  .  cx*yv>  from 
which  put  equal  to  nothing,  the  firft  Term  of  a  converging  Series  is 
derived,  viz.  Ax*  :  then  any  two  of  thefe  Terms  being  put  equal  to 
nothing,  will  give  a  Value  of  y  in  which  the  Dimenfion  of  x  is  the 
fame  as  in  Ax\    For  if  you  put  any  two  of  the  Terms  aflumed,  as 

ayff  +  bxrys  —  o,  you  thence  deduce  y  =  ~f  Xs*  *,  where  the  Di- 
menfion of  x  is  the  fame  as  in  Axn  by  Lem.  IV. 

99.  Cor.  4:  From  what  has  been  faid  it  appears,  that,  if  any  two 
Terms  of  a  propofed  Equation,  being  aflumed,  and  put  equal  to 
nothing,  a  Value  of  y  be  thence  deduced  5  and  the  Dimenfion  of  x 
contained  in  that  Value,  being  fubftituted  for  y  in  all  the  Terms  of 
the  propofed  Equation,  make  the  Dimenfion  of  x  the  fame  in  one  or 
more  Terms,  as  it  is  in  the  two  aflumed  Terms ;  but  higher  in  all  the 
other  Terms ;  or  lower  in  all  the  other  Terms ;  then  fuch  one  or  more 
Terms  being  joined  to  the  two  afliimed  Terras,  and  the  Aggregate  put 
equal  to  nothing,  any  real  Value  of  y  thence  deduced,  will  make  the 
firft.  Term  ot  a  converging  Series.  Moreover  any  two  Terms  of  the 
propofed  Equation  being  taken,  which  belong  to  the  Equation  to  be 
aflumed  for  determining  the  firft  Term  of  a  converging  Series,  you 
may  always  know  if  there  are  any  more  Terms  to  be  joined  with  thefe 
two,  from  the  Property  of  fuch  Terms  mentioned  Art.  97.  fince  the 
Differences  of  the  Indexes  of  x  and  jr  mud  be  proportional. 

Examp. 
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Examp.    Let  the  Equation  f  —  $xy*  -f  *j£  —yaWy*-^  6a*  x% 

-}-  b%x+  =0  be  propofed :  afliime  the  two  Terms  y$  —  ya*x*y*  =  o, 

thence  you  have  y  4~  V 7  X  Vd*,  where  the  Dimenfion  of  x  is  x*  i 
which  being  fubftituted  for  jr  through  the  feveral  Terms  of  the  pro- 
pofed Equation,  makes  the  Dimenfions  of  x  thefe,  viz.  x* .  xi .  x* . 
x3  .  x3 .  x+ :  wherefore  you  put  the  three  Terms  y5  —  ja*xzy%  -f- 
6***3  r=  o,  and  thence  feek  the  firft  Term  of  a  converging  Series, 
which  you  will  find  to  be  fourfold,  viz-  +  ^axi  —  *Jax>  -f-  >Jzax> 
—  Jzax,  for  all  thefe  are  Roots  of  the  Equation  y6  —  jazx*yz  -f- 
6*3*3,  as  will  appear  by  fubftituting  them  fory,  one  after  another ; 
therefore  -f-  */ax,.  or  —  *Jaxy  or  -{-  *Jzax%  or  —s/zax,  may  be  the 
firft  Term  of  a  converging  Series,  each  of  which  Series's  is  a  Root  of 
the  propofed  Equation,  when  x  is  very  little.  Moreover  you  fee  that 
th-e  Differences  of  the  Dimenfions  of  x  and  y  are  proportional  in  the 
three  Terms  y*  —  jazxzf  +  baW  or  x°f  —  ya%xzy%  -f"  6****y*9 
foro  —  2:2  —  6  :  :  2  —  3:0  —  2  or  —  2:  —  4  : :  —  1  ;  —  2. 

From  the  Symptoms  or  Properties  of  the  Terms  of  any  propofed 
fpecious  Equation,  including  two  unknown  Quantities  x  and  y>  which 
are  fit  for  deriving  the  firft  Term  of  a  converging  Series,  which  have 
been  obferved  and  demonftrated  in  the  preceding  Lemmas  and  Co- 
rollaries, there  may  be  various  Methods  deduced  for  difcovering  fuch 
Terms. 

METHOD     I. 

9fo  be  applied  when  there  are  two  or  more  Terms  of  the  propofed  Equation t 
which  involve  not  the  Quantity  x-3  and  one  or  more  of  which  involve 
the  Quantity  y. 

100.  Put  the  Term9  of  the  propofed  Equation  which  include  not 
the  Quantity  x9  equal  to  nothing,  giving  each  Term  it's  proper  Sign : 
the  Value  of  y  deduced  from  this  fidtitious  Equation,  will  be  the  firft 
Term  of  a  converging  Series  for  the  Value  of  y ;  and  if  this  fi&itious 
Equation  have  more  real  Roots  than  one,  each  of  thefe  will  give  the 
firft  Term  of  a  converging  Series :  when  x  is  very  fmall. 

This  is  the  Rule  propofed  by  Sir  Ifaac  himfelf  Art.  30.  See  the  De- 
monftration  of  it  above,  Art.  74.  91.  and  Examples  in  Art.  79.  80. 
<and  under  Examp.  2.  of  Art  9a 

But  if  y  be  of  the  fame  Dimenfion  in  all  the  Terms,  which  include 
not  x2  the  firft  Term  of  a  converging  Series  cannot  be  derived  from 

thenx  *.. 
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*  Art.  93.  them  *.     And  what  may  be  done  when  all  the  Roots  of  the  fictiti- 

ous Equation  are  impoflible  (hall  be  (hewn  afterwards. 

METHOD    II. 

By  which  the  fir  ft  Terms  of  all  the  converging  Series's  may  be  diJcovered9 
which  are  the  Roots  of  the  propofed  Equation ,  either  when  x  is  very 
fmall  or  very  great. 

10 1.  This  Method  is  by  Trial,  founded  upon  the  Symptoms  or 
Properties  of  the  Terms  to  be  fele&ed  for  this  Purpofe,  which  have 
been  explained  and  demonfkated  above.  ' 

The  Method  of  proceeding  is  this :  Take  the  firft  Term  of  the  pro- 
pofed Equation,  and  join  to  it  every  one  of  the  other  Terms,  each 
with  it's  proper  Sign,  one  after  another,  forming  fo  many  fi&itious 
Equations;  from  each  of  thefe  feek  the  Value  of  y ;  and  obferve  the 
Dimenfions  of  x  which  each  of  thefe  Values  contains :  fubftitute  the 
Dimenfion  of  x  contained  in  the  Value  of  v  derived  from  the  firft  of 
thofe  fictitious  Equations,  inftead  of  y\  through  all  the  Terms  of  the 
propofed  Equation,,  and  obferve  the  Dimenfions  of  x  through  all  the 
Terms;  and  if  you  find  them  either  higher  in  all  the  other  Terms,  or 
lower  in  all  the  other  Terms,  than  the  Dimenfion  of  x  in  the  two  a£ 
fumed  Terms,  of  which  the  firft  fictitious  Equation  was  formed,  then 
the  Value  of  y  deduced  from  that  fictitious  Equation,   is  the  firft  Term 

*  An.  9a  of  a  converging   Series* ;  or  if  there  be  more  Values  of  y  than  one 

deducible  from  that  fictitious  Equation,  each  of  them  will  be  the  firft 
Term  of  a  converging  Series.  But  if,  befides  the  two  Terms  forming 
the  firft  fiditious  Equation,  there  be  art/  other,  in  which  the  Dimen- 
fion of  x  is  the  fame  as  in  thefe  two  Terms,  and  it's  Dimenfions  in  all 
the  reft  of  the  Terms,  either  all  higher  or  all  lower,  in  that  Cafe,  the 
other  Term  or  Terms,  in  which  the  Dimenfion  of  x  is  the  fame  as 
in  the  two  firft  affumed  Terms,  muft  be  joined  with  them,  all  with 
their  proper  Signs,  from  which  you  are  to  form  a  new  Equation,  by 
putting  the  Aggregate  equal  to  nothing ;  and  the  Root  or  Roots  of  it 
will  give  the  firft  Term  or  Terms,  of  one  or  more  converging  Series's, 

*  Art.  96.  which  will  be  a  Root,  or  Roots,  of  the  propofed  Equation  *. 

98-  But  if  the  Dimenfions  of  x,  after  Subftitution  through  all  the  Terms 

of  the  propofed  Equation  as  above,  be  higher  in  fome  Terms,  and 
lower  in  other  Terms,  than  what  the  Dimenfion  of  x  is  in  the  two 
Terms  of  the  firft  fictitious  Equation,  the  affumed  Terms  are  impro- 
per to  derive  the  firft  Term  of  a  converging  Series,  whether  x  be  very 

♦Art.  93.  littlc>  or  ycry  grcat  ♦ 

Terms 
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.  This  done,  you  mail  next  join  the  fecond  Term  of  the  propofed 
Equation  with  all  the  other  Terms  except  the  firft ;  .or  perhaps,  fuch 
other  as  it  was  joined  with  formerly,  in  deriving  the  firft  Term,  of  a 
converging  Series ;  and  thereby  form  fo  many  new  fictitious  Equations, 
as  there  are  diftindt  Terms  to  join  it  with:  which  are  to  be  managed 
after  the  fame  manner  as  the  former  fictitious  Equations.  Then  pro- 
ceed to  the  third  Term  of  the  propofed  Equation,  and  join  it  with  the 
other  Terms  that  follow  it,  one  after  another,  with  the  exception 
juft  now  mentioned  i  and  ufe  thefe  fictitious  Equations  as  the  for- 
mer ones.  And  thus  proceed  to  do  with  all  the  remaining  Terms  * 
and  fo  you  (hall  have  difcovered  the  firft  Terms  of  all  the  Converg- 
ing Series's,  which  exprefs  the  Roots  of  the  propofed  Equation,  /.  i» 
the  Values  of  ^,  either  when  x  is  very  little  ;   or  very  great. 

The  Demonftration  of  this  Method  is  contained  in  the  preceding 
Lemmas  and  Corollaries,  particularly  in  the  Articles  referred  to :  And 
the  following  Example  will  illuftrate  it. 

Ex.  Let  the  Equation^5  —  by%  -|-  qbx*  —  x3  =  o  be  propofed :  I 
form  an  Equation  by  joining  the  firft  two  Terms  together,   which 

gives  y*  —  by7,  =  o,  from  whence  you  have  y=.yb  orVbxx0: 
where. the  Dimenfion  of  x  being  x°  =  1,  I  fubftitute  it  for  y  in  the 
Terms  of  the  given  Equation ;  and  they  will  contain  thefe  Dimenfi- 

ons  of  x,  viz.  x°  .  x° .  x% .  x* :  wherefore  I  conclude  that  Vb  is  the 
firft  Term  of  a  converging  Series  for  yt  when  x  is  very  fmall :  fince 
the  Dimenfions  of  x  in  the  other  Terms  are  greater  than  in  the  two 
firft  Terms,  which  were  aflumed.  x 

But  this  I  might  have  concluded  immediately  by  the  firft  Method. 

Next  I  take  the  firft  and  third  Terms  of  the  propofed  Equation,  and 

form  this  Equation^*  -f-  gbx%  =  o,  from  whence  I  have^  =  V —  gbx\ 
in  which  the  Dimenfion  of  x  is  **,  which  I  fubftitute  for  y  through  all 
the  Terms  of  the  propofed  Equation,  from  whence  they  have  thefe  Di- 
menfions of  x,  viz.  x*.  x* .  x%.  x3.  where  I  obferve  that  the  Dimen- 
fion of  x  in  the  fecond  Term  is  lefs,  and  in  the  fourth  Term  greater 
than  the  Dimenfion  of  x  in  the  firft  and  third  Terms,  which  were 
thofe  aflumed :  wherefore  I  know  thofe  two  Terms  are  improper  for 
deducing  the  firft  Term  of  a  converging  Series,  either  when  x  is  very 
fmall,  or  very  great. 

30.  I  form  an  Equation  of  the  firft  and  laft  Terms,  viz.  y*  —  x3 
=  0:  whence  I  have  y  =  xt  j  by  fubftituting  which  Dimenfion 
of  x    for  y>    you  have,  x3,    ~x*>    x\    x*:     fr°m   which  I  con- 

I  i  i  elude 
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ckicfe  that  x*  is  the  firft  Term  of  a  converging  Series,  when  x  is  very 
great:,  becaufe  the  Dimenfion  of  x  in  the  two  aflumed  Terms,  is 
greater  than  in  the  other  two. 

And  thus  having  joined  the  firft  Term  of  the  propofed  Equation 
with  aH  the  reft,  I  proceed  to  join  the  fecond  Term  with  thofe  that 
foflow  it ;  it  having  been  joined  with  the  firft  already.  Wherefore 
by  joining  the  fecond  and  tirird  you  form  this  Equation  —  by%  -{-  9^** 
=  o,  whence  I  find  y  =  -f-  3*  or  — yc ;  fo  that  fubftituting  this 
Dimenfion  of  x  for  y  in  the  Terms  of  the  propofed  Equation,  the 
Dimenfions  ftand  thus  #*,  x*,  **,  x*  :  whence,  as  before,  I  conclude 
that  -|-  3*  and  —  3*  are  the  firft  Terpis  of  two  converging  Series's, 
each  of  which  will  be  a  Value  of  y  when  x  is  very  fmall,  in  Com- 
panion of  b. 

And  now  I  join  the  fecond  Term  of  the  propofed  Equation  with 
the  laft,  and  thereby  form  this  Equation,  viz.  —  by%  —  x*  =  0  :  ia 

which  I  eafily  perceive  that  y  =  V«—  ^  =  V—  -j  x  **>  which  being 

the  Square  Root  of  a  negative  Quantity,  ibppofing  b  to  be  pofitive,  is 
impoffible  :  from  whence  I  conclude  that  tncfe  twoTerms  —  bf"  —  x* 
*re  unfit  for  finding  the  firft  Terra  of  a  converging  Series,  by  them*- 
felves :  and  I  know  they  cannot  be  joined  with  any  other  Term,  fo  a* 
to  form  with  it  an  Equation  fit  for  that  Purpofe>  becaufe  that  would 
have  appeared  in  the  foregoing  Part  of  the  Operation,  either  when  the 
firft  and  fecond  Terms  were  afiiiraed  >  or  wnen  the  fecond  and  third 

•  Art  o$.  Terms  were  aflumed,  for  forming  thefe  fi&itious  Equations  *. 

98.  102.  But  if  this  had  not  appeared  from  the  foregoing  Part  of  the 

Operation,  then  I  would  have  proceeded  to  infert  #*  for  y  through  the 
Terms  of  the  propofed  Equation,  in  order  to  find  whether  there  might 
not  be  fome  other  Term,  which  joined  with  thefe  two,  might  have 
been  proper  to  form  an  Equation,  admitting  of  fbme  real  Root,  for 
die  firft  Term  of  a  converging  Series ;  for  although  two  Terms  don't 
yield  a  teal  Root  when  they  are  alone,  yet  I  cannot  from  that  con- 
clude that  they  may  not  be  joined  with  fame  other  Term,  which  with 
tbem  may  form  an  Equation  with  one  or  more  real  Roots,  which  will 
be  the  fir  ft  Term  or  Terms  of  one  or  more  converging  Scried  Thus, 
if  the  propofed  Equation  had  been  —  by%  -+■  %&x*y  +y  -|-  gbx%  — 
x*  =  o,  then  by  joining  the  two  extreme  Terms,  which  are  the  feme 
with  thofe  juft  now  mentioned  in  the  foregoing  Equation,  you  have 

—  by*  —  x*  =0,  whence  y  =  4 —  ~-  x  x\    an  impoflible  Value> 

whea 
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when  b  is  pofitive ;  yet  I  fubflitute  x%  for  y  through  the  Terms  of  the 
Equation,  and  I  find  the  Dimenfions  thefe  x* .  x*  •  xT . x% . ** :  whence 
I  am  dire&ed  to  frame  this  Equation  —  byx  -f  %bxxxy  — .  #*  =  <*  or 
by  changing  all  the  Signs  £y*  —  ftai'jr-j***  =x*,  wherfe  ^  ha*  a 
real  Value,  to*.  -^  v  T  *  w^1  w^  therefore  make  the  firft  Term 
of  a  oonverging  Series  cxprefling  one  of  the  Roots  of  this  Equation 


*  jl 


—  bf-  -f-  2bTxry  +/  +  9^#*  —  **  —  o,  wjs.   when  *  is  fuppofed 
much  greater  than  b. 

10 j.  And  now  I  have  (hewn  what  will  be  the  Refult  of  forming 
Equations  by  joining  together  every  two  Terms  of  the  propofed  Equa- 
tion ^—*7*  4- $4** —**=o,  except  the  b*  two,  from  which 
it  is  plain  no  Value  of  y  can  be  derived,,  finoe  y  doth  not  enter  iota 
any  of  them.  And  it  appears  that  there  may  be  three  converging 
Series's  when  x  is  very  little  in  Comparifbn  of  b,  whofc  firft  Terms  arc 

~~£'  •  -h3*«  -^3*.i  andoi^am^crging aericswh^x-isv^gf^eat 

in  Comparison  of  b%  whofe  firft Term  is + x ' . 

104.  SchoL  But  here  I  fbppofe  the  Reader  will  eafily  understand 
that  the  whole  of  this  Trial,  to  know  what  Terms  of  any  propofed 
Equation  are  fit  to  derive  converging  Series's  from,  in  the  moft  Part 
of  Cafes,  ma?  be  made  in  his  ©tvft  Mind,  without  the  Ncceflhy  of 
always  writing  down  ail  the  Steps, 

Thus  if  the  Equatioo  by*  —  a#*xfy  — *  — -  94**  4- *' =s  6  bepro* 
poicd,  I  eafily  perceive,  by  running  over  the  Terms  in  my  own  Mind, 
10  as  to  join  mem  two  by  two,  that  the  only  fiftitious  Equations  that 
can  ferve  for  finding  the  firftr  Terms  of  converging  Series's,  are  i°. 
Jy*  —  yzzzv*.  2\  by*-£x*~o.  $°.  —  j  —  yfx*=zQi  the  firtf  »Art.ioo. 
and  third  when  x  is  fuppofed  to  be  very  Kttle 5  and  the  fecond,  when 
it  is  fiippofed  to  be  vt*y  great  in  Comparifon  of  i)  whkh  firft 

Terms  therefore  are  4  -4p  — -4$-,  —  -y->  and  —  gbx\ 
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METHOD    III. 

By  which,  for  mo fl  part,  tbefrfi  "Term  of  tvx>  converging  Series's  may 
be  difcovered,  one  of  them  for  tbeCafe  of  x  being  veryjmalh,  the  other 
for  the  Cafe  of  x  being  very  great. 

105-  Let  #*  reprefcnt  the  Dimcnfion  of  x  in  that  Term  of  the 
propofed  Equation  in  which  x  is  fcparately  (i.  e .  without  any  Mixture 
of  y)  of  the  loweft  Dimenfion  f,  and  let  xTy'  reprefent  the  Dimenfioqs 
of  x  and  y  in  every  other  Term  of  the  Equation  indifferently,  one 
after  another,  (where  r  and  s  are  fuppofed  to  put  on  as  many  different 
Values  as  the  different  Terms  require)  run  over  the  feveral  Terms, 


and  obferve  where  the  Value  of  £—•  is  greateft  ;  then,  that  Term,  or 

thofe  Terms,  if  there  be  more  of  them,  where  this  happens,  being 
joined  to  the  Term  where  you  have  the  Dimenfion  #*,  with  their 
proper  Signs,  and  put  equal  to  nothing,  the  Root  or  Roots  of  this 
fiditious  Equation  will  give  the  firft  Term  or  Terms  of  one  or  more 
converging  Series's  for  the  Value  of  y  when  x  is  very  imall. 

Again  if  x"1  reprefent  the  Dimenfion  of  x  in  that  Term  of  the  pro- 
pofed Equation  in  which  x  is  feparately  of  the  higheft  Dimenfion  ^ 
and  xrf  reprefent  the  fame  thing  as  before,,  obferve  where  the  Expreffion 

~*  is  leaft  of  all,  and  fuch  Term  or  Terms,  being  managed  as  before, 

will  ferve,  in  the  fame  way,  to  difcover  the  firft  Term  or  Terms  of 
one  or  more  converging  Series's,  when  x  is  very  great  *. 

Dtm.  Let*'  denote  the  fame  thing  as  in  this  Art,  formerly;  and  let 

*y .  xTf  :  xy.  &c.  reprefent  the  Dimenfions  of  x  and  y  in  the 
other  Terms  of  the  propofed  Equation,  where  I  have  given  the  Letters 
r  and  s  Marks  of  Diflin&ion,  according  as  they  are  fuppofed  to  denote 

the  Indexes  of  x  and;*  in  the  different  Terms:  Now  I  fey  if  ~  be 
the  greateft  of  all  the  correlponding  Expreflions,  that  is  ^f,    ^&c. 

1  Here  it  is  fuppofed  that  tlie  Exponents  of  the  Powers  of  x  and  y  are  pofitive  :  and  that 
4f°  therefore  is  the  loweft  Dimenfion  of  x  in  the  propofed  Equation. 

*  It  mail  be  obferved  that  in  computing  the  Value  of  the  Expreffions  -£^  and  ^L  y    a 

negative  Value  is  lefs  than  any  poiitivc  Value  i  and  a  greater  negative  is  a  leis  Value  than  a 
left  Negative. 

t  then* 
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then  the  t«vo  Terms  having  &  and  xy*  for  their  Dimcnfions,  being 
pat  equal  to  nothing,  are  proper  to  derive  the  firft  Term  of  a  con- 
verging Series  from,  when  x  is  very  fmall.  For  if  thefe  two  Terms 
be  put  equal  to  nothing,  the  Value  of  y  thence  deduced,   will  contain 

this  Dimenfion  of  x,  viz.  x  '  :  put  £p  =  n  ;  infert  •  for  y  in  the 
other  Terms  of  the  Equation,  and  the  Dimcnfions  of  x  in  them  will 

be  •'+" V"-**""  &c.  Now  by  Hyp.  n  (  =  ^f )  ^  ^  or  ^  fee- 
wherefore,  if  yoii  multiply  by  /  or  /  &c.  you'll  have  ns'^p  —  r'; 
nf'7*f~f  &c.  (and  this  k  true  whether  /*=  ^  be  pofitive  or  ne- 
gative) and  by  Tranfpofition  V  —  »/  P^,  r" — ns'ypy  &c.  whence 
the  thine  is  evident  from  Art.  90.  And  the  Reader  will  cafily  under- 
Hand,  that,  if  there  be  any  other  Term,  whofe  Dimenfions  of  x  and 

y  are  denoted  by  *fyv9  fuch,  that  ~^-  =  ^-,  fuch  Term  muft  be 

joined  with  the  other  two,  in  forming  the  fi&itious  Equation  for  de- 
riving the  firft  Term  of  the  converging  Series  *.  *  Art.  97, 

Again  if  x*  denote  the  higheft  Dimenfion  of  x  fcparately,  and99' 
the  other  Symbols  be  ufed  in  the  fame  Senfe  as  before;  by  putting 
the  Terms  having   the  Dimenfions  xm.  xry\  equal  to  nothing,  you 


have  a  Value  of  y  whofe  Dimenfion  of  x  is  x  '   $  put  5^=ff,then 


«-• 


by  the  Hyp.  »-^-=-j  multiply  both  by  /,  and  it  is  n/^m—/ 
(and  that  whether  n  =  — H  be  pofitive  or  negative)  wherefore,  by 

Tranfpofition,  /-J-  m'  ^  m :  and  the  reft  of  the  Reafoning  is  as  before, 
by  Help  of  Art.  30.  and  99. 

Ex.  1.  Let  the  Equation^*  — axy  4- *3  =  o  be  propofed,  to  find 
the  firft  Term  of  a  converging  Series,  when  x  is  very  fmall  in  Com- 
parifonof  a,  then  ^  =  3,  and  ^  =  3  Kkewifc,  r=i.  and \s  =  1, 
when  applied  to  the  middle  Term  — axy,  and  r=o,   J  ==3,  when 

applied  to  the  firft  Term  y\  fo  that  the  Values  of  ^-  or  —  are 
^=i  =  2,  and  ^  =  1  >  wherefore  I  put  —  axy  4-  x*  ==  o  for 
finding  the  firft  Term  of  a  converging  Scries,  when  x  is  very  fmall ; 

and  y*  +  x*  =  o,  when  #  is  very  great :  which  give  j?  =  +.~  and. 
jf±£fc  — x  refpe&ively.  -    *  * 

Ex„ 
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Ex,  a.  Let  >»  ~  <fy  Hr  #9  —  **==©  bfl  nwf*fed«*  to*  you 
&nd,  by  the  feme  Method,  the  Terms  —  ^  —  **  p«f<*  foe  deriving 
the  firfl  Teem  of  •  converging  Series,  when  *  w  wy  foall  >  and  jp  —  *J 

when  x  is  very  great :  which  therefore  are  —  ~,  and  *  refpedtirely. 

Bx.  3.  Let  the  Equation,  Jy1  «»-  2J1**/  — J  — 9***  -f-  **  =  o 
b>  proposed:  bora  you  have  «~o>x*  the  Term  wherein  *  is  of  the 
lowed.  Dimenfion  feparately,  and  therefore^  =  2,  and  the  Term  —y 

jpined  to  it,  is  that  which  gives  the  Expreffiou  ^thegpeateft,  which 

k  ~  a« a,,  theafote the-BqwUpn  —  J  ~~p4**3=o  gives*  the  ficft 

Term,  of  a  converging  Series,  when  a?  is  wry  little,  «a  y »-  ejfcr*. 
Again  4*  x  *  fcthe  Term  where:*  «  fepawteljr  of  the  hjgbeft  Dtnttnuant 
therefore  m  =*s  3,.  and  the  Term  bf  is  that  whkh  Qornpaaedi  with 


-4-^,,igives.dielfrpremon^-thekwft,  whorefiwjc  I  put  ^r }  4-«»  asscv 
and*  thence  deduce? as  —  -n- ,  for  the  firft.  Term  of  a. converging; 

Series,  when  *  is-very  groat1. 

i/jeV  Schol.  1.  Thk  Method  fuppofts  that  the  Exponents  of  the 
Powers. or  Dimenfione  of  x  and?,  through-  all  the  Terms  of  the  pro* 
pofed  Equation,  are  pofitive  j  otherwife  the  Method  will  not  anfwer^ 
wiflhpMfc  other  Limitations;  as  will  appear,  if  you  fbppefe  that-,  in 

the  firfl  Part  of  tbe:Djempnftration$  nvzz£Z-  ]$  pogtwe-i  and,  ££ 

and  /  both  negative. 

107,  Scol.  2..  TheJExpieflion  *^,  is always  the  greater,  tbelrtfe  that 

r  is,  if  s  be  the  fame  in  different  Terms  .06  the  propefcd  Equation; 

and  if>r  be-the  fame  in  different  Terms  of  the  Equation,  ~-  is  always 

tbe.groater  the  Jeiktbat  s  be,  when/~-r  is  po&ive,;  but  tho  greater 
that  s  be,  if.p  —  r  he  negitive.:  which  is-  of  life.  in.  the  Fraiftiee  of 
felefting  the  Terms,  to  be  ufed  for  difcpvering  the  firft  Term  of  a 
©oevctgmg  Series,  when  x  h  very  fmaHj  and  the  like  Obfervations 


way, bit m*Jc  wittbRefpcftrtathe  Expteffion  ~,  todfceft  you  in  the 

fcle#ing-of;tto  Temwpropercfaff finding  the  nrft'Term  of  fbefra  Series, 
when  k  is  very  great.    So  that  what  has.  been  &d>urtder  the  Head  of; 
this  thkdMethoa,  ferves  to  illuftrate  our  Author's  faettfJUi»ufc>  under; 

Art. 
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Art  $$.  tod,  in  general,  his  whole  Method  of  proceeding  in  difcoveN 
ing  the  ieveral  Terns  of  the  converging  Series  for  the  Value  of  y: 
which  he  calk  the  Quotient.    And  this  leads  us  to 

ME  THO  D    IV. 

By  Means  of  tabicb  tbefirft  Terms  of  all  the  converging  Series's  may 
be  found  nvbicb  are  Roots  of  tbe  given  Equation*  whether  x  be  very. 
fmdly  or  very  great. 

108.  This  Method  is  by  the  help  of  a  rectangular  Parallelogram, 
ingenioufly  contrived  by  our  celebrated  Author. 


-..*.«. 


Let  AB,  AC  be  two  right  Lines  at  right  Angles  to  one  another, 
divided  each  into  fome  Number  of  equal  Parts :  and  the  Parallelogram 
AD  being  completed,  through  all  the  Points  of  Section  of  AB  and 
AC  draw  Perpendiculars  tothefe  Lines,  as  you  fee,  dividing  the  whole 
into  equal  Squares:  which  let  be  denominated  from  tbe  Dimenikm* 

of 
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of  x  and^  *  fo  that  thofe  lying  along  AB  may  contain  the  Dimensions 
of  x  feparately,  viz.  i =x°  .  x  .  xx  .  x3  .  x*  &c.  thofe  along  AC, 
the  feparate  Dimenfions  ofy,  viz.  1  =zy?  ,y  .  y%  .y*  .y+  .  &c.  and 
every  other  Cell  or  Square,  that  Dimenfion  of  x  that  ftands  at  the 
beginning  of  the  fame  horizontal  Row,  and  that  Dimenfion  of  y  that 
ftands  at  the  foot  of  the  fame  perpendicular  Row  with  itfelf,  in  the 
Manner  the  Figure  reprefents.  Then  any  Equation  being  propofed, 
as  the  Equation  x+y7  —  4y5  4-  zaxy*  —  2bx%y*  -f-  $x*y%  —  abx%y  -f- 
#+  -f-  zax*  =0,  mark  fuch  of  the  fmall  Squares  or  Cells,  as  correfpond 
to  the  feveral  Terms  of  the  propofed  Equation,  according  to  the  Di- 
menfions of  x  and  y  they  contain  :  which  you  fee  here  done,  by  plac- 
ing this  Mark  *  in  them :  then  let  a  Ruler  as  EF  be  applied  to  the 
loweff  of  the  cells  that,  being  marked,  lye  along  the  line  AB,  (for 
in  every  Equation  there  muft  be  at  leaft  one  fuch  Term)  which  in  this 
Example  is  x*>  touching  it  in  the  Point  E,  as  you  fee,  then  make  the 
Ruler  EF  to  turn  from  EA  towards  the  Right  Hand,  until  it  touch, 
befides  the  Cell  x4,  one  or  perhaps  more  of  the  Cells  that  are  marked, 
fo  as  that  all  the  reft  lye  upon  one  Side  of  it:  fo  here  you  find  x2y  to 
be  the  only  one  it  meets  with  at  firft.  Wherefore  you  fele&  the  two 
Terms  of  the  propofed  Equation,  which  have  the  fame  Dimenfions  of 
x  and  y9  viz.  —  abx%y  -J-  x\  and  form  an  Equation  of  them,  viz. 
—  abx*y  +  #*  =  o,  from  whence  the  Value  of  y  being  found,  viz. 

+  ^s>  Slvcs  ^c  ^^  Term  of  a  converging  Series*  which  converges 

the  fafter  the  lefs  that  x  is.  Then  I  make  the  Ruler  revolve  the  fame 
Way  about  the  Cell  x*yy  until  I  find  it  touch,  befides  it,  one  or  more 
of  the  marked  Cells,  fo  as  all  the  others  lye  upon  one  Side  of  the 
Ruler :  here  I  find  it  to  touch  the  three  marked  Cells  x*y  .  xy* .  y*  : 
therefore  I  form  another  Equation  of  the  three  correfponding  Terms 
of  the  given  Equation,    viz.   —  4^  -f-  zaxy*  —  ab&y  =  o  :    from 

which  you'll  find  a  fourfold  Root  +  %/\a  +  ^/—a±-\-  -fra*  x **» 

x^aod-v'  -* / — tLJf^a*  X  #*>  any  of  which  will  be  the 

firft  Term  of  a  converging  Series,  when  x  is  very  fmall  in  Comparifon 
of  a  and  b. 

Next  I  make  the  Ruler,  according  to  the  fame  Method,  to  touch  the 

two  marked  Cells  y*  and  x+y\  fo  as  to  leave  all  the  reft  of  the  marked 

J  7  •  Cells 
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Cells  upon  the  fame  Side  of  the  Ruler,  as  you  fee  by  the  Figure ; 
and  fo  I  forriV  an  Equation  of  the  two  correfponding  Terms,  viz. 

x+yj — 4y5=o :  whence  you  have  y  =  -j-  A  or  —  4  >    f°r    the    ^r^ 

Terms  of  other  two  Series's,  which  will  alfo  converge  when  x  is  very 
(mall. 

Hitherto  the  Ruler  has  been  made  to  touch  the  outward  marked 
Cells  below,  fo  as  to  have  all  the  reft  ftill  lying  as  it  were  above  it : 
and  as  no  more  of  the  extreme  marked  Cells  can  be  touched  by  it  in 
this  Manner,  you  have  got  all  the  fictitious  Equations  from  which  the 
firft  Terms  of  Series's  can  be  formed,  which  converge  when  x  is 
very  fmall.  And  therefore  you  now  begin  to  lay  the.  Ruler  to  that 
marked  Cell,  which  is  the  higheft  of  fuch  that  lye  along  the  Line 
A  B,  which  here  is  x*,  and  making  the  Ruler  to  touch  it  above,  let  ft 
revolve  the  contrary  Way,  and  cblerve  what  extreme  marked  Cells  can 
be  touched  by  it  at  once,  fo  as  to  leave  all  the  others  below  it ;  and 
thefe  will  afford  fictitious  Equations  for  finding  the  firft  Terms,  of  Se- 
ries's, which  will  converge  the  fafter  the  greater  that  x  is :  and  of  fuch 
I  find  only  one,  formed  of  the  two  Terms,  which  correspond  to  the 
two  Cells  xs  and  x+y :  therefore  I  put  x+y7  +  2axs  =  o,  from  whence 

you  have^=  vza  x  x\  which  will  be  the  firft  Term  of  a  converg- 
ing Series,  wherein  the  Dimenfions  of  x  (hall  continually  diminifh, 
correfponding  to  the  Cafe  of  x  being  very  great. 

Here  you  may  conceive  the  Ruler  beginning  to  revolve  from  the 
Pofition  E  A  towards  EF,  until  it  has  made  a  half  of  an  entire  revo-* 
lution,  making  it  to  touch  the  outward  marked  Cells  below,  as  it  re- 
volves j  and  fo  you  (hall  find  the  Terms  of  the  propofed  Equation, 
which  are  proper  for  deriving  the  firft  Terms  of  all  thofe  Series's, 
which  converge  the  fafter  the  lefs  that  x  is.  (And  again,  if  you  con- 
ceive the  Ruler,  beginning  at  the  point  B,  and  lying  in  the  dire&ion 
of  the  Side  A  B  of  the  Parallelogram,  to  turn  about  the  contrary 
Way  to  what  it  did  before,  until  it  (hall  have  turned  about  180  De- 
grees, fo  as  to  make  it  touch  the  extreme  marked  Cells  above,  always 
leaving  all  the  reft  entirely  upon  one  Side  of  it,  and  as  it  were  below 
it,  you  (hall  thereby  obtain  the  Terms  of  the  propofed  Equation, 
which  are  proper  for  forming  fictitious  Equations  from  which  the  firft 
Terms  of  all  fuch  Series's  are  to  be  derived,  which  converge  when  x 
is  very  great ;  that  is  in  which  the  Dimenfions  of  x  continually  de- 
creafe.  The  fame  Thing  may  be  conceived  to  be  done  by  drawing  a 
right  lined  Figure,  every  one  of  whofe  Sides  (hall  touch  two  or  more 
of  the  outward  marked  Cells,  fo  as  to  leave  the  reft  entirely  within  the 
Figure,  in  the  Manner  represented  in  the  Diagram  itfelf. 

K  k  k  - 109.  The 
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109.  The  Demonstration  of  thefe  Things  may  be.eafily  made  oot 
from  a  due  Confederation  of  the  Parallelogram,  and  what  has  been  for- 
merly faid.  In  order  to  which,  all  that  is  necefiary  to  be  done,  is  to 
fliew  that,  if  the  Cells  which  are  touched  by  the  lower  Sides  of  the 
right-lined  Figure,  that  is  the  Sides  lying  betwixt  B  A  and  C  D  upon 
the  lower  Sides  of  the  Figure,  be  put  equal  to  nothing  ;  or  (which, 
in  this  Cafe,  is  the  fame)  the  Terms  of  the  propofed  Equation,  which 
correfpond  to  thefe  Cells,  and  the  Dimenfion  of  x  in  the  Value  of  / 
thence  deduced,  be  incerted  for  y  in  all  the  reft  of  the  marked  Cells, 
they  fhall  contain  higher  Dimensions  of  x  than  thofe  Cells  which  the 
Line  touches,  after  the  Dimenfion  of  x  is  inferted  in  place  of  y  ia 
them  atfo:  and  that  thefe  laft  mentioned  (hall  contain  the  fame  Di- 
menfion of  x. 

And  after  the  like  Manner,  that,  if  the  Cells  which  are  touched  by 
the  upper  Sides  of  the  right-lined  Figure  above,  / .  e.  the  Sides  which 
lye  betwixt  B  A  and  D  C  upon  the  upper  Side  of  the  Figure,  be  put 
equal  to  nothing,  the  Dimenfion  of  x  contained  in  the  Value  of  y 
thence  deduced,  being  inferted  inftead  of  y  in  all  the  marked  Cells, 
will  produce  lower  Dimenfions  Qf  x  in  them  all,  than  in  thofe  which 
the  Side  of  the  Polygon  touches :  in  which  laft  the  Dimenfions  of  x 

•Art  90,  fhall  be  the  feme  *. 

96#  Now  in  order  to  (hew  this,  let  it  be  considered  that  if  any  Num- 

ber of  Cells  are  touched  by  any  Line,  as  the  Cells  x+  xy*,  and/*  are 
by  the  Line  £  F ;  and  as  the  Celb  xxyy  xy*  and  jr*  are  touched  fay  the 
next  Side  of  the  Polygon,  and  fo  for  any  others,  whatever  way  the 
Line  touch  them,  whether  above  or  below,  and  you  take  any  Num- 
ber of  fuch  Cells  more  than  two,  and  that  in  any  Order  or  at  any  Di- 
ftances  from  each  other,  the  Differences  of  the  Indexes  of  x  and  y 
will  be  proportional,  in  the  Senfe  of  Art.  97.  For  let  the  right  Line 
gil  touch  the  Cells  xs,  x+y\  'x*y*\  x*f  upon  the  fame  Side :  compare 
the  Indexes  of  x  and  y  in  the  three  Cells  **,  x*y+,  x*y*  together,  and 
you  find  5—3 : 4—0: :  5 — 2  : 6— o.  and  fo  it  is  universally :  for  let  the 
Cells  xs  x*y*>  *V  be  touched  by  the  Line  gil  in  the  Points  g,  #,  4 
—  and  let  *  b,  Ik,  be  the  horizontal  Lines  drawn  through  i  and  /,  meet- 
ing A  B  in  the  Points  b  and  ky  then  the  Triangles  gbi,  g  k  I  being 
fimilar,  you  have  gb:  hi ; : gh  :  k  I:  but  gb  and  g k  meafcre  the 
Differences  of  the  Indexes  of  x,  and  b  i  and  k  I  the  Differences  of  the 
indexes  of  y>  as  is  evident  by  considering  the  Diagram :  therefore  the 
Differences  of  the  Indexes  of  x  and  y  are  proportional,  in  the  Term* 
**»  *¥>  **/'  And  the  Roaibnuig  i*  the  fame,  in  every  other  Cafe. 

iia  From 
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no.  From  this  it  follows,  that,  if  any  Dimenfion  of  *,  being  in- 
ferted in  place  of  y  in  all  the  Cells  which  are  fimilarly  touched  by  any 
right  Line,  make  the  Dimenfiods  of  x  in  two  of  thefe  Cells  equal, 
then  the  Dimenfions  of  x  in  them  all  (hall  be  equal  *.  *  Art.  97. 

in.  Again,  if  a  right  Line  touch  any  Number  of  Cells  fimilarly. 
tielow  them  (as  the  Line  E  F  touches  the  Cells  *+,  x*yt  y*)  then  the 
Dimenfion  of  xy  mentioned  in  the  laft  Art.  viz.  that  which  being 
inferted  for  y  in  die  touched  Cells,  makes  them,  or  the  Dimenfiortg  of 
x  in  them,  eaual;  when  it  is  inferted  foty  in  the  Cells  that  lye  en- 
tirety above  the  Line  E  F,  (hall  give  higher  Dimenfions  of  x.  For 
take  any  of  the  Cells  which  the  Line  E  F  touches  below,  as  x*y9 
which  it  touches  in  the  Point  n :  kt  n  m  and  n  0  be  the  perpendicular 
and  horizontal  Lines  upwards  and  towards  the  right  Hand,  then  it 
will  be  evident,  that  all  the  Cells  contained  within  the  right  Angle 
mno  have  either  a  greater  Dimenfion  of  x,  or  a  greater  Dimenfion  of 
v,  than  at* y  has;  or  both  a  greater  Dimenfion  of  xzndy:  and  the 
like  muft  hold  with  refpeft  to  every  other  Cell  that  is  fimilaiiy  touched 
by  E  F,  or  by  any  other  right  Line  whkh  ffopts  downward  from  left 
to  right.4  and  thefe  Cells  which  are  contained  within  foch  angular 
Spaces,  are  all  that  lye  entirely  above  the  Line  :  but  in  this  Cafe  the 
Value  of  y  that  atifes  by  putting  any  two  of  the  Quantities  contained 
in  two  of  the  touched  Cells,  equal  to  nothing,  is  a  pofitive  Dimenfioft 
of  x,  as  will  be  evident  to  any  one  that  confiders  the  Conftrudtion  of 
the  Parallelogram  :  therefore,  when  this  pofitive  Dimenfion  of  at  is 
inferted  for  y  in  the  other  Cells  which  lye  entirely  above  EF,  the  Di~ 
mention  of  x  muft  be  higher  in  every  one  of  them. 

But  if  the  Line  or  Ruler,  ftill  touching  below,  flope  downward  front 
right  to  left,  the  Value  of  y  which  arifcs  by  putting  any  two  of  the 
Quantities,  contained  in  two  of  the  Cells  which  it  totehes  fimftarly, 
equal  ft>  nothing,  muft  contain  a  negative  Dimenfion  of  x,  as-  will  be 
evident  to  one  that  confiders  it ;  and  all  fhcCeHscoMainedwithirt  the 
right  Angle  which  proceeds  from  any  of  the  touched  Cells  towards  (he 
left  Hand  and  upwards,  contain  either  a  higher  Dimenfion  of  x  with 
the  fame  Dimenfion  of  y,  or  a  lower  Dimenfion  of  y  with  the  fame 
Dimenfioft  of  x  -,  or  then,  both  a  higher  Dimenfion  of  x  and  a  We# 
Dimenfion  of  /;  in  all  which  Cafes,  the  negative  Dimenfion  of  x  in- 
ferted forjr  in  fuch  Cells,  muft  make  the  Dimenfion  of  x  higher  in  them 
than  in  the  touched  Ceil:  and  this  being  tine  wkh  refprt&'to  dvtery 
one  of  the  Cells,  which  are  touched  by  a  Line  (bring  doWftW*rtfe 
from  right  to  left,  hence  the  fame  Thing  appears  in  this  Cafe  like  wife, 
viz.  that  the  negative  Dimenfion  of  x,  which  inferted  for  y  in  the  CeHg 

Kkka  which 
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,  which  the  Ruler  touches  fimilarly  below,  makes  the  Dimenfions  of 
x  the  fame  in  them,  will  make  the  Dimenfions  of  x  higher  in  all  the 
Cells,  which  lye  entirely  above  the  Line,  when  it  is  inferted.for^  in 
them. 

112.  And  therefore,  this  being  univerfally  true,  it  plainly  appears 
that  the  Cells  which  correfpond  to  the  Terms  of  any  given  Equation, 
which  are  touched  by  the  lower  Sides  of  the  Polygon,  muft  point  out  the 
Terms  of  the  Equation,  which  are  proper  for  deriving  the  fir  ft  Terms 
of  thofe  Series's,  which  converge  when  x  is  very  fmall.  And  by  a  like 
Way  of  Reafoning  it  may  be  demonftrated  that  the  upper  Sides  of  the 
Polygon  placed  as  has  been  explained,  muft  point  out  thofe  Terms  of 
the  propofed  Equation,  which  ferve  to  difcover  the  firft  Terms  of  thofe 
Series's  which  converge,  when  x  is  very  great :  which  were  the  Things 
we  propofed  to  (hew. 

113.  Schol.  1.  In,  the  foregoing  Demonftration  I  have  not  parti- 
cularly mentioned  the  Cafes  in  which  the  Ruler,  touching  any  of  the 
extreme  marked  Cells,  either  lies  parallel  to  A  B  ;  or  to  A  C :  becaufe 
in  the  firft  Cafe,  it's  plain  no  Value  of  y  can  be  deduced  from  the 

•  Art.      fictitious  Equation  *;  and  the  Reafoning  in  the  other  Cafe  is  moil 
lo°-        apparent. 

1 14.  Schol.  2.  It  may  be  obferved  like  wife  that  Sir  I.Newton  makes 
ufe  of  the  redtangular  Parallelogram,  only  for  difcovering  the  Terms 
of  any  Equation,  which  are  proper  for  finding  the  firft  Term  of  a 
converging  Series,  that  will  converge  when  x  is  very  fmall ;  becaufe  he 

*  Art.  s( .  reduces  all  other  Cafes  to  this  one  *.     And  in  particular,  he  ufes  it 

only  for  finding  the  firft  Term  of  fuch  a  converging  Series,  as  may  be 
deduced  from  the  Suppofition  of  the  Ruler  touching  that  Cell  which 
jfontains  the  loweft  Dimenfion  of  x  feparately,  reprefented  in  the  Dia- 
^.  gram  by  the  Line  EF  touching  the  Cells  x+  and  x%y  l :  which,  I  fup- 
pofe,  he  doth,  partly  that  he  might  not  perplex  his  Readers  with  too 
great  a  Variety  of  Cafes  $  and  likewife  becaufe  he  ufes  the  feme  uni- 
form Method  in  finding  the  firft,  and  all  the  other  fubfequent  Terms 
of  the  Quotient  or  Value  of  y,  as  we  (hall  fee  juft  now. 

Of  the  different  Methods  of  finding  the  juhjequent  Terms  of  the  Quotient 
or  converging  Series,  for  the  Value  of  y. 

115.  The  firft  Term  rof  the  Quotient  being  found  by  any  of  the 
preceding  Methods,  the  fubfequent  Terms  may  be  difeovered  in  diffe- 

■  Sec  his  Method  of  Fliuciona  and  infinite  Series,  Introd.  Art.  29,  30.  and  Com.  EpifL 

feat 
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rent  Ways :  one  of  which  is:  by  Means  of  the  Parallelogram  already 
defcribed.     Thus,  in  any  propofed  Equation,  having  found  the  firft 
Term  of  any  Root  or  Value  of  yy  when  x  is  very  fmall,  to  be  Ax"  , 
you  puty  =  Ax"  -\-p ;   and  then    transform  the  propofed  Equation  of 
yy  by  fubftituting  Ax"  -f"  p  f°r  y%  whence  arifes  a  new  Equation,  viz. 
that  of  p  :  which  you  now  fuppofe  to  come  in  place  of  y  :  then 
mark  thofe  Cells  of  the  Parallelogram,  which  correfpond  to  the  Terms 
of  this  fecondary  Equation  :  and  laying  a  Ruler  to  the  loweft  of  thefe 
Cells  which  lye  adjacent  to  the  Side  AB,  make  it  to  revolve  towards 
the  right  Hand  and- upwards,  until  it  touch  one  or  more  of  the  marked 
Cells  befides  the  firft,  in  the  Manner  already  explained  j  the  Terms  of 
the  Equation  of  p,  which  correfpond  to  the  Cells  which  the  Ruler 
\  tquches,  are  to  be  feigned  equal  to  nothing,  and  an  approximate  Value 
of  p  thence  deduced,  which  will  give  the  iecond  Term  of  the  Quotient : 
which  let  be  denoted  by  Bx°+m  :    then  you  fuppofe  p  =  Bx*+  m-f-  y, 
and  transforming  the  former  Equation  of  p  into  a  new  one,  by  fubfti- 
tuting Bx"+m  +  y,  in  place  of  p,  you  muft  find  an  approximate  Va- 
lue of  y,  by  Means  of  the  Parallelogram,  after  the  fame  Manner  as 
you  find  an  approximate  Value  of  p  already,  i.  e.  by  applying  the 
Ruler  to  the  loweft  marked  Cell  adjacent  to  A  B.     And  fo  you  proceed 
to  find  the  fubfequent  Terms  of  the  Quotient  as  "far  as  you  pleafe  to 
produce  it.     By  proceeding  thus,  the  Dimenfions  of  x  which  are  in 
the  marked  Cells  upon  the  left  Hand,  adjacent  to  A  B,  will  continually 
increafe,  as  will  be  evident  to  one  that  confiders  it,  and  therefore  you 
will  continually  approach  to  the  true  Root,  by  diminifhing  conftantly 
the  Supplement,  p,  q,  &c  *.  *  Art  ^ 

1 1 6.  Schol.  In  this  Method  of  continuing  the  Terms  of  the  Quo- 
tient, although  you  might  find  out  the  firft  Term  varioufly,  by  differ 
rent  Applications  of  the  Ruler ;  yet  you  find  all  the  fubfequent  Terms 
in  the  fame  uniform  Manner,  <vtz.  by  applying  the  Ruler  always  to 
the  loweft  marked  Cell  adjacent  to  the  Line  A  B  :  the  Supplement 
pi  <l%  r>  &c-  being  fuppofed  to  be  very  fmall  j  as  well  as  at.  I  have 
only  confidered  the  Cafe  of  a  Root  which  converges  when  x  is  very 
fmall  5  becaufe  all  other  Cafes  may  be  reduced  to  this :  and  this  Me- 
thod of  finding  the  fubfequent  Terms  of  the  Quote  cannot  be  fa 
properly  applied  to  the  Cafe  of  x  being  very  great:  upon  the  account 
of  the  increafing  negative  Indexes  of  x. 

i  iy.  But  whereas  the  Parallelogram  contains  no  negative  nor  frafted 
Powers  of  x  and  y%  therefore  it  is  proper  to  obferve  that,  when  any 
fuch  occur,  either  in  the  Equation  propofed  at  firft,  or  in  any  of  the 
fecondary  or  fupplementary  Equations  arifing  in  the  Progrefs  of  the 

Operation 
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Operation,  they  ought  to  be  removed,  before  you  proceed,  by  fuch 
Methods  as  are  pra&ifed  in  Algebra  :  thus,  if  we  had  the  Equation 
xs  4"  3**/""1  -~  2X~l  ~  i6y~3  =  o,  you  free  it  from  the  negative 
Dimenfions  of  x  and  y  by  multiplying  by  the  pofitive  Dimensions, 
which  correfpond  to  the  bigheft  negative  Dimcnfion*  viz.  xand^% 
by  which  Means  it  becomes  x+y*'-\-  $x*y*  —  2y*  —  i6x  =  o.    After 

the  fame  Manner  the  Equation  x  =  —  . —  ^-  +  ^-  nnift  be  con- 

y         f     ■    r 

verted  into  xy*  =  a*y%  —  za *y  +  3*+  or  xy*  —  *y  4"  2*3J  —  3** 
=  o.  Which  change  being  made,  either  upon  the  primary,  or  any 
of  the  fecondary  Equations,  when  neceflary,  the  Operation  will 
proceed. 

118.  Likewife  in  the  Cafe  of  fractional  Indexes,  remove  them  by 
making  a  proper  Subftitution :  thus  if  the  Equation  yl  —  xyi  -\-  xt 
=  0,  were  propofed,  putyl=v  and  xiz=zz,  and  by  Subftitution, 
you  (hall  have  v*  —  z*v  -(-  %*  =  o,  out  of  which  having  extracted 
the  Root  vy  you  replace  yi  for  v  and  xj£otz:  By  extra&ng  the  Root 
v  you  would  find  v  =  z  4-  *'  4"  6ar*  "V  5 i*7  ®c»  that  is  ^t  = 
xt  -}-  x  4-  6xt  4-  51**  fifo  and  by  Squaring  both  Sides,  y  :=xi  4- 
ax*  4-  ^^-l-  H4ATT  &c.  - 

1 19.  Moreover  when  any  complicate  Fractions,  or  fiird  Quantities, 
happea  to  occur,  either  in  the  propofed  Equation  ;  or  to  arife  afterwards, 
they  ought  to  be  removed  by  the  Methods  ufcd  ia  common  Algebra. 

Thus  if  the  Equation  y*  4-  i~;7*  —  x*  =  o,    was  propofed,  you 

muft  free  it  of  the  complicate  Fra&ion,  by  multiplying  by  a  —  xf 
whence  arifes^1  -~  xyl  +a%y%  —ax1  +^=0,  out  of  which  you 

extract  the  Rootjr;  or  you  might  fafc^ititte  ~~  forj,  and  theaot 

would  arife «=s  4"  ==n  — *J=:o,   or  v*  4*  *%v*  —  *'*'  4- 

3* *x4  —  3^x5  4" x*  =  ° :  ^om  whence  having  found  the  Value  of 
vt  divide  it  by  a  —  x,  and  the  Quotient  gives  the  /Root  y. 
Likewife  the  Equation  y}  — «  Vg  —  x  xf  4"  **  s  Q  being  gfreq, 
t&estraA  the  Root  j,  you  may  fubftitute at  for  «/<*■—  «,  whence  ym 
wil  ha*e/*  —  sj1  4-  **  — •  $d*z*  +  3***  4"  **  =■  o*  ontof  wad* 
having,  extracted  the  Root  ^,  replace  </*  -~  x-  fbr  ».  Thus  alfo  the 
Equation;?1  —  Va  —  x xy%  —  </*  —  xx#J  =  o  being^gjveni  put 
and  thence  aiifes  v*  «-av*  ^m*—-*1^*  +  ****— 

X* 
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*5  =o>  **  Root  of  whkh  laft  Equation  being  &m&td>  dtvkk  it 
by  «/*  —  *=:<?*  —  itf-ix  -» ■$*-*•**•  6fr.  and  fo  you  fhall  have 
*  Value  of  y.  Underftand  alfo  that  in  the  other  Example  which  pre- 
cedes, if  the  Area  of  the  Curve  be  required,  you  fliould  fiftd  thfc  E*^ 

prcffion  of  that  Area  in  ^Terms  of  z  before  you  replace  */a  —  x  for  *. 

The  Reduftion  and  Preparation  of  Eauations>  mentioned  in  this 
Article,  is  always  neceflary  in  all  the  Methods  of  extracting  the  Roots 
of  affefted  Equations,  by  Series  >  but  thofe  mentioned  in  the  two  pre- 
ceding  Articles  are  not  always  necefTary  in  the  other  Methods  \  but 
are  fo  in  that  which  proceeds  by  Means  of  the  Parallelogram. 

120.  Another  Method  for  difcovering  the  fubfequent  Terms  of  the 
Root,  is  that  of  our  Author's,  which  he  delivers  in  this  Treatife,  and 
which  was  formerly  explained  *.    But  becaufe  there  are  fome Things*  Sea.  4. 
in  it  about  which  the  Reader  may  ftill  require  fome  further  Satisfac- 
tion*; and  which  may  be  of  ufe  in  Pra&ice,  I  (hall  itluftrate  it  a  little 
further.    Wherefore  let  ay"  -f-  b&f  +  ctff  &cJ  +  A^  =  o  be  a  ge- 
neral Equation  with  indefinite  Exponents*  the  Root  jr  being  propokd    . 
to  be  extraded,  when  x  is  fuppofed  to  be  very  fmall ;  to  which  all 
the  other  Cafes  may  be  reduced  * :  in  which  there  will  be  on*  Term**  Art.  86. 
at  leaft,  which  do  not  include  x,  represented  here  by  af>  and  another 
one  at  leaft,  that  includes  notjv  which  is  h«e  reprofentfed  by  -^  b**i 
let  the  Terms  off  +  bxv  be  thofe  from  which,  put  equal  to  nothing, 
the  firft  Term  of  the  Root  may  be  dcdoccd ;  found  by  any  tit  the 

_      1     -- 

preceding  Methods;   which  therefore  Is  -^-J '  ****":  put  —^  =  ny 

then  j  =  -^V  >r  ~\+p :  let  the  Equatkni  be  transformed,  as  follows, 

by  the  Help  of  the  Binomial  Theorem  \  omitting  the  numeral  Coeffi- 
cients* 

m  m  m 

4.  fay =-f  f  x~) '*«+"• +1  x^)1"1  *»+"*^4-  b  x  ~f~*  *»+"»-*"/»Gte 

+  r^=+tfX^f=,**+«-»^x3|  x»*f+c x^=~|    *♦-*  f  &c. 

&c  Gfc. 

4-  fa«  =  4-  bp*f 

By 
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By  confidcring  of  which  the  following  Things  will  appear : 
i°.  That  in  the  transformed  Equation,  viz.  the  Equation  of  p, 
thofe  Parts  of  the  ultimate  Term  *  which  are  collateral  to  the  Terms 
•Art.  7$.hx?  +  ex*/  in  the  given  Equation,  muft  deftroy  one  another.  * 
Rem.  i.        2o9  xhefe  fame  Parts  of  the  ultimate  Term  contain  a  lower  Dimen- 
fion of  x,  than  any  of  the  other  Parts  of  that  ultimate  Term  do :   be- 
caufe  they  are  the  Quantities  which  arife  by  inferting  the  Dimenfion  of 
X,  which  the  Value  of  y  contains,  deduced  from  the  fictitious  Equa- 
tion hxv  +  cx'y*  =^  o,  inftead  of  yy  in  the  feveral  Terms  of  the  pro- 
♦  Art.  88.  pofed  Equation  *. 

30.  The  Dimenfions  of  x  in  the  feveral  Quantities  lying  in  the  fame 
horizontal  Line  of  the  Equation,  conftantly  diminifh  by  the  lame  Dif- 
ference; and  thofe  f  of  p  increafe  by  the  fame  Difference;  fo  that, 
abftradting  from  the  Coefficients,  thefe  Quantities  go  on  in  a  continued 
Proportion,  by  the  common  Multiplier  x~ np  :  which  is  alfo  the  feme 
in  all  the  Lines.  This  appears  from  the  Nature  of  Involution  oT 
Powers. 

4°.  From  the  laft  two  Obfcrvations  it  follows,  that  the  Part  of  the 

o 

Penult  Term,  viz.  c  x  — -j  X  x°~"p  —  of-npy     contains  a  lower 
Dimenfion   of  x,     than  any  of  the  other  Parts  of  that  Penult 

Term  :      that  the  Part  c  x  -p)      xxv^Mp%  of   the    antepenult 

Term  upon  that  fame  Line  contains  a  lower  Dimenfion  of  x  than  any. 
other  Part  or  Quantity  belonging  to  the  Antepenult  Term,  Gfr.  And 
moreover  that,  fince  the  approximate  Value  of  p;  or  the  firft  Term  of 
that  Value,  mull  contain  a  higher  Dimenfion  of  x  than  **,  which  is 
it's  Dimenfion  in  the  firft  Term  of  the  Quotient  or  Root,  exprefling 
•Art.  73.  the  Value  of  y  *,  therefore,  if  the  Dimenfion  of  x  contained  in  that 
approximate  Value  of  py  were  fubftituted  for  p  through  all  the  Quan- 
tities, belonging  to  the  Equation  of  py  the  Dimenfions  of  x  will  in- 
creafe, and  that  by  the  fame  common  Difference  in  all  the  horizontal 
Lines,  reckoning  the  Terms  from  the  left  Hand  to  the  right :  con- 
fequently 

50.  If  4-  Jx^'  **+m  be  that  Part  of  the  Ultimate  Term, 
which,  after  throwing  by  thofe  Parts  which  deftroy  each  other,  contains 

1  See  Note  f.  Aft.  75. 

*      '  the 
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the  lowed  Dimcnfion  of  xy  the  approximate  Value  of  the  Supplement 
p    mud    be   found    from  the   fi&itious   Equation    or~np  -\-  b  x 

JZl-l'  x^+n:  and  the  fame  is  to  be  under  ftood  of  all  the  other  fecondary 

or  fupplementary  Equations.  Therefore  you  have  this  general  Rule 
for  finding  all  the  fubfequent  Terms  of  the  Value  of  y  after  the  firft, 
viz.  Let  that  Part  of  the  ultimate  Term  of  every  fupplementary  Equa- 
tion, which  contains  the  loweft  Dimenjion  ofxy  having  if  s  Sign  changed, 
be  divided  by  the  Coefficient  of?  in  that  Part  of  the  Penult  Term,  wherex  is  of 
the  loweft  Dimenjion,  and  that  /hall  be  the  next  Term  of  the  S}uote  to  be 
annexed  to  what  bath  been  formerly  found.  The  Obfervation  of  which, 
together  with  a  Rule  formerly  given  *,  will  mightily  facilitate  the  *  Ait.  82. 
Extraction  of  the  Roots  of  fuch  fpecious  Equations. 

6°.  The  Coefficient  of  p,  q,  r,  &c.  in  the  Part  of  the  Penult  Term 
of  any  fupplementary  Equation,  by  which  you  divide,  as  in  the  laft 
Remark,  contains  the  fame  invariable  Dimenfion  of  x  throughout  all 
thefe  Equations  :  as  will  be  evident  if  you  confider,  that,  in  the  next 
fupplementary  Equation,  viz.  that  of  0,  it  will  be  found  in  the  Trans- 
formation of  the  Equation  of  py  oppofite  to,  or  upon  the  fame  Line 
with,  the  Quantity  cX*-*p  :  fo  that  if  that  Coefficient  contain  the  Di- 
menfion a**""*  in  the  firft  fupplementary  Equation,  it  will  contain  the 
fame  in  all  the  fubfequent  Ones. 

70.  The  Difference  betwixt  the  Exponents  of  x  in  the  two  firft 
Terms  of  the  Scries  expreffing  the  Root,  is  the  fame  with  the  Diffe- 
rence of  the  Exponents  of  x,  in  the  Parts  of  the  ultimate  Term  of 
the  Equation  of  /,  in  which  x  is  of  the  loweft  Dimenfion,  and  of  the 

next  higher,  which  are  here  bx*  and  b  X  •—-[,  x* +m :  For  the  dif- 
ference of  the  Dimcnfions  of  x  in  thefe  Parts  is  g-\-rn  —  v:  and 
the  Value  of  the  firft  Term  of /►,  deduced  from  the  fictitious  Equa- 

r 

tion  -f-  c  X  X*~*p  +  i  X  ^\ '  x*+m  =  o,  contains  this  Power  of  x, 

viz.  **+"-*+•,  whofe  Exponent  exceeds  the  Exponent  of  **,  which 
is  the  Power  of  x  contained  in  the  firft  Term  of  the  Series,  by  q  -f-  rn 
—  Vj  the  fame  as  the  former :  and  the  Reafoning  is  the  fame,  although 
the  Terms  of  the  propofed  Equation  from  which,  the  firft  Term  of 
Series  is  derived^  be  any  other  than  off  -f-  bar* 
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I2i.  Although  we  have  hitherto  fpoke  of  the  converging  Series, 
•br  ^Quotient,  expreffing.  the  Value  of  y,  as  if  the  Exponents  of  the 
Powers  of  x  in  the  Terms  of  the  Series  proceeded  in  an  Arithmetical 
Progreffioh  ;  yet  the  Reader  muft  know  that,  albeit  this  moft  fre- 
quently happens,  yet  it  is  not  always  fo :  for  which  Region  J  (hall 
refolve  the  following 


PROBLEM, 

To  find  whether  the  -Exponents  of  the  Powers  ofxin  the  Terms  of  the 
-convergirfg  Series  go  on  in  <an  Arithmetical  Progreffon^  or  nut :  ,and 
if  Jo,  what  the  common  Difference  of  that  Prcgrf/fion  is. 

1 2a.  Having  found  the  Ditnenfion  or  Power  of  x  contained  in  the 
firft  Term  of  the  Series,  (viz.  when  x  is  very  fenall)  by  any  of  the 
preceding  Methods,  which  let  be  «",  fubftitute  *"  inftead  of  ^y  throygh 
all  the  Terms  of  the  propofed  Equation ;  and  let  the  Exponents  of  *the 
Powers  of  xvftcr  Substitution  Be  A,  A,  B,  C,  E,  &c.  of  which  A  is  the 
leaft  (and  therefore  found  at  teaft  in  two  Terms)  and  the  others  B,  C, 
JE,£fc.  of  which  Bis  the  leaft  j  C  the  next,;  Ethe  next,  &c  in  an,  as- 
cending Scale :  then  if  B  —  AmeafureC  —  B,  E  — C,  &c.  through- 
out all  the  r&ft,  the  Exponents  of  x  in*the  Terms  of  tht  Series  pro- 
ceed in  <an  Arithmetical  Progreflion,  whofe  common  Difference  h 
B  —  A :  but  if  B  *—  A  do  "not  -extftly  meafuye  all  the  Differences 
C  —  B,  E  — C,  &c.  the  Dimenfions  pf  >x  in  the  Terms  of  the  con- 
verging Series,  will  not  conftitute  an  Arithmetical  Progreflion.  ^SYhich 
will  he  plarn  by 'Examples. 

Ex.  1.  Take  the  Equation  y%  -\-  axy  —  2a*  -f"  wy  —  x%  =  °> 
(which  1s 'the  -firfl  of  our  Author's)  by  fbppofrng  yl  -\-&%y  —  2a* 
Ait.ioo.^=  o  *,  we  have  a  or  trx°  for  the  ftrft'Ttfm  of  'the&oot ;  ^whofeBi- 
mention  of  xy  viz.  x°  =  1,  being  put  for  y,  in  the  Terms  of  the 
.propofed  Equation,  the  Exponents  of  x  in  the  feveral  Terms  (hall  be 
-o,  q,  o,  1,  3,  where  rthe  Difference  betwkfft  o>and  1,  vi*.  .1.  mea- 
sures the  Difference  betwixt  1  and  3,  viz.  2,  therefore  I  conclude 
that  the  Exponents  of  the  Powers  of  #in  the  Terms  of  the  Quotient 
or  Series,  proceed  in  an  Arithmetical  Progreflion,  whofe  Difference 
is  f. 
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Ex.  2.  lLct  the  Equation  #V  -h  f aV4  —  **y*  +  ***2  —  £6  =o  be 
propofed  :  by  feigaioj  cxy+  ~  c*  =  a  *,  you  fiad  +-  f  for  tfce  ficft  •Art-,0S<> 
Term  of  a  converging  Series  j  wherefore  fubftitue  x°  for  ^,  you  hat>e 
thefc  Exponents  of  the  Powers  of  x,  viz.  2,  o,  4,  2,  o  *  which  re- 
duced to  Order,  and  the  coincident  ones  thrown  into  one,  gives  this 
Progreffion  of  diftindt  Terms  o,  2,  4,  where  2  —  o  ( =  2)  mea- 
fures  4  —  2  (=  2)  therefore  the  Exponents  of  the  Powers  of  fc  in 
the  Terms  of  the  Root,  go  on  in  an  Arithmetical  Progreffion,  having 
2  for  the  common  Difference. 

Ex.  3.  Let  the  Equation  y*  — -  by%  +  gbx*  —  x*  =  q  t»  propofed: 
then  you  may  form  the  firft  Term  of  the  Root  either  from  th$  fictitious 
Equation  y*  —  by*  =  o ;   or  —  by%  -J-  gbx*  ==  o  *  :  the  firft  gives  >=  *Art.i<xx 

yb  or  \by,x°\  wherefore  x°  being  inferted  every  where  for/,  the 
different  Exponents  pf  x  in  the  feveral  Terms,  will  be  q.  2,  3  : 
here  2  being  the  Difference  betwixt  the  lead  Exponents,  meafures  riot 
the  Difference  3  —  2  =?  1,  therefore  the  Exponents  of  x  in  the  Terms 
of  the  Series  will  not  proceed  in  an  Arithmetical  Prcgreffion* 

But  if  the  firft  Term  of  the  Root  be  found  from  the  other  fi&itious 
Equation  —  by%  <+•  gbx*  =05  it  is  4"  3*  or  -—  yc ;  where  the  Di- 
menfion  of  #,  viz.  xJy  being  inferted  ior  y  gives  thefe  Exponents 
of  a:  in  the  Terms  of  the  prppofed  Equatipfl,  viz.  j.  jt,  3  j  which 
fliews  that  3-*2=if  meafuring  5  — » 3  =  z,  the  ^jfponents  of  x  in 
the  Terms  of  this  Root,  will  conftjtute  an  Arithmetical  Progreffion, 
whofc  common  Difference  is  1. 

Ex.  4.  If  y+  +  &y  —  ax*  —  <flx  =  o  be  propofed,  the  firft  Terqi 
of  the  Root  may  be  derived  from  putting^4  —  a3x  =  o*,  whiph  \yi}l  •Art.ioy. 
be  atx*i  infert  x±  for  y9  and  the  Dim^fipnp  of  x  are  1 .  y  .  3. 
wfaerc  the  Difference  betwixt  the  twp  kaft  1  an4  j,  doth  not  mea&rc 
the  Difference  betwixt  3  and  x73  =  3i.  therefore  the  Exponents  pf  * 
in  the  Terms  of  the  Quotient  will  p«t  proceed .  ifl  fin  Arithmetical 

Progrcffion :  for  the  Root  is  a*x*  -|-  — - 7 — — •     tf  -    #fc 

*ra  ^P  '  3 

The  Procefs  of  which,  according  to  this  Method,  J fljall  here  fet  down 
for  the  Reader's  Sat»fa#ion.  Putting  then  y=i<Afi*-\-p>  we  haye 
as  follows :  v 
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4-  f  =  +/^  +  4*?afy  -j-  6a*x*p%  -f  4*  J*^>*  +/♦      4^x1^ — ax* = o  *  /Jr* 

*  ,       *£      .         *Art.i2o. 

,— <wc'  = —  <wrJ 

—  *'*=  —  ytfs 

4.  6a*xty*  =  +  -g-  4-  3^xV?  * 

4-  4«^/  =  -\-Jfr*  4"  4***fy 

—  ax*    =—^4*  * 
4-  tfixV  =  4.  rfixV 

y  ■     4**  4*1         32*r 

In  this  Procefs  the  Reader  will  obferve,  that  I  have  omitted  all  thofe 
Quantities  which  cannot  affedfc  the  Quotient  within  the  Limit  of  that 
Power  of  x  which  is  denoted  by  #V  inclufive,  which  Quantities  may  be 
*  Art  82.  eafily  known  and   diftinguifhed   by  what   was  formerly  (hewn  * 
efpecially  when  joined  with  the  Remarks  in  Art.  120. 

123.  Having  illuftrated  this  Problem  by  Examples,  I  come  now 
to  give  the  Demonftration  of  it.  Wherefore  let  aym  -f-  btfyr  4-  cx'f 
&c.  «+-  bx°  =  o  reprefent  any  fpecious  Equation  as  formerly :  from 
which  the  firft  Term  of  the  Series  being  found  by  any  of  the  preced- 
ing Methods,  let  the  Equation  be  transformed  into  the  firft  fupple- 
mental  Equation,  called  that  of/;  in  which  Equation  of/,  let  the 
Exponents  of  the  Powers  of  x  in  the  ultimate  Term  be  A,  A,  B,  C,  E, 

&c .  as  in  the  Margin  :  of 
Ult    Penult     Antepen.         &c.  which  two  at  leaft  muft 

A  *  *      -  *  t>e  ^ual,  which  are  here 

A      A+  D     A+2D     A  +  3D^.      reprefented  by  A  and  A: 
B        B  +  D     B  +  2D    B  +  3D  &c.     the  Parts  of  the  ultimate 
C       C  +  D     C  +  2D     C  -f  3D  &c.     Term    correfponding    to 
#  E       E  -f  D     E  4-  2D     E  4-  3D  &c     which,  do  always  deftroy 
J^-75-  &c.  •  one  another*    Thenfup- 

pofe 
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pofe  the  Exponent  of  the  Power  of  x,  which  is  contained  in  the  firft 
Term  of  the  Value  of  p,  found  as  above,  to  be  D :  fo  that  after  Sub- 
stitution of  fuch  Power  of  x  inftead  of  p  in  the  feveral  Terms  of  the 
transformed  Equation,  viz.  that  of  p>  the  Exponents  of  the  Powers  of  \ 
x  in  the  Penult  Term  may  be  A  -f  D,  B  +  D,  E  +  D  &c.  in  the  \ 
Antepenult  A  -f-  2D,  B  -|-  2D,  &c.  as  in  the  Margin  :  for  where  there 
are  Parts  of  thefe  Terms  of  the  Equation  of  p  upon  any  horizontal 
Line,  the  Exponents  of  x  in  them,  mud  be  fuch  as  here  reprefented, 
as  appears  by  Remark  3  and  4,  Art.  120.  Wherefore  it  is  evident, 
that,  when  the  Equation  of  p  is  transformed  into  the  fecond  fupple- 
mentary  Equation,  viz.  that  of  q9  the  ultimate  Term  of  this  new 
Equation  can  contain  no  other  Exponents  of  x  but  A  +  D,  A  +  2D, 
A-J-3D,  &c.  B,  B+D,  B-f  2D  &c.  C,  C+D,  &c.  E,  E+D  &c. 
But  in  the  Equation  of  p>  after  throwing  by  A,  the  Exponent  B  is 
fuppofed  to  be  the  leaft  of  all  the  remaining  ones  B,  C,  E,  &c.  in 
the  ultimate  Term,  therefore  A  -f-  D  =  B  *  ;  confequently  A  +  aD  *Art.i2o. 
=  B4-D,  A  +  3D=B  +  2D  &c.  fo  that  in  the  Equation  of  y,Rem^S- 
there  fhall  be  no  other  Exponents  of  x  in  the  ultimate  Term  but 
what  may  be  defigned  thus,  B,  A-f  D,  A  +  2D,  A  -}-  3D,  &c. 
C,  C  +  D,  C  +  2D,  &c.  E,  E-f  D,  E  +  2D,  &c.  as  in  the 
Margin ;  of  which  B  and  A  -f-  D  being  equal,  the  Parts  of  the 
ultimate  Term  correfponding 

to  thefe  muft  deftroy  one  ano-         Ult.  Penult.       Antepen. 

ther,   as  before.     Now  after         -Br 
throwing  by  thefe,  let  A-J-2D       -Arfff      A  4-  2D 
be  the  loweft  Quantity  in  the     A  +  2D     A  -f  3D     A  4-  4D 
ultimate  Term,  then  it  is  evi-     A  +  3D    A  4-  4D    A  4-  5D  fifc 
dent  that  oppofite  to  A  4-  D,         &c.  &c.  &c. 

in  this  Equation   of  q,  there     C 
muft  be  a  Part  or  Quantity     C  -f  D      C  +  2D 
belonging  to  the  penult  Term ;     C  -f  2D     C  -j-  3  D     C  +  4D 
but  no  Part  belonging  to  any         &c.  &c.  &c. 

Term  preceding  the  penult,     E 
becaufe  it  is   the  Part  of  the     E  4-  JX     E  +  2D 
Equation  of  q,   which  arifes     E  4-  2D     E  4-  3D     E  4"  4D 
by  the  Transformation  of  the         &c.  &c.  &c. 

Part  of  the  penult  Term  of  the 

Equation  of  py  which  correfponds  to  A4-D,  in  which  the  Supplement 
p  is  in  the  firft  Power.  And  if  you  fuppofe  that  Power  of  x  to 
be  inferted  for  qy  which  is  contained  in  the  approximate  Value  of  q 
fbqnd  as  above,  the  Exponent  of  x  in  this  Part  of  the  penult  Term, 

muft 
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moft  be  A  -|-  2D,  w*-  !^c  ^amc  a$  !t  **  *n  t^rat  P*rt  °f  d*  okimate 
•  ibid.  Term  where  it  is  lotveft  * :  confequently  the  Exponents  of  Arm  the 
other  Parts  of  the  Penult  Term,  where  there  are  foch  Parts,  mirft 
exceed  the  Exponents  of  x  in  the  correfpohding  Parts  of  the  ultimate 
Term,  by  the  fame  Difference  D,  after  Subftitution  for  a  :  and  the 
Exponents  of  x  in  the  Antepenult  Term,  miift  exceed  thofe  in  the 
Pertult  by  the  fame  Difference  ftill,  viz.  D  j  where  there  are  foch 
Parts  belonging  to  the  Antepenult  Term  :  dnd  fo  on  for  the  reft  of  the 
*An.  120.  Terms*,  as  yoti  fee  represented  in  th6  Margin.  And  thus,  by  fup- 
Kcm.3,4  pofing  the  Equation  of  q  to  be  transformed  into  the  new  fuppfemen- 
tal  Equation,  vi&.  that  of  r ;  and  fo  the  Transformation  to  go  on 
<eofitinually,  it  appears  that  the  ultimate  Term  of  every  fuch  Equation 
in  inf.  eah  contain  no  other  Exponents  of  rf  but  what  fall  in  with 
forrte  one  or  other  of  the  Arithmetical  Progreffions  A,  A  -J-  D,  A  \ 
aD,  A  4.  3D,  &c.  C,  C  4-  D,  C  4-  2D,  &c.  E,  E  +  D,  &c. 
and  that  therefore  if  the  firft  Progreflion  A,  A+D  =  B,  &c.  fall 
apon  C,  E,  &c.  the  loweft  Exponent  of  x  in  the  ultimate  Term  of 
dfty  fupplebiental  Equation,  will  exceed  the  lowed  Exponent  of  x  in 
the  ultimate  Term  of  the  immediately  preceding  fupplemental  Equa- 
tion* by  the  conftant  Difference  D  =  B  —  A  :  therefore  the  Expo- 
nents of  the  Powers  of  x  in  the  converging  Series  for  the  Root  y  of 
the  propofed  Equation,  ought  like  wife  to  proceed  in  an  Arithmetical 
Progfeffion  (by  Rem.  6.  above)  .and  that  having  the  fame  Difference 
D  or  B  —  A  (by  Rem.  7.) 

But  if  the  Arithmetical  Progreflion  A,  A  4-  D  =  B,  A  +  2  D, 
&c.  do  not  fall  upon  the  Terms  C,  E,  &c.  contained  in  the  ultimate 
Term  6f  the  Equation  of  p,  it  appears  from  what  has  been  faid,  that 
the  Exponents  of  #,  in  the  Terms  of  the  Series. which  exprefles  Ac 
-Root  j',  will  not  proceed  in  an  Arithmetical  Progreflion;  but  the  Dif- 
ference of  the  Exponents,,  after  certain  Intervals,  become  lefs. 

And  therefore,  fince  the  ultimate  Term  of  the  Equation  of  p>  is 
the  very  fame  with  what  arifes  by  fubftituting  the  firft  Term  ot  the 
converging  Series  in  place  of  y,  throughout  the  Terms  of  the  propofed 
Equation,  the  Tiling  we  propofed  is  demonftrated. 

123.  Schol.  It  makes  no  Difference  in  the  Demonft ration,  from 
whatever  Terms  fele&ed  out  of  the  propofed  Equation,  the  firft  Term 
of  the  Series  be  deduced,,  provided  they  be  proper  Terms  for  this  Pur- 
ftefe :    although  the  preceding  Demonftration  reprefents  the  firft  Term 

<*krt.ioj.  *s  deduced  by  the  third  Method  preceding  *. 

124.  Moreover  it  may  be  proper  to  advertife  the  Reader,  that,  al* 
#     though  #re  Difference  D  sr  B  —  A  do  meafute  the  other  Difference* 

C-B, 
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C  — B,  E  —  C,  &c.  yet  it  may  happen,  that  the  koow.0  Coefficient 
of  one  or  more  Terms  of  the  Series  for  the  Root  of  the  propofed 
Equation,  may  become  equal  to  nothing:  which  may  happen  from 
certain  Parts  of  the  ultimate  Teem  of  any  fecondary  or  fupplemental 
Equation  deftroyjng  ooe  another,  foooer  dun  they  ought  to  do : 
which  may  make  a  Chafm  in  the  Arithmetical  frogneffion  cf  the 
Exponents  of  x  in  the  Series  for  the  Root  of  the  propofed  Equation, 
when  that  happens  j  trot  the  Exponents  of  the  Powers  of  x  through 
all  the  Terms  of  the  Series,  -even  in  fuch  a  Cafe,  mud  belong  to  the  . 
Arithmetical  frogueffion  mentioned  in  this  Problem.  And  the  Pro- 4 
blem  muft  therefore,  be  underilood  to  be  taken  with  this  Limitation. 

125.  And  it  may  like  wife  happen  that  all  the  Parts,  or  Quantities, 
conftituting  the  ultimate  Term  of  any  fupplemental  Equation,  may 
totally  deftroy  one  another :  in  which  Cafe,  the  Series  for  the  Root  of 
the  prppofed  Equation  terminates  ;  and  that  Root  is  fully  expreffed  -by 
the  Terms  of  the  Quotient  already  found  :  fincc  the  remaining  Sup-  *  Art.  75. 
jplement  vanilhes  *.  Rem*  ^ 

12*6.  'Befides  the  two  Methods  1  "have  already  mentioned,  wd  ex- 
plained, for  excra&ing  the  Roots  of  affe&ed  fpecious  Equations,  con- 
taining two  variable  and  unknown  Quantities,  by  Means  of  infinite  Se- 
ries ;    rhere  is  a  third,  which  1  fhail  explaip  a  little^  left  the  Reader 
ihould  find  "Fault  vyith  the  omitting  of  it  entirely.     It  coofifts  in  4hp 
Affumption  df  .a  Series  of  Terms  with  indeterminate  Coefficients,  in 
which  the  Exponents  of  the  Powers  of  x  proceed  in  an.  Arithmetical 
Progrdfion,  either  afcending  or  defcendiqg,  according  as  x  is  fuppofed 
to  be  very  fmall,  or  very  great,  in  Comparifqn  of  the  other  known 
'Quantities  in  the  given  Equation.     Such  a  Series  may  be  .reprefentod 
-thus  A**  +  Bx"+>  +  Cx°+*t  +  D*"+*>,  &c.  which  Series  is  fuppofed 
*to  exprefs  the  "Root  of  the  propofed  Equation  j  and  therefore  to  be 
equal  to  y.    And  in  order  to  determine.the  Values  of  the  Coefficients 
A,  B,  C,  D,  &c.  the  propofed  Equation  is  transformed  into  a  new 
Equation,  by  fubftituting  A#"  +  Bx*+'  -|-  Cx*  +  2%  &c.  inftead  of  y*, 
and  the  Powers  of  it  inftead  of  the  like  Powers  of  y>  in  the  Terms  of 
the  propofed  Equation  5  whence  there  arifcs  a  new  Equation*  inclu4~ 
ing  only  one  variable  Quantity,  viz.  x :  of  which  Equation  all  the 
Terms  together  being  e^ual  to  nothing  ;  each  Term  hy  itfclf  muft  te 
equal  to  nothing  ;  that  is  the  complex  Coefficient  of  each  Term.muft 
be  equal  to  nothing :  fo  that  hy  putting  the  complex  Coefficient  of 
each  Term  equal  to  nothing,  there  will  arife  fo  many  Equations,  by       .»,  « 
the  Jlefolution  of  which,  the  Values  of  the  indeterminate  Coefficients 
A,  iB,  C,  &c.  may  be  found :  and  con&quQiuly  the  ;Root  of  the 

propofed 
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propofed  Equation 5  provided  the  aflumed  Series  be  taken  of  a  right 
Form. 

127.  To  illuftrate  the  Thing  by  an  Example,  let  the  Equation 
y*  4"  a*y  4"  axy  —  2a*  —  x*  =  o  be  propofed  ;  to  find  y :  then  a£ 
fume  y  =  A  4-  B  x  4"  Cx1  4"  Dx*,  &c.  and  let  the  given  Equation 
be  transformed  as  you  fee 

4-  y*  =s  +  A3  4-  3A*Bx  +  iA*Cx*  +  3A*Dx*  4-  3A*Ex*  &c.~\ 

4-3AB*     +6ABC    +6ABD 

4-  BBB       +  3ACC 

+  3BBC 


=  Ow 


4.  a%y  =  4-  **A  4- VBx     4-  tf'Cx1    4-  a*Dx*     4-  *aEx+  Gfc. 
4-tfxy=       *     +tfAx      +  *Bxa     +tfCxS       +  *Dx+   Gfr. 

—  2  J3  =  —  2<23 

_  *3   =  *  *  +  —>x* 

In  which  transformed  Equation,  the  complex  Coefficient  of  each 
Term  muft  be  equal  to  nothing,  otherwife  the  Whole  could  not  be 
equal  to  nothing,  as  we  (hall  fee  by  and  by :  therefore,  by  putting 
thefe  Coefficients  equal  to  nothing,  there  arifes  fo  many  Equations, 
viz.  1*.  A3  4-  a%A  —  ^(fl  =  o.  20.  3A*B  4-  a*B  4-  a  A  =  o.  3°. 
3AaC  4-  axC  4-  3AB*  4-  aB  =  o.  40.  3A*D  +  **D  4-  6ABC  4- 
fis  4.  aC  —  1  =0,  &c.  From  the  firft  of  which  find  the  Value  of 
A  :  which  Value  of  A  being  inferted  for  it  in  all  the  reft  of  the  Equa- 
tions ;  you  may,  from  the  fecond,  find  the  Value  of  B  :  which  Value 
of  B  being  inferted  for  it  in  all  the  fubfequent  Equations,  you  may,, 
from  the  third,  find  the  Value  of  C ;  and  fo  on  in  inf.  From  the 
firft  Equation  A3  4" a *A  —  2al  =  °*  you  ^d  A  =  4-  a :  from  the 
fecond  you  will  find  B  =  —  j :  from  the  third,  C  =  4-^- :  from  the 

fourth^  D=  4-  575*  &c.  therefore,  by  fubftituting  thefe  Values  of 
A,  B,  C,  D,  6fc.  inftead  of  them  in  the  aflumed  Series^  =  A  4~ 

Bx  4-  Cx*  4-  Dx*,  &c.  We  have  y  =  a  —  *  -f  £    4.  Ul*    fife, 

*  ■  *  4    *•  64a     ■     512*** 

•Art.  78.  the  fame  as  formerly  *. 

12&.  The  chief  Difficulty  in  this-  Method  is  to  find  the  right  Form 
of  a  Series :  for  although  the  Series  A  4-  Bx  +  Cxa  -}-  Dx*  &c.  was 
that  which  we  aflumed  in  the  preceding  Example  ;  and  which  in- 
deed is  the  right  Form  for  finding  the  Root  of  the  Equation  there 
propofed ;  yet  in  other  Examples,,  the  Series  to  be  aflumed,  may  be  of 

a  different 
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*  different  Form.  And  itfs  evident,  that  the  Difference  of  the  Forms 
depends  upon  thefe  two  Things,  viz.  i°.  The  Dimenfion  or  Power 
of  x  in  the  firft  Term  of  the  Scries.  2°.  The  Difference  betwixt  the 
Exponents  of  the  Powers  of  x  jn  any  two  Terms  of  the  Series  that 
are  next  to  another.  The  firft  of  thefe  Things  may  be  found  by 
any  of  the  Methods  that  were  formerly  explained  for  difcovcring  the 
firft  Term  of  a  converging  Series,  which  (hall  be  the  Root  of  the 
propofed  Equation. 

129.  The  fecond  Thing,  viz.  the  common  Difference  of  the  Ex- 
ponents, may  be  found  thus :  infert  the  Power  or  Dimenfion  of  x 
contained  in  the  firft  Term  of  the  Series,  in  place  of  yy  in  the  feveral 
Terms  of  the  propofed  Equation;  then  fet  down  all  the  different  Ex- 
ponents of  x  (among  which  o  is  included)  in  order,  which  let  be  <*, 
b,  cy  e,  &c.  find  the  greateft  Number,  which  will  exa&ly  meafure 
all  the  Differences  b  —  a,  c  —  £,  e  —  c,  &c.  call  it  p  ;  then  is  p  the 
Difference  of  the  Indexes  of  x  in  the  Terms  of  the  converging  Series : 
fo  that  if  n  be  the  Exponent  of  x  in  the  firft  Term  of  the  Series,  the 
right  Form  of  the  Series  to  be  affumec^  (hall  be  Ax*4-B**+'  + 
0*+*  4-  Dx"+tt,  &c.  The  Thing  will  appear  plainer  by  Examples. 

Ex.  1.  Let  the  Equation  j*  +  ay^'axy  —  2a !  —  x'  =  o,  men- 
tioned juft  now,  be  propofed:  then  by  feigning j1  -J-  a %y  —  2a*  =0, 
we  have^y  =  -j-  a  or  -f-  ax° ;  which  is  the  firft  Term  of  the  Root, 
when  x  is  very  fraall  *  :  ne*|  infert  x°  inftead  ofy  in  the  Terms  of*Artioo> 
the  propofed  Equation,  and  the  Indexes  of  the  Powers  of  xare  o,  o, 
i»  o,  3  1  fo  that  the  different  ones,  reduced  into  order,  are  o,  1,  3, 
whofe  Differences  1,  2,  have  1  for  their  greateft  common  Meafure : 
therefore  A  +  Bx  -\-  Cx%  -f-  Dx*,  &c.  is  the  proper  Form  of  the  Se- 
ries to  be  affumed.  .    " 

Ex.  2.    Let  the  Equation  &y*  —  tg*  -}-  zaxy*  —  26**^'  +  3*\y* 
—  abx*y  +  **  +  *ax$  =  o,  be  given :  by  putting  the  Terms  —  abx*y 

-|-  x*  =:  o,  you  will  have  -f-  ^  for  the  firft  Term  of  a  converging 

Series,  when  x  is  very  fmall  * :  wherefore,  infert  x%  for  y9  through  •Art  105. 
the  feveral  Terms  of  the  propofed  Equation ;  and  the  Exponents  of  x  ,og# 
will  be  thefe,  18,  10,  7,  8,  7,  4,  4,  5,  that  is  the  different  ones, 
reduced  to  order,  are  4,  5,  7,  8,  jo,  1 8, •  whereof  the  Differences 
are,   i,  2,   1,  2,  8,  whofe  greateft  common  Meafure  is  2  :  therefore 
the  Form  of  the  Series  is  Ax*  +  BxJ  -f  Cx+,  &c. 

But  if  the  propofed  Equation  remaining  the  fame,  you  deduce  the 
firft  Term  of  the  Series  from  the  fictitious  Equation  —  47s  +  zaxy* 

Mmm  ~abxxy 
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—  abx*y  =  o,  you'll  find  it  to  be  +  V  $a  ±  y/—  j  +.^  X  x?  or 

•Art.108.  —  ^/ifli:  v/—  —  +  ^  X  *"*■  *,  whkh  gives  the  firft  Term  of 

the  Series,  fourfold ;  but  «  =  ~  in  all  of  them  :  and  by  inferring**  for 
yt  the  Exponents  of  the  Powers  of  x  will  be  j~ .  2f .  2~ .  3  f .  4.  2^ . 
4.5;  that  is  the  different  ones  when  reduced  to  Order,  are  2| .  3t  • 
4«  5'  7r»  whofe  Differences  are  1 .  £•  *  •  *f  or  ~.  1.  2  4-,  whofe 
greateft  common  Meafure  is  £:  Therefore  the  proper  Form  of  a  Series 
for  any  of  thefe  Roots  will  be  Axi  -f  Bx  +  Cx*  •+-  D*'»  $V- 

Ex.  3.    Let  the  Equation  y*  -j-  $ay*  —  34^  -\-  x*y  —  8o<*3  =  o 
be  propofed :   by  afluming  the  fictitious  Equation  y*  -|-  $ay*  —  34*^ 

—  8o*3  =  o,  and  refolving  it,  you'll  find  it  to  have  thefe  three  Roots 
\  5*,  —  2<*,  —  Sa;  any  of  which  will  be  the  firft  Term  of  a  con- 

•Art.100.  verging  Series,  when  x  is  very  fmall  * :  therefore  infert  x°  foiy,  and 
the  Indexes  of  the  Powers  of  x  in  the  propofed  Equation,  which  are 
different,  are  none  other  but  o  and  2,  whofe  Difference  2  has  2  for 
it's  greateft  meafure :  whence  it  follows  that  A  +  Bx*  4*  G**  +Dx* 
&c.  is  the  true  Form  of  the  Series.  Which  Example,  as  to  the  Me- 
thod of  Operation,  is  here  reprefented  to  the  Reader. 

-f  ys    =4-  A»   -\-  3A*Bx*  +  3A*C*++  3A*Dx«  -f  3A*Ex*  &: 

+  3AB*    +  6*BC    +6ABD 
-f  BBB       +3ACC 
+3B*C 

4-wy*  =4-5tfA*  +iOtfABx»-f-iOi»ACx*-fiotfADx*-f  iojAE*^^J_^ 

+  $*BB    -4-kwBC    -f  iotfBD  i~~'* 

+  5*CP 

— 34tf,^=~34fl*A—  34<t*Bx*  ~34fl*C**  —  34**Dx*  — -34rf»Ex*.fifr. 
-fx^  =  *  4-  Ax*  +  B**-fr  C*«  +  Dx»efc. 
— 8otf J  =  —  8o<»J  „ 

Where,  by  putting  the  complex  Coefficients  of  each  Term  of  the 
transformed  Equation,  equal  to  nothing,  you'll  hate  1*  A* -±-  $aA* 

—  34<a*A  —  8o*»  =  o.  2°.  jA*B  4-  10a AB —  34**8  -f  A=o. 
3°.  3A*C+  3AB1  +  iotfAC  4-  SaB%  —  34**0  -j-  B=rc«:  andf6 
on,  for  the  Coefficients  of  the  fubfequent  Terms.  The  firft  of  thefe 
Equations,   viz.  A'  +  50A1  —  340* A  —  Boa*  =0,   is  the  fame 

with 
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vrith  the  fictitious  Equation  at  firft  afiiirned  for  finding  the  firfk  Term 
of  the  Series,  viz.  yl  -j-  $ay*  —  $4a%y  —  Soa z  (which  will  always 
be  the  Cafe)  therefore  A  will  have  the  fame  Values  here,  as  j?  had  there; 
that  is  A  =n  4"  5*  <*  ■— '  *a  °*  —  Sa :  any  of  which  may  be  taken, 
according  to  the  Root  that  is  propofed  to  be  extracted  Let  the  po- 
fitive  Value  4*  $a  betaken:  which  therefore  muft  be  fubftituted  in 
Place  of  A,  in  the  fubfequent  Equations  for  difcovering  the  Values  of 
B,  C,  D,  C§v.  by  fubftituting  it  for  A  in  the  fecond  Equation,  viz* 
3 AaB  +  loa AB  —  34**B  4-  A  =tr  o,  it  becomes  75**B  4-  5oa*B  -■- 

34**B  -f-  5*  =  o,    whence   B  = S_. '  Again,  by  fubftituting 

thefe  Values  of  A  and  B,  in  Place  of  them,  in  the  third  Equation  for 
determining  C,  viz.  3A2C  +  3AB*  4-  io^AC  4.  $a&  —  34**0  -j- 

B=ro,  it  becomes7S^X  +  1&+50^C4-^-3^C- 
-£-  2-:  o  3  whence  you  have  C  =  —  ■  ;45   t.     After  the  &me  Man- 

9m  \  *  7SlS7lal 

ner,  by  fiibftituting  thefe  known  Values  of  A,  B  and  C,  in  the  fourth  . 
Equation,  you  may  difcover  the  Value  of  D,  viz.  D=  4-   — y  t 
and  by  Means  of  the  fifth  Equation,  in  like  Manner,  you 'would  find 
E=  4"  9Qy  :  *°d  fo  on  /»  1^  Therefore,  by  inferring  thefe  Values 
of  A,  B,  C,  &c.  in  the  Equatbn  y  t=z  A  4-  Bx1  +  Cx4  +  Dx6  4- 

£*•  ^.=of  we  obtain /=5^-^-^+-^+^ 

fifr.  which  is  tfn  Approximation  to  one  of  the  Roots  of  the  propofed 
Equation,  when  *  is  very  fmall. 

130.  The  Demonftratian  of  this  Prta&ice  maybe  eafily  derived  from 
♦rfiatwas  demonftrated  with  ttfpeQ.  to  the  preceding  Method  * :  For  *Art.i2i« 
ttrhen  any  fnecious  Equation,  induding  two  unknown  Quantities  x  and  '**• 
yy  is  proptoted,  to  find  the  Value  df  y  in  a  converging  Series  -,   of  which 
Series  Ax*  is  the  firft  Term ;  and  Ax*  is  inferted  for  y  through  the 
Terms  of  the  given  Equation ;  if  the  aflumed  Series  Ax*  +  B*H*  + 
Cx"+'  ®V.   be  of  fuch  a  Form,  as  that  the  Dimenfion  of  x  in  every 
one  of  the  Terms  of  the  propofed  Equation  (after  fubftituting  Ax*  for 
y  in  them)  fall  in  with  the  Dimenfion  of  x  in  ibme  Term  of  the  at 
fumed  Series :  I  fay  if  this  be  the  Cafe,  the  young  Geometrician  will 
eafily  underftand,  from  what  hath  been  (hewn  in  the  forefaid  Place, 
thai  there  can  'be  no  Term  of  the  Root  of  the  propofed  Equation,  but 
fuch,  whofe  Dimenfion  of  x  muft  fall  ki  with  the  Dimerffion  of  ## 
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in  fome  Term  or  other  of  the  affumed  Series ;  fince  p>  which  is  the 
common  Difference  of  the  Exponents  of  x  in  the  affirmed  Series,  is  a 
common  Meafure  of  the  Differences  of  the  Dimenfions  of  x  in  the 
Terms  of  the  propofed  Equation,  after  Subftitutioh  of  A**  fovy  in  them : 
and  fince  p  is  the  greateft  common  Meafure  of  thefe  Differences,  there 
cannot  be  any  other  Series  affumed,  having  the  Exponents  of  x  in 
an  arithmetical  Progreffion,  whofe  common  Difference  is  greater, 
which  (hall  have  thefe  Properties.  Confequently,  if  the  Values  of 
the  indeterminate  Coefficients  A,  B,  C,  D,  Gfc,  in  the  affumed  Series 
can  be  found,  which  we  have  fhewn  how  to  do,  by  the  Examples  we 
have  adduced,  then  the  feveral  Terms  of  the  Root  of  the  propofed 
Equation,    will  thereby  be  found.     Which  is  all  that  is  required. 

"  1 3 1.  All  that  the  young  Geometrician  can  require  to  know  further,  for 
his  Satisfaction  with  refpedt  to  the  Grounds  of  this  Method  of  cxtra&ing 
the  Roots  of  Equations,  by  the  Ajfumption  of  a  Series  with  indetermi- 
nate Coefficients  is,  i°.  Why  the  Exponents  of  x  in  the  Terms  of  the 
transformed  Equation,  muft  conftitute  an  arithmetical  Progreffion  hav- 
ing the  fame  common  Difference  as  the  Exponents  of  x  in  the  Terms 
of  the  affumed  Series :  which  is  abfolutely  neceflary  for  finding  the 
Values  of  A,  B,  C,  D,  &c.  ?  This  Queftion  will  be  eafiiy  fatisfied,  by 
confidering  the  Nature  of  the  Involution  of  Powers :  by  which  it 
appears,  that,  if  there  be  any  Quantity  confifting  of  any  Number  of 
Terms,  finite  or  infinite,  in  which  the  Exponents  of  the  Powers  of 
any  Letter  as  x,  are  in  arithmetical  Progreffion,  any  tierfeti  Power  of 
that  Quantity,  as  the  Square,  Cubfc,  £2r.  will  confift  of  Terms  in 
which  the  Exponents  of  x  will  conftitute  an  arithmetical  Progreffion 
having  that  fame  Difference :  fo  that  any  Power  of  A#*  +  Bx*+>  -\» 
~  Cx"+^  &c.  or  even  any  Power  of  it  multiplied  by  any  Power  of  x, 
will  conftitute  a  Series  of  Terms,  in  which  the  Exponents  of  x  will 
make  an  arithmetical  Progreffion,  having  the  fame  Difference  as  ia 
Ax*  -f"  Bx"+>  &c.  viz.  p.  From  which  it  follows,  that  the  Expo- 
nents of  the  Powers  of  x,  in  the  feveral  horizontal  Lines  of  theb 
transformed  Equation,  as  in  the  preceding  Examples*  will  proceed 
by  the  fame  common  Difference  in  all,  where  there  are  more  Terms, 
than  one  upon  any  fuch  Line :  and  where  there  is  but  one*  the  Di- 
menfion  of  x  in  it,  muft  fall  in  with  the  Dimenfion  of  x  in  fome  onev 
or  more  Quantities,  of  the  other  horizontal  Lines ;  fince  the  Progreffion 
of  the  Exponents  of  xy  in  the  Series  Ax"  -4-  Bx"»+'  -f-  Cxm+9*  &c 
falls  upon  the  Exponent  of  x  in  fuch  Terms  by  the  Hyp.  Which  Con- 
federations*  by  themfelves%  may  farnifh  a  Proof  of  this  Method. 
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132.  The  other  Thing  he  may  want  to   know  (which  I  likewife 
promifed  to  (hew)  is  this  :  how  it  appears  that,  in  any  Equation  fuch 
as  *^5  X  x*  +  *—S  X^+  7^f  X  **  &c-  =  o,  in  which  a:  is  a  variable 
or  flowing  Quantity,  and  a,  b,  c,  d>  e,fy  &c.   conftant  Quantities,  if 
the  Terms  contain  different  Powers  of#,  the  Coefficients  of  every  one 
of  the  Terms,  that  is  a — A,  c<~d,  e—f, *&c.  muft  be  equal  to  no- 
thing ?  The  Thing  appears  thus :  divide  all  the  Terms  of  the  Equation, 
by  the  loweft  Power  of  x>    which  let  be  **,  and  you'll  have  #^i  4- 
TZj  X  *?~n  -j-  7^f  X  x*-*  =  o :    which  being   true   whatever  be  the 
Value  of  x,  it  is  true  when  x  vanifhes :   wherefore,  let  x  vaniih,  2nd 
then  it  will  become  a  — b  =  o :  therefore  T^d  X  x*~n  -{-  +^f  X  x*~* 
&c.  =  o :  confequently,  by   the  fame  way  of  reafoning,  we  prove 
that  c  —  d-=L  o  :  and  fo  on  for  all  the  reft :   as  was  to  be  fhewn. 

133.  The  Reader  will  eafily  perceive  that  fometimes  the  Values  of 
fome  of  the  indeterminate  Coefficients  B,  C,  D,  &c.   may  be  equal 
to  nothing :  which  will  always  happen  when  the  Exponents  of  x  in 
the  Terms  of  the  Series  for  the  Root,  do  not  conftitute  an  arithmetical 
Progreffion  :   which  we  (hefw'd  how  to  difcovef  formerly.     In  which 
Cafes,  there  may  perhaps  Methods  be  fallen  upon  to  abridge  the  Ope- 
ration, by  the  Affumption  of  Series's  with  different  Properties,   when 
the  Root  is  propofed  to  be  carried  only  to  a  certain  Limit :  but  upon 
this,  and  fome  other  ufeful  Things  relating  to  this  Method,  I  \tf  ill  not 
now  infift,  left  I  (hould  be  thought  to  be  too  particular.     Only  the  Readc r 
may  obferve,   that  this  Method  of  refolving  fpecious  Equations,  ferves 
for  extra&ing  the  Roots,  as  well  when  the  Species  x  is  fuppofcd  very 
great,  as  when  it   is  fuppofed  very  fmall :  and  the  fame  Rules  will 
ferve  for  determining  the  Form  of  the  Series  to  be  affumed  ;  only  the 
Exponents  of  x  in  the  Numerators  of  it's  Terms  muft  conftitute  a 
defcending  arithmetical  Progreffion  :  thus  A*"  -|-  Bx*~'  +  Cx—**  &c. 
where,  n  may  be  pofitive  or  negative,  and  p  always  pofitive.     The 
Operation,  in  one  Example,  I  (hall  here  fet  down.     Let  the  Equation 
JP3  +  a%y  ^T  axy  ~  2a% ~  x%  =  °>  ^  propofed,  to  find  the  Value  of 
y  in  a  converging  Series,  when  x  is  very  great :   the  fame  Equation,, 
which  hath  been  propofed  formerly,  particularly  under  this  third  Me- 
thod.   I  take  the  fictitious  Equation  jr3  ■ —  x*  =  o,  from  whence  1 
find  4"  x  for  the  firft  Term  of  the  Root,  and:  likewife  of  the  Series  to 
be  affumed  :    aqd  by  fubftituting  xx  fory  in  the  propofrd  Equation, 
I  find  i  for  the  grctteft  common  Mcafure  of  the  Exponents  of  xr 
whence  I  know  it  muft  be  y  =  Air  -f-  B#~x  -f  CaT>:  &e.  Wherefore 
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4-  »*  =  4-  *J  4  iBsc*  +  3CX  +  3D*0    4-  3EJP1    £fr.~ 

43B*   +6BC     4-6BD 
4-  BBB     4  3CC. 

4  3B*C         . 


/=<»♦ 


ti< 
in 
C 
it 
tl 
li 


4^  a*y  =        *  *     +  <w*   4-  tflB*°  4-  a*Qrl   &c. 

4*xy  =        *  4-  ***' 4*Bx  4  *C*°    4  tfD*~*    &c. 

—  m)  =        *  .        *  *      —  2<I  V 

In  which  transformed  Equation,    1  is  inferted  inftead  of  A,  becaufc  1 

it  was  found  already  that  Ax  =  xx :  then  for  deriving  the  Value* 
of  B,  C,  D,  E  Qfc.  we  have  thefe  Equations,     1°.    3B4*  =  o-  1 

20.  3C  4  3B*  4  aa  4 *B  =  o.  3d.  3D  46BC  4  BJ  4  <«B 4 
»C  —  2^ l  =0,    40.  3E  4  6BD  4  3C*  4 3B*C  4tf1C4*Eh=t=o. 

&c.  by  refolving  of  which,  you'll  find  i°.  B=—  -j.  2°.  C  =  —  ~» 
30.  D ;  =  4  ifr  •  4°*  E  =  4  -jzr*  &?•  whence  you  have  y  se 
(Ax4?Bx~l  4  0f^*4Dx-J4E*-+efi:.=)  *  — ^  —  -^4 

S+'^r^.*c  Root  fought. 

134.  It  may  like  wife  be  obferved,  that,  in  the  foregoing  Method* 
of  refolving  Equations  into  infinite  Series/  the  Redu&ion  of  complex 
Fractions  and  Radicals  into  infinite  Series,  is  virtually included.     Thus 

if  it  were  required  to  reduce  the  Fradion  g~  into  aft  infinite  Series  off 

fimpte  Terms,  you  foppofe  y  =  ^,  or  (by  multiplying  by  t+x) 

by  *\-  xyz=:az:  from  which  you  extraft  the  Value  of  y.  After  the 
fame  Manner  if  it  were  propofed  to  reduce  *Jaa—xx  ihto  an  infinite 
Series,  you  might  put  y=z  l/a%^x\  that  is  yx  =  d%  —  x% :    and  if 

a — x\ ♦  were  propofedi  y*i  may  p*t  y  ffis  a  '-*  *l4,  whence  j+ai  a^tf 
or y*?zz  a1  —  yfx  +  $ax%  —  a*  i    and  fo  the  Values  of  j  being 
found  by  the  Re&lution  t>f  Equations  into  Series,  you'41  obtain  thfc 
Values  of  the  Radicals  in  fuch  a  Series  as  was  propofed. 
Art  135.  Tht  preceding  Do&rirte  of  4he  E»tra&ion  of  the  Roots  offyfr 

43— 46*  dous  Equations,  may  be  conveniently  applied  to  th&rOpetefidn  Vhkh 
goes  under  the  Name  6f  khe  Reverj/lM  tf-Serits ;  Whiiih  'Is  ftothkig  die 
but  this:  the  Value. of  one  of  the  indefinite  Quantities,  e.g.  y,  be- 
ing cxpreft  by  a  Series  of  fimple  Terms,  including  different  Powers  of 

the 
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die  other  indefinite  Quantity  x,  thence,  by  a  kind  of  reverfe  Opera- 
tion, -the  value  of  x  is  found,  cxpreft  in  a  Series  ,  of  fimple  Terms > 
including  different  Powers  of.  the  Quantity  y.  By  Means  of  this 
Operation,  the  Are^s  or  Length?  of  Curves  heiqg  given  in  a  converg- 
ing Series,  the  Bafes  or  Abfciflis,  and  eonfequently  the  Qrdinates,  of 

the  Curve?  may  be  found :   as  our  Author  (hews  in  Art.  43 46 : 

Jifcewi&  from  the  Logarithm  given,  we  return  to  the  Ratio  9f  which 
}t  is  the  Logarithm.  , 

Let  CD  (fee  the  Fig.  in  the. Author  Art,  43)  be  an  equilateral  Hy- 
perbok,  AB  =?#,  a  ¥m  of  we  of  the  Aflyraptotes,  fo  th#  the  Di- 
stance of  the  Point.  A  from  the  Centre  be  called  1 ;  AC  and  J5P  being 
two  Qrdinates ;  then  the  Are*  ABDC  is  the  hyperbolical  Logarithm 
x>f  the  Ratfp  of  AC  to  BD,  that  is  of  l  4"  x  to  1 :  whiqh  Area,  as  bap 
hew  flrewn  forwedy,  is  #  -*-  {&  4- {# *  —  £*♦  4-  f#*  $$c  (9  that,  if 
you  put  /  fqr  the  known  Logarithpi  pf  the  Ratio  of  j  -f-.x  jo  x,  that 
is,  if  you  put  x  *-'-*#*  4  fx*  —  ±x+  (3c.  —  /=  o,  then  by  thepre- 
ceding  Methods,  you  may  extract  the  Root  xy  after  the  Manner  Sir 
Jfaac  teaches  in  this  Art.  which  is  nothing  elfe  but  the  Application  of  his 
Method  of  refolving  fpecious  Equations,  applied  to  this  particular  Cafe : 
by  which  yo*  find  x  =fc/  -f  ±l\±  |/J  4*-t*I*  ^[ttJ3  ^  fo  that 
the  Ratio,  of  which  /  was  the  given  Logarithm  is  that  of  1  4"  /  4" 
-*/*  -\-  il\  4"  ihj*  &*•  *°  J>  thatis  according  to  the  commQn  way  of 
fpeaking,  the  Logarithm  pf  the  Number  1  4-  /  4"  SJX  4"  i^  &*• 
But  if  the  Logarithm  that  is  giyernbe  the  common  Tabular  Logarithm^ 
you  muft  firft  reduce  it  to  the  hyperbolical  Logarithm  by  multiplying 
by  2.30258  4sfe  which 'Doftrine,  we  explained  at  fuller  Length  in  our 
Notes  upon  the  Quadrature  of  Curves. 

Sir  lfaac  having  fet  before  the  Reader  the  Reverfion  of  this  Series, 
by  the  Method  he  lays  down  for  extracting  the  Roots  of  Equations  in 
thk  Trotife ;  I  ijiall  (kw  kuv  it  is  Idrae  by  itte.A/TwttpPsn  pf  a 
Series  withipddMnwate  £ta0vfen&»-  -  Sine?  #^  Xupppfed  tg  be  very 
fmall,  you'll  find  by  Art.  128,  129,  that  the  Form  of  the  Series  mutt 
be  *  =  AJ  4-  B>  4-O*  4"  ^  &•  "*b«efe«  transform  thus ; 

4-  x  =+A/4-  B/*   4."  C/'    4-  D*   4-  E/'     &*.*} 
*-ix%~   _.*~ *A*/^AB/1  .  —  AG!+t-+AD1>  «&. 

—  ^B*    —    BC 

|_      AD* 

—  $*♦  =       •  *  *    — iA*/*— A'B/'    $fc. 

-K*'  =       *  *  *  *     -KAJ/<    ®c.J 

Whence 


.^P, 
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Whence  you  obtain  fb  many  Equations,  for  determining  the  Values  of 
.the  Coefficients  A,  B,  C,  &c.  viz.  i°.  A  —  1  =  o.  2\  B  — %±A* 
=  o.  30.  C  —  AB  .4-  fA3  =r  o,  Gfr.  by  reducing  of  which  you'll 
find  A=i,  B  =  i  C  =  |,  D=t^,  &=Th*  &c  *4  therefore 
*=/+^  +  j*+-^+-i-/s  &c.  ininf. 

136.  There  is,  moreover,  another  ingenious  Method,    which  our 
Author  makes  ufe  of  for  the  Reverfion  of  Series :    which  is  this  f  :  let 

the  Equation  z  =  /  ^yJ  +  rS- tJ  +  i£  Gfo  be  propofed1, 
which  was  given  by  Mr.  James  Gregory*:  by  which  the  Length  of 
the  Arch  of  a  Circle  is  found,  from  the  Radius  r  and  Tangent  /  being 
given,  the  Arch  being  called  z  :  and  it  is  required,  converfely,  to  find 
the  Tangent  t  from  the  Arch  z  given,  in  a  converging  Series  extend- 
ing to  the  9th  Power  of  z.    In  order  to  this,  let  the  given  Series 

/  —  j-4+t  *~i  ®*-  **  involved  to  the  ift,  3d,  5th,  7th  and  9th 
Powers,  as  follow : 


*»==    •+  /»-  +  +  &^-&T£&c. 
«»=    *  .  *       *  +  '  r  —  •*  -5  fife*" 

Here  I  obferve,  that,  if  the  fecond  Line  wem  multiplied  by  -~ ,  and 
*hen  added  to  the  firft,  it  would"  make  the  fecond  Term  of  the  Series, 
VfZt jl  C.  to  duappear :  bjr  doing  which  you  will  obtain  this  Equa* 

to*+£  =  **--A-S  +  «f  S  -iVifrS  »<•  Aenlobferve, 
with  refpeft  to  this  laft  Equation,  that  the  next  Term  —  tt  £  wouW 
be  deftroyed,  by  multiplying  both  Sides  of  the  Equation  that  comes 

•  See  Com.  Epift.  N».  64.  !  Set  Com.  Epift.  N«.  ». 

next 
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next  m  the  Example,  %>/*.  *»  =t=  r»  —  \  £  +  V  £  ^  ty  ^  **<* 

then  adding  the  two  Equations  together}  whence  arifw  z  4*  -~r  + 

i£-  x  /  *  *  *-  7y7£  -f  -Jfr  £  &c.    ftext  I  perceive  that  the  Terra 

_  T\7f '^  in  this  laft  Equation  may  be  deftroyed  by  multiplying  the 

fourth  Equation  in  the  Example,  -viz.  z7  ■=.&  —  f  ^  by     '^  ,  and 

then  adding  as  before :   for  hence  will  arile  z  +  -~  +  ^7  +  7^*" 

:--;/*  **-«_4iT -J:   'finally,    by  multiplying  z*=/»   £fr.    bjr 

-86lr-,  and  adding  as  before,  you'll  deftroy  the  Term  — tttt;?:  ^* 

there  wfflarife*  +  "V  +  ^T  "f  T2^  4  4^V  #'•  =  '»  the 
Equatiori  fought;  whereby  the  tangent  is  found  frorii  the  Arch: 
Which  is  the'  teme  with  Mr,  Gregory's ".  And  after  the  fame  Manner 
may  any  dthef  Series  be  reverted. 

lZ7*  By  this  Method  of  extra&ing  the  Roots  ofaife&ed  Equation*, 
We  art  enabled  to  rdfolvef  Equations  though  infinitely  affe&ed ;  thus  in 
the  Ecfuation : 

a  +  z*  ^  4^  +  ytf  _  tfiz*  csc;' 

=  0. 


+  / 

x  »* 

— 

23* 

4- 

%zi 

— 

4* 

&c. 

-/ 

X  z* 

— 

2+ 

+ 

Z< 

— 

z* 

&c. 

+  J* 

x  as* 

— 

^4 

+ 

±Z6 

— 

& 

&c. 

Let  the  Value  ofy  be  required  as  far  as  the  4th  Dimtafion  of  z  :  then 
becaufe  z  is  fuppofed  to  be  fmall,  the  firft  Term  of  the  Root  may 
be  derived  from  this  fi&itious  Equation  «—  8  -\-y*z%  =  o*;  which  •Aruoj. 
thefefdrc  maft  be  -J-  iz**  :  thterefore,  I  conffcfer  to  what  Length 
I  propofe  tahave  the  Root^  extracted,  that  is,  to  what  Dimcniion  of 
z\  that  fo  the  tfnneceflary  Terms  may  be  thrown  by :  and  it  being 
propofed  to  carry  the  Quote  only  to  the  4th  Dimenfion  of  «,  all  thofe 
Terms  may  be  neglc&ed  from  the  beginning,  in  which  the  Dimenfion 

•  Sec  Com.  £pift;  Nf*.  20. 

N  n  *  of 
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of  »,  after  Subftitution  of  z~%  for y,  exceeds  *4+7,  becauie  they  can- 
not affed:  the  Quote  within  the  propofed  Limit,  as  appears  from  what 
*  Art.  82.  was  (hewn  foriherly  *  ** :  fo  that  the  Equation  to  be  rcfolved,  comes 

to  this  ±z*y*  —  \&f  -f  z*yz  —  *6/  +  z*y%  —  z%y%  —  2z*y  4-  *%y 

—  4^+  4" z*  —  8  =  o :  out  of  which  the  Root  y  may  be  extra&ed  by 
the  preceding  Methods, 

138/  Hence  alfo  the  Reader  may  fee,  how  the  Root^  may  be 
e^tra&ed  out  of  this  infinite  Equation  ay  -j-  by*  +  cy*  -j-  dy*  &c. 
=  gx-¥  Z>x%  +  **3  +  kx*  &c.  the  Refolution  of  which  will  give 
the  Theorem  for  this  Purpofe,  publifhed  by  that  famous  Analyft 
Mr.  Abraham  de  Moivre,  in  the  Phil.  Tranf.  N°.  249 :  and  likewife, 
how  ftill  more  general  Theorems  may  be  inveftigated,  for  the  Solution 
of  Equations  in  which  the  indefinite  Species  x  and  y  are  infinitely 
afiedted. 

139.  One  of  the  chief  Difficulties  in  the  Pra&ice  of  refolving 
affe&ed  Equations,  by  the  Aflbmption  of  an  infinite  Series  with  ihde- 
teitninate  Coefficients,  is,  the  railing  of  fuch  an  infinite  Series  to  any 
Power  required:  and  therefore,  to  ferve  this,  as  well  as  other  Pur- 
pofes,  I  (hall  here  fet  down  at  length  the  diftindl  Terms,  until  the 
7th,  inclufive,  .of  any  indefinite  Power  of  the  infinite  univerfal  Series 
Ax*  -f 'Bx"+>  +  GC+*  +  D*~H>  +  E*"+*  +  Fx"+*  -}-  Gx*+6* 
&c.  having  m  for  it's  Exponent,  by  Help  of  our  Author's  famous 
Binomial  Theorem  : .  by  which  duly  applied  we  have 

Ax- + Bx*-H+  Qx^+ViP+v+^^+Y***  -\-Gx*+6*  ficcl*  = 
AmXtf"-\-Y  X  A—1  xBxW' 


+  i  x  A--1 


xcl 
xB*} 


*  When  the  propofed  Equation,  <vhc.  that  of  y,  is  transformed  (by  putting  jj=  -f.  i%  ""  * 
•4-/)  into  the  hipplementary  Equation  of/,  that  Part  of  the  penult  Term  of  the  Equation  of 

f9  which  ftands  oppofite  to  the  Term  ^jv1*1  in  the  Equation  of  y,  is  +  12s7/;  in  which  the 

Dimenfion  of*,  viz.  **,.  is  lower  than  in  any  other  Part  of  the  penult  Term  of  the  Equation 
off ;  hence  it  appears,  that,  in  the  Profecution  of  the  Root  of  the  propofed  Equation,  the 
jfcveral  Parts  of  the  ultimate  Terms  of  the'  fupplementary  Equations,  mult  always  be  divided 
by  that  Power  of  s,  that  is,  the  Dimenfion  of  z  in  them  muft  be  leffened  by  £  :  whence  it 
follows,  that,  when  the  Root  of  the  propofed  Equation  is  to  be  carried  no  further  than  **> 
all  thofe  Terms  of  that  Equation,  may  be  neglected  from  (he  beginning,  where  the  Dimenfion 

of  x  rifes  above  a^"*7,  after  fubfiituting  -{-  2«~*7  for  jr,  in  thofe  Terms.    See  Art.  120. 
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4- 


+  TXA""*1  *  E 

7X— XyXA-ix  3B-C     j 
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+  7-  x  A—1  x  F 


+  TXT^«x{S 
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tx-txtxTxTxa*"5xBs 


+  7xA-'xG 
.     „  (2BF 

+  7X—XA- *xl2CE 

Id* 

f*B*E 
^^Lx^X^XA-»  x<6BCD 

I    C3 

*  T  x  "T~  X  ~j~  X  -7-  X  A"~+  X  "£ 5b*q» 
+  TX~x^x^x^xA--'X5B4C 

<&•  Gfo  &c. 

•     N  n  n  2 
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By  Help- of  whipb  any  Pqiyerof  the  univerfal  infinite  Scries  Ax"  -\- 
B*»+>  -f-  £**+*>  &c.  may  be  raifed  the  Length  of  feven  Terms, 
Mfhfitem  j>e  the  jprtjeuia*  Values  of  the  Numbers  n,  p,  m,  which 
belong  to  t*he  Exponents :  e.  g.  if  it  was  required  to  raife  the  infinite 
Series  A-^B^  +  e^  +  Dir6  &c.  to  th*  thiwj  Power,  you'll  have 
n  =  o,  p  —  2,  /»  =  3  :  by  inferting  of  which  Values  into  the  general 
Theorem,  it  becomes 

A1  -V  3A*Bx*  +  jA2C*+  +•  3AaDx6  &c. 
+  *AB*      +  6ABC 
+  BBB 

•  The  faijie  Theqqen^  w*U  fer ve  for  cxtrai^tng  aqy  Root  of  an  infinite 
Series;  and  univerfally  for  exhibiting  any  Power,  Root,  Dimenfion, 
or  Dignity  whatfoevcr,  of  fpch  a  Series,  whatever  it's  Exponent  be, 
pofitive  or  negative^  integer!  or  fractional :  viz.  by  inferring  fuch  it's 
Exponent  in  Pl^e  of  m :  and  although  the  Exponents  of  x  in  the 
Terms  of  thp  Spji^s,  decreaf*  inftead  of  increafing,  it  will,  notwith- 
standing, give  you  any  defired  Power,  by  only  fuppofing  p  to  be  ne- 
gative i  and  n  alfo  negative  if necefiary.  v Which,  therefore,  becaufe  of 
it's  great  Excellency  and  Ufefulnefs^  I  have  laid  before  the  Reader,  to 
apply  according.  t§t  Qocaftoix  The  DemonftraMoq  of  the  Binomial 
Theorem  (hall  conclude  this  Work,  after  we  ha*e  explained  a  little  the 
firft  and  third  Observations  undqr  our  Author's  35^  Art.  and*  fhewn 
by  one  Example,  how  this  Do&rine  of  the  Refolution  of  afle&ed 
Equations  is  to  be  applied  for  finding  the  Areas  of  Curves. 
Art.  35-  140.  Sif  Ifaac  takei  Notice  ip  the  firft  of  thefe  Obfervations,  that, 
although  tjie  Root  of  the  fi&itious_  Equation,  by  means  of  which  the 
firft  Term*  of  th*  converging  Series  fct;  thp  Value  of  y  in  the  propofed 
Equation  is  to  to  found,  were  a  furd  Quantity ;  or  wholly  unknown, 
as  being  p(crhapa  the  inextricable  RoQt  of  an  high  affe&ed  Equation, 
yoy_  may  nofcwkWteodiftg,  wen,  in  thi$  Cafp,  refolve  the  propofed 
Equation,  provided  the  Root  of  the  fictitious  Equation  be  not  im- 
poflible  (of  vfipok  ipm?dia;el^>  bj*  fufcfttfutipg.  fonje  fetter  for  that 
unknown  RQpt*  and*  then  proqeedlng>  with  it  as  before,  after  the 
Manner  hq  (he v^ 

Thus  ijf  the  Equation  y*  —  $a2y  -f  axy  -|-  a 3 —  x*  =  o  were 
propofed,  to  findt  tip  Valgfte£  yf »  a  QRnvergNig  S«jie^of:fimpfo 
Terms,  when  x  is  very  fmall:  I  find,  by  the  Methods  formerly 
taught,  that  ther*  can  be  no  other  Equation*  affumed  for  finding 
t]jp  firft  Term  of  the  Series*  but  y*  —  $a%y  +  a>  =  o,  whofe  Root  is 

'    a  Surd  } 
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a  Sard*  therefore,  mftead  of  the  Letter  *,  which  denotes  a  known 
invariable  Quantity,  I  fubftitute  any  Number  I  think  proper,  e.g.  1, 
by  which  it  becomes^  —  $y  -f-  1  =  o,  which  is  to  be  refolved  by 
our  Author's  Method  of  rriolvmg  afiefted  numeral  Equations :  by 
which  one  of  it's  Roots  will  be  found  y  =  -+•  1.55208  &c.  fo  thai, 
having  fubftituted  any  Letter,  fuch  ae  £,,  for  the  Root  of  that  fidlitious 
Equation^*  —  ja%y  -f"  **  =  °>  and  ertra&ed  the  Root  of  the  pn> 
pofed  Equation  y  —  30*7  +  **}  4"  *3  ~*  *3  —  °i  *&«*  the  Manner 
our  Author  (hews,  to  any  defired  Length,  you  fubftitute  -f  1.5320$ 
&e*  eycry  where  foe  £ j  and  1  for  a,  which  was  the  Value  aflurhed 
for  it  i  and  for  you  (haQ  have  the  required  Number  of  Terms  of  a  cow- 
verging  Series,  for  one  of  the  Roots  of  the  propofed  Equation  yl  -* 
%a*y  4-  **y  +  a l  —  *'  =  °-  But,  if  yod  put  *  =  1,  the  propofed 
Equation  may  be  firft  converted  into  this  yl  —  $y  -|r  *J  +  1  —  *' 
=  o :  which  being  reiblved  by  putting  £  for  the  firft  Term  of  the 
Series,  as  representing  the  Root  of  the  fictitious  Equation yr  —  $y  -+- 

1=0,  yQa,Jrobtain>  =  3  +  4*+^^  +  '^f+^'V  &c. 
where  c  ftand&for  3,-3^:  and  therefore,  having  found  one  of  the 
Roots  a£  yl  — 3^4-  t==ro  to  be  +  1.C3208  &c.  infert  it  mftead 
of  the.fiaitiicus  Root  b :  and  thus  you  (htll  have  fo  many  initial  Terms 
of  the  aanrergihg  Series  for  the  Value  of  y. :  in  which  Value,  Unity  is 
eqwal  tn  the  gtvot  Quantity,  or  Line,  a. 

141.  Yet  perhaps  in  fuch  Cafes,  fome  of  the  known  Species  or 
Letters  belonging  tathe  propofed  Equation,  may  be  retained  in  the 
Roet:  thus  in.  the  preceding  Equation,  having  found  that  the  firft 
Term? of  the. converging  Series  ought  to-be  derived  from  yl  —  3*^4* 
a1  =z:Oy  you  may  divide  the  Root  of  this  fi&irious  Equation  by  a<, 
according  to  the  known;  Rules  of  Algebra,  bv  which  it  will  become 
$*  mmm  3Jf  4"  *  =  °y  *°d  having  found  any  ot  the  Valuer  of  y  in  this 
numeral  Equation,  multiply  that' Value  by  ay  and  you  {hall  have  an 
approximate*  Root  of  the  Equattoa  y *  —  yfiy  +  a %  =  o,  for  the  firft 
Term  of  the  converging  Series; 

Therefore,  all  literal  Equations  are  to  be  freed  as  much  as  poffible 
from  the  Letters  they  contain,  by  thee  Rules  of  Algebra :  but  if,  after 
all,  there  nemaiir  one  or  more  known  Letters  in  the  fiditious  Equation* 
ftomwtoehthe  firft  Term  of  the  Series  is  to  be  dbrived,  and  the  Root 
of  that'  Equation  be  ford*  or  wholly  unknown,  you  may  fubftitute 
Number^fbrfueh  Letters :  which  Numbers  muft  bear  the  fame  Pro- 
peftienr  to  one  another,  that?  the  Quantities  represented  by  fuch  Letters* 
db  tatais  either  exa&ly,  if  pofiible^  or,  if  not,  as  near  as  may  be; 

viz. 
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viz.  when  there  arc  more  than  one :  but  if  there  be  but  one,  fuch 
JLetter remaining,  you  may  put  any  Number  Fol:  it,  you  think  proper: 
and  then  you  proceed  with  the  Solution,  as  you  have  been  directed. 

142.  I  come  now  to  fpeak  a  little  of  that  Cafe,  where  the  Equation 
to  be  aflumed  for  deriving  the  firft  Term  of  the  Series  has  no  real  or 
poffible  Root,  mentioned  by  the  Author  in  Obf.  3.  Art.  35.  In  this 
Cafe  he  diredts  to  increafe,  or  diminifh,  the  Quantity  #,  until  you 
find  fuch  a  fictitious  Equation,  as  admits  of  one  or  more  poflible 
Roots. 

Thus,  if  the  Equation  y*  —  x%y%  -|-  xy%  -j-  zy*  —  zy  +  1  =0 
were  propofed  -f  the  Equation  from  which  the  firft  Term  of  a  converg- 
ing Series  ought  to  be  derived,  when  x  is  very  fmall,  isy+  *\*'zy%  — 
2.y  +  1  =  0:  whofe  Roots  are  all  imaginary,  therefore  I  fuppofe  x 
to  be  increafed,  or  diminished,  by  any  given  Quantity,  which  you 
may  call  *,  and  then  fubftitute  the  Quantity  x  to  increafed,  or  dimi- 
nished, in  place  of  the  former  x :  thus  if  you  put  z  =  x — a}  or 
z  +  a  =  Xy  in  the  preceding  Equation,  it  becomes^4  —  z*y* — zazy* 
-rf-  zy%  —  a%y*  +  ay1  -f-  zyx  — >  2y  -f-  1  =  o  ;  where,  if  you  fuppofe 
z  to  vanifti,  this  Equation  refults  y*  —  a%y*  -f"  ay%  4"  2y%  ~  2y  +  1 
=  o :  in  which  Equation,  if  there  be  any  Number,  which  tieing 
put  in  for  a,  will  give  an  Equation  with  one  or  more  real  and  com* 
menfurable  Roots,  I  infer*  fuch  Number,  and  then  take  the  Root  of 
that  Equation  for  the  firft  Term  of  the  converging  Series:  thus  I  find 
that  if  a  was  fuppofed  to  be  2,  the  laft  fictitious  Equation  would  be- 
come y+  —  zy  +  1  =  o,  in  which  one  of  the  Values  of  y  is  4-  1  : 
therefore  I  fuppofe  z§-\-  2  =  xy  and  fo  the  transformed  Equation  y*  — . 
z*yz  —  zazf  —  <Py%  +  zy%  4-  ay%  -f-  zy%  —  2y  +  x  =  °>  is  con- 
verted into y+  —  z%y%  —  ysy*  —  zy  -\- 1  =  o,  where  the  firft  Term 
of  a  converging  Series  for  the  Value  of  y%  is  +  1 ;  and  if  youprofecute 

the  Extraction,  you'll  find^y  =  1  -f  ^  —  42*  -f    2251  &c.  which 

therefore  is  one  of  the  Values  of  yy  z  being  equal  to  x  —  2  5  and  x 
being  fuppofed  to  differ  very  little  from  2. 

143.  The  Reader  may  conceive  the  Matter  thus :  the  propofed 
Equation  defines  the  Relation  betwixt  the  Abfcifs  x  of  feme 
Curve,  and  it's  Ordinate  y :  now  if  the  Ordinate  drawn  through  the 
beginning  of  the  Abfcifs,  cannot  meet  the  Curve;  it  is  evident  ^  can 
have  no  poflible  Value,  when  x  the  Abfcifs  is  fuppofed  tovanifh: 
therefore  the  Author's  Rule  for  finding  the  firft  Term  of  the  Value  of  y 
cannot  be  applied  (although  perhaps  feme  of  the  other  Methods  de- 
monftrated  above  may)  immediately  and  directly :  yet  if  you  fuppofe 

the 
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the  beginning  of  the  Abfcifs  to  be  changed,  by  removing  it  to  a  pro- 
per and  fufficient  Diftance,  the  Ordinate  patting  through  this  new  be- 
ginning of  the  Abfcifs,  will  meet  the  Curve  in  one  or  more  Points ; 
and  then  his.  Method  for  finding  the  firft  Term  of  the  Root  of  the 
propofed  Equation,  may  be  applied.  Which  may  be  done  by  infert- 
ing  a  -|-  z,  or  a  —  zf  inftead  of  x  in  the  propofed  Equation  >  by 
Means  of  which,  a  new  Equation  arifes,  wherein  y  (hall  have  one  or 
more  poffible  Values  when  z  vaniflies,  if  the  Diftance  a  betwixt  the 
two  beginnings  of  the  Abfcifs,  be  taken  of  a  proper  Length.  And 
thus  the  Root  of  the  propofed  Equation  may  be  found  in  a.  converg- 
ing Series,  which  fhall  converge  the  fafter  the  lefs  that  z  is  $  or  (which 
is  the  fame  Thing)  the  lefs  that  the  Difference  betwixt  x  and  a  is. 

144.  It  is  with  a  Defign  to  explain  this  Affair  that  Sir  Ifaac  intro- 
duces the  Figure  belonging  to  this  Article,  where  it  appears,  that,  when 
the  Abfcifs  AC  is  fuppofed  to  begin  at  the  given  Point  A,  there  is  no 
poffible  Value  of  the  Ordinate  5  yet  if  that  Abfcifs  AC  be  leflened  by 
the  given  Line  AB  j  fo  that  the  Point  B  be  conceived  as  the  Com- 
mencement of  the  Abfcifs  BC,  the  Ordinate  CD  (hall  have  a  four  fold 
Value,  when  BC  vanifhes :  each  of  which  Values  may  be  the  firft 
Term  of  the  Root  or  Quotient. 

Suppofe  the  Equation  to  the  Curve  to  be  507+  +  "777"  *7J  — 

2^/51  *bxf  +  x%y% -™  b%xy  4"  jT^y  +  &  =  °  :  here  if  you    . 

put  x  =  o,  you  have  507*  -{-  £*  =  o  $  where^  has  no  poffible  Value* 
but  if  you  fuppofe  x  to  be  diminifhed  by  the  given  Quantity  V51  x  £; 
or  fuppofe  x  =  z  4-  ^5 J  *^  •  by  fubftituting  this  for  that,  the  gives 

Equation  will  become  507+  +  Sty1  +  7^T*S?*  ~  5lfy*  +  *%f  — 
$fy  +  TT&z*y  4"  &*  =  ° :  where,  when  z  vaniflies,  you  have  507* 
+  $fy  —  Slfy%'~ ■  Sty  +  &*=  o>  which  has  four  real  Roots,  viz* 

jo.y  —  J^B.    z°.y  —  ^r L.    z°.y  —  —  j.    4°-J  =  —  A    cor- 

refponding  to  the  four  Values  of  the  Ordinate,  viz.  BE,  BF,  BG,. 
BH.  Wherefore  any  of  thefe  may  be  made  the  firft  Term  of  a 
Series  for  expreffing  the  Value  of  y%  that  is  the  Ordinate  CD  j  and  the 
other  Terms  muft  be  found  by  the  preceding  Methods :  And  here  it  is 
evident;  that,  the  nearer  the  Ordinate  CD  is  to  EBH,  fo  much  the 
fafter  muft  any  of  thefe  Series's  converge :  for  •  when  the  Points  B 
and  C  coincide,  the  firft  Terms  of  the  Series's  already  found,  are  the 
full  Values  of  the  Ordinate  $  and  therefore,  the  lefs  the  Diftance  BC= 

z  is> 
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z  is,  the  nearer  will  the  Lengths  of  the  Ordinate  CD  approach  to 
thefe  :  and  accordingly  the  approximate  Values  of  the  Area's,  thence 
deduced,  viz.  BCDE,  BCDF,  BCDG,  BCDH,  will  approach  the 
nearer  to  the  Truth,  in  any  given  Number  of  Terms,  the  lefs  that 
BC  —z  is  5  or  the  lefs  the  Difference  betwixt  b  and  x  is. 

145.  Schol.  The  Reader  may  obferve  from  what  hath  been  fiid, 
from  firft  to  laft,  upon  this  Subjefl:,  that  the  Roots  of  fpecious  Equa- 
tions, including  two  variable  Quantities,  may  be  extracted  and  e*c- 
prefled  after  a  variety  of  different  Ways.  And  if  one  would  defire  to 
find  after  how  many  Ways  this  may  be  done,  you  muft  try  what 
arc  the  Quantities,  which  being  fubftituted  for  the  indefinite  Specie*  *f 
in  the  propofed  Equation,  will  make  it  divifible  by  y  -f-  or  —  any 
known  Quantity  ;  or  perhaps  by  y  alone :  thus,  in  the  Equation  y$  -J- 
axy  4-  <*%y  —  #*  —  2**  =  o,  if  you  fiibftitute  -J- 1?,  —*  a,  -~zas  ac 

—>V2*a  for  *,   there  will  refolt  thefe  Equations  y J  -\- 2a*y  —  %az 

=ssr  q,  y*  —  yt1  =5^0,  y%  —  a*y  4"  6*?  =  o>  and  jJ  —  Vz*a*y  + 
a%y=szQ9   rdpedtively;  the  firft:  o£  which  Equations  i»  divifible  by 

y  —  ar=.  o $  the  fecond by y  —  V3  x  *==b  o  3    the  third  by  y  4-*  la 

=5=  qj  the  fourth  byj:=s  o,  and  befides  by  y  —  yf  — 1  +  V 2     X 

12=  o,  and^  4"  v  —  i4"V2X*  =  o:  whence  it  follows  that  the 
known  Quantities  joined  to  y9  in  the  feveral  lateral  Equations,  having 
their  Sign*  changed,  may  be  the  firft  Term*  of  fiu  many,  converging 
Sfcties's  for  the  Value  of  y  in  the  propofed  Equation:^  4*  **?  4*  <**?  ~~ 
x*  -~  2a*  —  o  -,  according  as  you*  fuppofe  x  te  diflfer  very  little  from 

4-i«  or —  a  ov  —2a,  or  —  Vz  %*,  which  were  the  Qnantittes 
fuhftitoted  for  x :  the  Reafon  of  which  is.  evident,  fince  thefe  will  be 
Values  of  y  when  x  is  of  th&iuppofed.  Values :  and  therefore;  the  feve- 
ral Roots  may  be  profecuted  by  inferring  z  4-  *>    or  z  —  *y   or 

#  —  2a,  or  z  *—  V2  X  a  for  x  refpe&fvely,  in  the  propofed  Equation  5 
as  has  been*  (hewn  already :  after  which,  xy  if  yoi>  pleafe  may  be  re- 
ftored. 

And  thefe  you  obtain  by  fuppofing  the  Differences  betwixt  x  and 

4-  <*>  *  and  —  <*,.  x  and  —  zar  x  and  —  Vz  x  a9  that  is  z,  to  be 
very  (mall;  bat  you  may  obtain  other  Series^  which  fhaff  be  Roots 
of  the  propofed  Equation,  by  fuppofing  thefe  fame  Differences*  that 
is  z>  to  be  indefinitely  great,  after  the  Manner  (Hewn  above.    And 

all 
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all  thefe  different  Series's  you  will  obtain,  betides  thofe  that  are  ob- 
tained by  the  Methods  formerly  taught.  Nay  moreover,  you  may 
fubftitute  z  -f-  or  —  any  known  Quantity  you  pleafe,  for  x,  from 
whence  an  Equation  will  refult,  in  which  z  being  fuppofed  to  be 
very  fmall,  or  very  great,  a  converging  Series  may  be  derived  by  any 
of  the  Ways  which  have  been  explained.  Finally,  you  may  obtain 
the  fame  Thing  by  fubftituting  any  fictitious  Values  at  Pleafure  for  the 

indefinite  Quantity  x,  as  az  +  bz\  ^^,  -^j^,  &c.  and  proceeding 

with  the  refulting  Equations  as  before:  fb  that  there  may  be  infinite 
different  Ways  of  extracting  and  exprefling  the  Roots  of  fuch  fpecious 
Equations. 

146.  I  come  now  to  fhew  the  Application  of  this  Dodtrine  of  the 
Extraction  of  the  Roots  of  affe&ed  fpecious  Equations,  to  the  Qua- 
drature of  Curves,  in  one  Example ;  by  which  the  Reader  may  fee 
how  it  is  to  be  applied  in  other  Examples  of  the  Quadrature  of  Curves; 
for  the  fake  of  which  indeed  it  was,  that  I  was  firft  induced  to  explain 
this  Treatife  of  Analy fis. 

Let  DEFGH  be  a  Curve  defcribed  with  the  Ordinate  Clfcx,  mov- 
ing perpendicularly  along  the  Abfcifs  or  Bafe  AB :  call  AB=*,  BC, 
Jfc,  or  B*  =y$  and  a  denoting  a  given  Line,  let  the  Nature  of  the 
Curve  be  defined  by  this  Equation  y*  -f" 
$ay%  —  ZW%y  +•  **y  —  8o*3  =  o,  the 
Area  is  required. 

Draw  through  A  the  beginning  of 
the  Abfcifs,  the  Ordinate  T)Ad$:  then, 
if  the  Area  ABCD,  AB^,  or  ABJ, 
be  fought*  whofe  initial  Limit  is  DA<$; 
in  the  given  Equation  y*  -J-  $ay%  — 
34^V  4"  x%y  —  8o*3  ==  °»  fuppofc  x 
to  vanifh,  and  you  have  y*  -f"  $ay%  —  34*>  —  8o*3  = 
Roots  are  AD,  AJ,  and  AS.  In  order  to  find  thefe  Roots, 
fuppofe  them  divided  by  the  Quantity  a,  by  which  the  Equation  will 
ftand  thus  y*  -j-  $y%  —  34?  —  80  =.0  $  in  which  the  Values  of  y 
are^  =  +5*  y  — — 2-  J  = — 85  fo  that  the  Values  of  y  in  the 
Equation  y*  -f-  $ay%  —  34^  —  8o**  zxty  =  -|-  $a  =  AD,  y  =  —  za 
=  Ad  and  y=  —  Sa  =  A^:  accordingly,  any  of  thefe  three  will 
make  the  firft  Term  of  a  Series  which  fhali  be  a  Root  of  the  propofed 
Equation,  according  as  BC,  or  Br,  or  Bx,  is  the  Root  required :  and 
in  order  to  difcover  the  fubfequent  Terms  of  the  Series,  we  muft  pro- 
ceed by  fome  of  the  Methods  formerly  explained.    Thus  by  profecut- 

Ooo  ing 
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ing  the  Extra&ion  of  the  Root  whofe  firft  Term  is  4-  Sa>  y°u  W<*»W 

*A  m  ,      •  5*»  45**      .     6»7°**     ,  97*855*'    ,    76i8457°*" 

=  BC.     Wherefore  by  our  Author's  fccond  Rule  the  Curvilinear  Area 
ABCD  =  S**  -  -^  -  -gr  +  j*==f  &.  which  converges 

thefafter  thelefs  that  a:  (=AB)  is. 

After  the  fame  Manner,  by  profecuting  the  Extraction  of  the  Roots 
whofe  firft  Terms  are  —  ia  =  AJ,  and  —  Sa  =  A$t  you  would  find 


&c.  =  B* :    and  therefore  the  Area  ABcd  =  —  zax - —  — 

$xzia 

-*—-  &c.   and  the  Area  ABk£=  —  Sax  4-  -if!-  -4--^§r 

Cfr.  which  Areas  lying  below  the  Bafe  AB,  are  reprefented  negative* 
and  therefore  their  true  Values  ane  obtained  by  changing  the  Signs  of 
all  the  Terms:  which  Expreflions  are  fo  much  the  nearer  the  Truths 
the  kfs  that  x  (=  AB)  is. 

147*  But  bcfides  the  foregoing  Value  of  yy  expreft  by  Series's 
which  converge  when  x  is  very  fmall ;  there  is  another  Value  of  y,  the 
firft  Term  of  which   is   found  by  afluming  the  fictitious  Equation 

+  x*y  —  800*  —  o,  viz.  -\ — ,  which  agrees  to  the  Suppofitioa 

of  x  being  very  great:  and  which  Value  muft  denote  the  Ordinate  BC 
lying  above  the  Bafe,  fince  the  firft  Term  is  pofitive :  this  Root  .may 

be  further   profecuted,    and  it  will  give  y  =  -J"  ~!r  +  XJ~^  — ■ 

*Ja   -f-  -?i  s—  &c.  =  BC :  which  converges  only  when  x  is  great  in 

Comparifon  of  a  ->  and,  by  the  Dimenfions  of  x  incrcafing  continually 
in  the  Denominators  ef  the  Terms,  ffliews  that  the  Line  AB  is  aa 
Affyn&ptote  to  that  Branch  of  the  Curve,.  viz.  DCE.  And  the  Area 
derived  from  this  Exproffion  of  the  Ordinate  (by  the  Author's  iasmxi 

Rule)  is ^ ^7y  -f-  ^~~  Sfr.  which  denotes  the  Area 

EC*  lying  upon  the  other  Side  of  the  Ordinate,  and  adjacent  to  the 
AbfcUs  infinitely  extended  with  the  Curve  qpon  .that  Side.  But  npoa 
the  account  of  that  Pofition>  the  Expreffioa  gives  it  negative  y  and 
therefore  the  Signs  of  %be  Terms  muft  be  changed.;  but  it  will  only 
be  of  Ufe,  when  x  (AB)  is  ve*y  .great. 

148.  But  if  the  curvilinear  Area  ilmk> ^adjacent  to  .any  given  Part 
ef;the  Bafe  *7>  be  required*  then  you  may  find  the  Areas  hlmd 

and 
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and  A*£</feparately,  according  to  Art  146,  provided  the  Series's  by 
which  thefe  Areas  are  expreffed,  converge  fufficlently*  and  fubtra<$ 
the  latter  from  the  former :  or  if  thefe  Series's  do  not  converge  fijfBcient-. 
ly,  then  find  the  Areas  i  ku  and  I  met  according  to  Art.  147,  if  the 
.Series's  for  thefe  Areas  converge  fufficiemly,  and  fubtraft  the  one 
from  the  other.  But  if  none  of  thefe  two  Methods  will  ferve  your 
Purpofe,  you  muft  fuppofe  the  beginning  of  the  Abfcifs  to  be  changed, 
and  brought  to  fome  other  Point,  fuch  as  you  find  to  be  moft  con- 
venient for  the  Purpofe.  In  chufing  this  new  beginning  of  the 
Abfcifs,  it  is  proper  to  enquire  whether  there  be  any  known  Length, 
which  fubftituted  for  x  in  the  given  Equation  y*  +  gay*  -~  3^azy  4" 
x*y  —  8od*  =  o,  will  produce  an  Equation  having  a  commenfurable 
Root,  at  leaft  a  Root  which  is  not  involved  in  a  complex  Radical 
Expreffion,  according  to  Art.  145,  by  which  given  Length  if  the 
Abfcifs  x  be  {hortned,  by  fubftituting  z-\-  that  Length  for  at,  and 
the  Root  of  the  new  transformed  Equation  extracted,  by  fiippofing  z 
to  be  very  little,  the  Root  may  converge  fufficiently  for  your  Purpofe : 
in  which  Cafe,  yon  fhould  proceed  by  fuppofing  the  Abfcifs  x  to  be 
(hortened  by  that  known  Length.  But  it  this  cannot  be  obtained, 
you  muft  fubftkute  z  +  any  known  Length  for  #>  that  will  produce 
an  Equation  fuch  as  is  mentioned,  and  refolved  Art.  140,  141 :  which 
known  Length  Should  be  taken  as  convenient  for  the  Purpofe  as 
poflible. 

249.  That  this  may  be  explained  by  the  Example  before  us  $  let  it 
be  Aiz=6a9  and  Ai  =  Sa:  the  Area  ilmk  might  be  found  by 
finding  the  Areas  A  / id  and  Aim d  Separately,  if  the  Series  which 
arifes  by  fiibtra&ing  the  two  Series's  denoting  thefe  two  Areas,  did 
fufficiently  converge :  but  you  would  find  it  by  Trial  to  conyer^  fo 
Howly  as  to  make  this  Method  improper.  Wherefore,  you  may  next^ 
try  to  find  the  Area  i  Itn  k  by  Means  of  the  Areas  ik*  and  Imai 
for  finding  the  Area  ik  a,  fubftitute  (>a  =  A/  for  x  in  the  general 

Series  belonging  to  this  Cafe,  Article  147,  viz. ~ 27*ff  -f- 

60480*7  631680119  L  ,  .  ,  8oa*         lyzoa*    , 

-p L^—    &c.    by  which  it  becomes  -  -g- —  ^ + 

5x7776  7x279936OCC,TOatK»WnCnreaUCCa>       J        «T  +  T  -TTvWC. 

X.a\  Then  you  find  the  Series  for  the  Value  of  the  Area 
I  met,  by  the  like  Means,  by  fubftituting  Sa  =  Al  for  x  in 
Che  fame  general  ExprefBon;    which,  after  due  Reduction,  becomes 

r- 10  —  H  -t  7 f£  —  Tiff*  **•  x  4* :  bom  which  .ExpreOions  ar* 

O  o  o  %  negative, 
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negative,  and  therefore  if  you  fubtrafl:  the  firft,  which  is  greateft,  from 

the  laft,  you'll  obtain  +  -^  +  frH  -  Uri  +  iWttVA  &*.  X  * 
=  4.8&c.  %a%  for  an  approximate  Value  of  the  Area  ilmk  re- 
quired. 

But  if  none  of  the  preceding  Methods  would  anfwer  (or  even  allow* 
ing  that  any  of  them  did  anfwer  in  fome  Meafure,  but  fo  as  the 
Convergency  of  the  Series  were  very  flow)  you  muft  foppofc  the  begin- 
ning of  the  Abfcifs  to  be  changed,  fo  as  it  may  fall  in  with  the  Point 
i  or  /,  or  not  be  far  diftant  from  them,  by  the  Method  pointed  out 
in  Art,  145 :  but  fince  I  do  not  find  any  known  Quantity  fuch  as 
$a9  6*,  yay  Sa,  or  V35XJ  ^48x0  &c.  which  fubftituted  for  x  in 
the  given  Equation  y*  -j-  Saf  """  34^^  +  x*y  —  %oa*  =  °>  would 
make  it  divitible  by  y  —  any  known  Quantity,  according  to  that  Art. 
(which  if  there  were  and  I  could  find  that  Quantity,  and  it  were  fuch  as 
the  Abfcifs  being  fhortened  by,  would  bring  the  beginning  of  it  to  be 
near  to,  or  in  the  Line  i  /,  I  would  fhorten  the  Abfcifs  by  that  known 
Length)  therefore  you  may  alter  the  Beginning  of  the  Abfcifs  varioufly  ; 
but  moft  conveniently  by  bringing  it  to  the  Point  n,  which  bifledts  *  / ; 
draw  the  Ordinate  no  5  then  is  An  =  7 a :  therefore,  calling  the  new 
Abfcifs  s,  to  be  reckoned  from  the  given  Point  n9  fubftitute  ya  +  * 
for  x  in  the  propofed  Equation,  and  manage  it  as  directed  in  Art.  142. 
By  fuch  Subftitution,  the  propofed  Equation  becomes  y*  +  $ay%  -f- 
*5a%y  +  14**7  +  z*y  —  $oa*  =  o;  from  which  afluming  the 
fictitious  Equation  y*  -f"  $ay%  -|-  *Sa%y  mmm  %oa%  =  °>  I  put  any 
letter  as  b  for  it's  Root  5  and   fo  extradt  the  Root  of  the  Equation 

y%-\-  5*7*  +  l5*tym\m  l4azy  +  *!?  —  80*3  =  0,  in  the  Manner 
our  Author  fhews  Art.  35.  Rem.  1.  by   which  you   find  ^=3  — 

»4«i       ,      2940*^  + 980*1  £*  —  c%  ,      42*^V — 2ioaiJ*X-\4abc*     m0  , 

—*  t 7* z*  -f ^ — ! z*  &e.  where 

€  ftands  for  150*  +  ioab-\-  $b%,  and  d  for  £9404+3  -f-  $%oa*b%  —  c%* 
And  therefore  the  Area  n  Im  0  =  bz  +  &&  +  a9^  +  yt*"tf,<» 
+  4»^-^v+'4^V  &c.   wherefore  fince  a/  =  „*  but  ne. 

gative,  as  lying  upon  the  other  Side  of  the  Point  n,  where  the  Abfcifs 
z  begins,,  the  Area  no  hi  will  be  denoted  by  the  fame  Expreffion, 
only  by  making  z  negative,  which  is  done  by  changing  the  Signs  of 
the  firft,  third,  fifth,  &c.  Terms  into  their  Oppofites  ;  that  is  the  Area 
naki  =  —  bz  +—z%  —  *9V"**+9*e*'t*-*z%  j  42«*v-2io«^+>4**^ 

c  m  3^  4^ 

(§c*  Therefore,,  if  you  fubtra&  this  negative  Value  of  no  ki\   or  add 
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it's  pofitive  Value,  which  is  the  oppofite  of  the  former,  youTI  have  the 
Area  ilmk  =  ibz  -f-  ?8Ro*4  +  '9  °*  —2C% z%  fcCm  And  in  order  to 

find  the  Value  of  b,  you  muft  extradt  the  Root  of  the  Equation  y*  + 
Sy%  -\-  15/  —  80  =  o,  by  our  Author's  Method  of  extracting  the 
Roots  of  numeral  Equations,  and  multiply  it  by  a ;  by  which  you'll 
find  £=2.42432070  &c.  x  a.  So  that  if  you  fubftitute  it  for^ 
and  a  for  %z=.nly  in  the  preceding  Value,  you  (hall  have  ilmk  = 

4-848  &c-  +  *3*%,%-£2?* *  te  X  '-  =  4-86  &c  x  «•  .he 
Area  required. 

150.  Schol.  1.  By  thus  making  the  new  Beginning  of  the  Abfcifo 
to  fall  exactly  in  the  middle  of  the  given  Bafc  i  /,  the  Series  will  be  made 
to  converge  fafter  than  if  you  made  it  to  fall  in  the  Point  i  or  /$  and 
it  is  likewife  more  convenient  for  Calculation,  than  if  it  were  brought 
to  any  other  Point  5  fince  the  fame  Series  ferves  for  the  two  different 
Parts  nlmo  and  niko,  with  the  Change  only  of  the  Signs  of  fome 
Terms :  by  the  Addition  of  which  Series  to  itfelf  with  fuch  Change  oi 
Signs,  the  refulting  Series,  which  expreffes  the  Area  ilmk  will  con- 
verge the  more  quickly. 

152.  Schol.  2.  The  Reader  may  obferve  that  this  Curve  belongs  to 
the  40th  Species  of  our  Author's  Enumeration  of  Lines  of  the  third 
Order :  and  that  the  Areas  belonging  to  the  different  Branches  of 
the  Curve,  might  much  more  eafily  be  found  by  Prop.  5.  of  the 
Quad,  of  Curves,  by  taking  the  Abfcifs  upon  AD  perpendicular  to  AB„ 
It  may  be  obferved  likewife  that  Cor.  7  and  8.  Prop.  9.  ibid,  may  be 
of  confiderable  Ufe  j  and  when  Occaiion  requires,,  ought  to  be  ap- 
plied, for  reducing  affedted  Equations,  either  to  fuch  as  are  not  a£ 
fe&ed ;  or  fuch  as  are  lefs  affedted,  before  we  attempt  to  find  the 
Areas  of  thofe  Curves,  the  Relations  of  whofe  Ordinates  and  Abfcifies 
are  defined  by  fuch  Equations. 

153.  Schol.  3.  With  refpeft  to  the  Do£trineof  the  Extradion  of 
the  Roots  of  affefted  fpecious  Equations,  contained  in  this  Se&ion,  It 
is  to  be  obferved,  that  although,  in  order  to  find  an  infinite  converging. 
Series,  which  approaches  continually  to  the  true  Value  of  the  Rootjv 
the  Quantity  x  muft  be  fuppofed  to  be  indefinitely  fmall  ^  or  inde- 
finitely great,  in  Comparifon  of  any  other  known  Quantity  in  the 
Equation,  as  appears  from  the  Methods  of  extra&ing  thefe  Roots  j; 
yet  after  fuch  Series  for  the  Root  is  thus  inveftigated,  it  will  ftill  de- 
note the  Value  ofy,  whatever  be  the  Value  of  x :  only  the  Series  will 
not  converge  £0  fafU  ov  perhaps  not  at  alk    This  appears  from  the 

Analogy 
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Analogy  of  the  Thing,  cfpccially  when  x  and  y  are  conceived  as  de- 
noting the  Abfcifs  and  Ordinate  of  a  Curve.  Only,  in  thefe  Equations, 
the  Value  of  x  may  be  fo  great,  or  fo  fmall,  as  to  render  the  Root  impoffi- 
ble :  which  will  happen  when  the  Ordinate^  cannot  meet  that  Branch 
of  the  Curve,  to  which  the  infinite  Equation  belongs:  arid  in  this  Cafe 
the  Aggregate  of  all  the  Terms  of  the  Series  becomes  infinitely  great. 


SECT.     VI. 

Containing  the  Inveftigation  and  Demonftration  of  the 
.  Binomial  Theorem. 

THE  Demonftration  of  this   famous  Theorem  I  promifed  to 
give  Art.  45,  having  there  illuftrated  it  by  feveral  Examples. 

m  m 

j  54.  I  fay  then  that  P  +  PQP  =  P  * 

-0  +  -x — -Qi*f  —  *-— *-  x — ■ — Q*>K—  x x * —Q*     fefr. 

*  ^  '    *         zn  '   •  in  3*      ^         n      J   zn  in  4//     ^* 

m 

ot  pr  +  »  AQJ-  ?=3BQ  -f  ^CQ^-f  ==£-DQ  9c.   where  P-f- 

ft  **  3*  t" 

PQjlenotes  the  Quantity  whofe  Power,  Root,  or  Dimenfion  whatso- 
ever, is  to  be  investigated ;  P  the  firft  Term,  Q  the  Quotient  of  all 

the  other  Terms  divided  by  the  firft ;  —  the  Index  or  Exponent  of 

the  Power,  Root  or  Dimenfion  whatfoever,  which  denotes  any  Num- 
ber whatfoever,  integral  or  fra&ional,  pofitive  or  negative.  Moreover, 
in  the  fecond  Form  the  Capitals  A,  B,  C,  &c.  denote  die  firft,  fecond, 
third,  &e.  Terms  of  the  Series.  It  iikewife  appears  evident  that 
both  the  Forms  amount  to  the  fame  Thing :  only  when  it  is  to  be 
applied  to  particular  Examples,  the  firft  Form  may  be  more  con- 
venient for  continuing  the  Terms  of  the  Series,  by  fhewing  more 
evidently  the  Law  of  the  Progreffion ;  die  other  is  more  convenient 
for  fumming  up  the  Terms  of  the  Series,  when  the  Letters  have  the 
Numbers  which  denote  their  particular  Values,  put  in  Place  of  them. 
155.  Cafe  1.  When  n—i  and  m  pofitive:  then  it  (hall  appear  in 

this  Shape  P+PQ^  =P*  « i  +^+**~Q^*^^^QL^- 

In 
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la  order  to  demonftrate  this  fir  ft  Cafe  of  the  Prop.  let  i  -f  x  dc 
note  a  fimple  Binomial  having  Unity  for  it's  firft  Term  and  x  for  . 
the  other;  and  let  p  =^  m-+- 1 i   then  if  7+?!*  =  I  ~\-  mx  -\~  m  x 

"x*  4-  wx^x^J  &c.    I  fay  i"T*l'  =  1  +  fx  +  /X 

For  it  is  evident  from  die  Involution  of  Powers  by  Multiplication* 
that  the  feveral  Terms  of  the  Power  of  i-|-#  whpfe  Exponent  is 
/  =  m  -f-  i,  will  be  had  by  fetting  down  in  one  Line  the  feveral  Terms 
of  the  Power  of  i  -f-  x,  wtiofe  Exponent  is  m>  in  Order,  and  then  theft 
feveral  Terms,  each  multiplied  by  x$  in  the  fame  Order  in  another 
Line,  advancing  each  Term  one  Step,  and  fo  adding  the  two  Lines 
together  as  follows, 

ix  +  Hix*  J^mx—xt  4-ax^X^**  &c 


^ ^"- 


Sum.  i+i+mx-\-m+mx  VX,  +  WXT  +»x"x=p^  &c. 

Here   the    Confutation    of  the    Coefficient   of  any   Term   of 
the  Sum  is  manifeft;    which    may   be    generally  exprefied  thus: 

——  t — 3  x  m — 4  &c*      *     my  m — i  x  «r— 2  x  » — 3  ^fr.        _U'  U     Y 

4     x     5     &c       l      ix2     x     3     x     4     &c  >     Yr"** 


«r.x  «—  i  x  «— t2  x  ** 


1x2x3 

%  is  =  ^V^k?^^.  ^retheNumherofFaaor* 
in  the  Numerators  and  Denominators  of  the  Terms  muft  be  the  fame; 
the  Number  of  Fadors  in  the  firft  Term  of  the  firft  Side  of  the 
Equation,  the  fcme  with  thole  in  the  Term  ftanding  upon  the  other 
Side  of  the  Equation  ;  but  the  Fadors  in  the  Numerator  and  Deno- 
minator of  the  fecopd  Term  of  the  firft  Side  of  the  Equation,  one: 
fewer. 

For  by  inferring  p-~  I  for  at  in  the  firft  Side  tof  the  Equation,,  that 

Side  ftands  thus  ^i£t=±ILt±J±^JiH^  4-  t-*«P-**tt*P-^ 

wmw  "*"«*  *  I    x    2    x    3    x    4    x    5     ,£*<.     '        1 x    2    x     3     x    4    &cm 

PTxPIxP?  xW         /-5  j        f^i  xpx  /— 3  x  f-\         i  

—•"■     1    k    2    x   -3    x  4 *     5     •**—*-     j     x    s    x     31'  x  .4       *  5  "* 

And  it  is  evident  that  this  will  be  true, 

whatever 


\f  x  f~\  x  p— -i  x^-S  x  j>—4 

i  X     fi      X     3      *     4       X     S 
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whatever  be  the  Number  of  Fa&orsby  whofe  Multiplication  the  Terms 
of  the  Equation  are  made  up,  according  to  the  forementioned  Condi- 
tions. Now  let  us  fuppofe  ;rc  =  2,  then  it  is  true  that  I  +  *1*  =1+ 
mx-\-m  X  ^—V+w  X  —  X  ^p-*3  &c.  =  1  -\-zx-\-x*>  all  the  Terms 

tit         T 

after  the  third  vanishing,  becaufe  they  involve  the  Factor  —-=0: 

therefore  p  (=  m  -f-  1)  being  3,  it  follows  that  i-\-x\  =  1  +/# 
Jfp  x  — V  -\-  p  x  ^^  X  — zx*.     And  by  the  fame  way  of  reafon- 

ing,  if  q=p+i  then  l-J-x1*  =  1  -\-qx  -j-  ?X^V  +  yxf~ 
X  — 2x3  -4-  <7  X  — -  X  — 2  X  ^^a* :  and  fo  on  continually.  Whence 

3  2  3  4 

it  appears  that,  if  m  be  made  to  (land  for  any  pofitive  Integer  what- 
foever,  it  (hall  be  true  that  1  +#**  =  1  -\-mx  -\-mx  -^p1**  +  WX 

in—I       m—z    _     1  «— 1       «r—  2       «r— 3    .     r~ 

—  x— *J  +  wx  — x  — x— V  Gfc. 

Now  the  Letter  x  may  ftand  for  any  Quantity  whatsoever,  where- 
fore 7TqT=  i  +  mQJt  *X==-'QL+  «x"x~QL4-  « 
^ „_,  ^ jH-z ^ «-3Q+  &^ confequently  P-^-PqT  =  (p"  x  i+QC 

2  3 4 

=)  PW  Xi+«<U^*"^^  x!!=?x^=L3Qi  ^ 

Which  is  the  firft  Cafe  of  the  Prop. 

.156.  Schol.  1.  Q^may  denote  a  Quantity  confifting  of  any  Number 
of  Terms  na^b^c^-d  &c.  yet  if  we  know  bow  to  raife  the 
fimple  Binomial  i  -j-  a  to  any  pofitive  integral  Power,  in  which 
Cafe  Q  is  only  one  Term;  the  fame  Rule  will  ferve  to  raife 
the  Quantity  i-\-a-\-b-\-c-\-d  &c.  to  any  fuch  Power,  where 
Qconfifts  of  any  Number  of  Terms  whatfoever  a-\-b-\-c-J[-d  &c. 
For  i°.  fuppofe  Q=*  -\-b  a  Binomial,  then  Qa  =  ax  +  %ab  +  b%\ 
Q}  =  a 3  4.  yPb  -f  iab%  +  b* ;  Qt==  **  ■+-  ^b  +  6**£a  +  40b* 
-f-  M  :  and  fo  on,  by  what  hath  been  demonstrated.  Again  20.  fup- 
pofe Q=za-\-  b-\-c9z Trinomial,  you  may  conceive  it  as  a  Binomial, 
whofe  two  Members  are  a  and  b+c  :    in  which  Cafe  Q?z=a*  4- 


2*  x£  +  c  -J-  ^  +  £*  ;    Q3  =  *3  +  $a*xb+c  +  3^ X^  +  r1    + 

J-pr  :  and  fo  on  for  other  higher  Powers  in  this  Cafe :  and  thus, 
by  fuppofing  the  Number  of  Terms  of  which  Q  confifts,  to  be  in* 
creafed  continually,   you  may  perceive  by  what  Means  the  Quantity 

P  +  PQ_ 
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P  +  ?Q  or  P  X  i+Qi  may  be  raited  to  any  pofitivc  integral  Power, 
whatever  Number  of  Terms  Q  or  PQjxmfift  of;  and  that  by  the 
Help  of  what  hath  been  demonftrated :  by  which  you'll  obtain  fuch 
a  Canon  as  we  have  exhibited  m  Art.  139. 

157.  Schol.  2.  It  is  evident  that,  in  this  firft  Cafe,  the  Series  for  the 
Power  muft  terminate,  and  the  Number  of  Terms  be  one  more  than 
the  Exponent  m. 

158.  Cafe  2;'  When  the  Exponent  -£-  is  a  pofitivc  Fra&ion,  proper 
or  improper,  the  Theorem  will  appear  in  this  Form  : 


For  take  the  fimple  Binomial  i  +  *  as  before :  then  I  fay  T+x* • 

=  l+T*.+  Tx-5T*^-T*ir*-1^*J  &c'  tntnf' 

To  demonfirate  which  fuppofe  x  to  be  a  variable  or  flowing  Quan- 

« 

tityi  and  pat  y.=  i-\-x\*  :  raifc  both  Sides  of  this  laft  Equation  to 
the  Power  whofe  Exponent  is  »,  and  it  is/'  =  rfP*=(by  Cafei.) 

Cfc.  wherefore  if  you  extract  the  Root  y  of  this  Equation  y — i  —  mx 
—  «X^=V—  «x^x^V~»x=~x~x==-V^.== 

o,  by  fuppofing  x  to  be  very  (mall :    you  (hall  have  i  for  the  firft 
Term  of  a  Series  for  that  Root,  by  affuming  the  fictitious  Equation, 
&  —  t  =  o  *  j   and  the  Form  of  the  Series  for  that  Root  (hall  be  *Art-,*8« 
y  =  1  -f  B*  -f  C**  +  D*s  +  E*4  fife*  *     Wherefore,   by  Help  of  U9* 
the  firft  Cafe  of  this  Prop,  let  the  Equation  >"— i  —  ww  —  *»x 

^^x*  &c.  =  o,  be  transformed  thus: 
a  -j-^sr-J-i+aB*-*-         «C**-J-  »D*i&c: 

+»X7iBV+  »X^X2BCx»&c. 
+»X~x2=-2B»*»&e. 

—  »»#:=     *  —  mx 
-«X^=V=      *      *    _«x^V 

2  2 

<&.  Ppp  In 
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In  'which  transformed  Equation,  if  youpu*  the  cample?  Coefficient^ 
/each  after  the  firft,  eqpal  to  i*q(thin£,  y«u'lj  jfin(|  {he  Vajae>  flf  j&f 
jfeveral  indeterminate  -Coefficient  B,  C,  JP,  4(fo  <Jb^  !of  the  &r$ 
Term  being  already  found  to  be  4~  £•  .:"'*. 

The  Equations  are  i*.  z»B  —  ;»  25:  c\    2*.  «C  -f  /*  x^^B*  -^  «r 
X =  o.      3°.  »D4-»x— • — -X2BC4-«x x B* —  ! 

2  °-  ■  %  .«  2,  }3-      r  | 

m — i     m — 2         'ft,  •  | 

2  3  I 

Fttin  the  £rft  you  fold  %  =  +  — ;  toy  u^crting  (which  Valu*  of  ! 


B  ihTOthe  fqconrf,  yqa,1^re.»C  f4~i   ivi^vii  j«t  -~r-r*SF  9/lhat 

is  C  =  (  v        . —  —  »r r— —  = —     .    '■'  =  J  —  X -i  ana 

\      «»*_•••.    a«*  2**  /$.#*,•• 

\>y  inserting  the  Values  of  Band  C  in  the  third  Equation,  it  becomes 

;=**,  that *,  ,bj -«d.ucin&  p=e^,  ■    "^sX"-1    ^Jf,  ^X-^T 
X  ffT." :  ^d  thus  you  may  proceed  to  "find  the  Values  of  the'othir 

ildet«*Hn*t«  Gocffidcats  or  wj£:  A>  that  k  appears  that  fi  ^ixjt 

(=«);=  I  4--*  -4-  -  X  1 r**  -1 —  X— - —  X w-*3  #f* 


Wherefore  tt  foHows,  by  what  was  Jhewn  in  Cafe  i,  that  P+PQ)* 

m  «i.  .    . 

159:  Schol.  It  is  evident  that  the  Series  in  this  fecond  Cafe  muft  be 
infinite;  fince  no  Repetition  of  n  can  be  equal  to  m. 

160.  Cafe  the  third.    When  the  Exponent  •?-  denotes  any  negative 

.     u 

Number  integral  or  fractional,  the  Theorem  will  appear  In  this  Form : 

.   —  m  —  m       1      ■■■         ■       will  ■ 

fqrpQ)»~p»  xi-^Qz-T'ir^-T*-^*-^-^1  &c- 

For 
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For  taking  the  Binomial  i-f**  «•  before,  I  fey  i-\-x\"  =  i  — 
x  — 


«r         m     —  m  —  n   %      tn     —  m  —  n       -—  m  —  2*         ** 
n         A*        zn  n*        zn       *  3* 


-j* 


To  prove  which,  fince  i+xl  *  =  - —  =  (by  Cafes  i  and  z) 

\ : *  — ,  divide  the  Nume- 

rator  of  this  FrAdlion,  w«.  i,  by  the  Denominator  I  +  — x  -J x 

is  n 

~  x*  Gfc.  and  the  Quotient  will  come  out  i x  —  —  x 

2#  /I  ft 

#*  — —  X X -**   Gfc*     For  theft 

zn  ft  zn  3» 

two  Series  multiplied  into  one  another  will  produce  i,  as  they  ought 

to  do,  the  other  Terms  in  inf*  deftroying  one  another.    Whence 

&c,  in  inf.  for  it  is  evident  that  the  Series  cannot  terminate. 

From  all  which  it  appears,  that,  whatever  be  the  Value  of  the  mi- 

9ft 

meral  Exponent  — ,  whether  integral  or  fradional,  pofitfve  or  negative, 


it  wfflftfflbetraethatP-FPQ!l=P*  x,+?<^x^»+-x— x— Q* 

1        ^~  n  ^  *      zu        *  n     zn        $n 


Vc.  or  P*  +  i  AQ  +  =BQ^+  ^CQ^&c.    Q^E.  D. 

1 6 1.  This  famous  Theorem  may  be  more  expeditioufly  inveftigated 
and  demonftrated,  by  the  Help  of  the  Do&rine  of  Fluxions ;  but  it 
is  neceflary  that  the  Rule  for  finding  the  Fluxion  of  any  Power,  per- 
fect or  imperfeft,  of  any  flowing  Quantity,  be  demonftrated  from 
other  Principles,  without  making  irfe  of  this  Theorem  itfelf  for  that 
Purpofe :  which  our  Author  does  *.  *  Quid. 

Now  that  Rule  may  be  demonftrated  independently  of  the  Binomial  ^rv- 
Theorem  thus :  let  n  denote  any  pofitive  whole  Number,  and  x  a  flow- 
ing Quantity,  then  I  lay  the  Fluxion  of  *"  is  nx*~lx. 

P  p  p  2  In 
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In  order  to  demonftrate  which  I  proceed  thus :  let  the  Fluxion  of 
^  be  fuppofed  to  be  nxr~lx,  then   if  .p  =:  n  -|-  1,    the  Fluxion  of 
x*  is  px*~lx*  .  For  tf  =  x*.x  x :  wherefore,  if  z  denote  that  Term  in 
the  Geometrical  Progreflion  i,x,x*,xJ,  &c.  whofe  Diftance  from  the 
firft  is  denoted  by  n>  fo  that  2;  =  a" ,  then  it  is  &=zzx;  therefore 
their  Fluxions  are  equal:    now  the  Fluxion  of  zx  is  zx  -j-  **    (See 
jirt.  76  of  the  Quadrature  of  Curves  explained)  that  is,  by  reftoring 
x*  for  z>    and  nxn-Jx  for  £   (which  ate  equal  by  the  hyp,   fince 
wf~lx  is  fuppofed  to  be  the  Fluxion  of  x")  nxTx  -j-  x"x  or  »-j-i  X 
x*x  that  is  ptf~*x :   which  therefore  is  the  Fluxion  of  x*\  if  (b  be 
nxr-Jx  be  the  Fluxion  of  x*.     Now,  by  the  lame  way  of  reafoning, 
if  q  z=zp  4-  1,  it  appears,  that,  if  the  Fluxion  of  rf  =  px>-sx9  the 
Fluxion  of  x*  (hall  be  0x*-'x ;   and  fo  on  continually.     But  if  * =2, 
it  is  demonftrated  that  the  Fluxion  of  x"  (=xa)  is  ax^-'x  =  2xx,  in 
the  forecited  Place :  therefore  it  follows, .  that,  if  n  be  3,  4,  5,  £fr.  that 
is  any  pofitive  Integer  whatfoever,  the  fluxion  of  x"  (hall  be  rix"-*x. 
And  from  what  is  (hewn  in  the  fame  Place,  it  appears,  that,  if  nxr~lx 
be  the  Fluxion  of  x,  when  n  is  a  poiitive  Integer,  it  (hall  be  fo  likewife 
when  n  denotes^any  other  Number,  whether  it  be  a  negative  Integer* 
or  pofitive  or  negative  Fraction  of  any  Kind :  fo  that  the  Rule  is  de- 
monftrated to  hold  univerfally.  

162.  Gor.    Hence  it  appears  that  the  Fluxion  of  i+xl*  is  *x 

i-l-xf^x  •  n  denoting  any  numeral  Index  as  before. 

1 63.  Upon  the  preceding  Foundation  the  Binomial  Theorem  is  thus 

demonftrated :  fuppofe  i-J-xf  =  1  .  -f-  Bx  -|-  Cx*  +  D*3  +  E*4 
&c.  where  n  ftands  for  any  numeral  Index,  pofitive  or  negative,  inte- 
gral or  fra&ionab  and  the  Letters  B,  C,  D,  E,  &c.  ftand  for  inde- 
terminate Coefficients  to  be  found :  it  being  evident  from  the  Nature 
of  Powers  and  Roots,  that  the  aflumed  Series  ought  to  be  of  the  Form 
here  expreft,  and  have  1  for  it's  firft  Term.  Now  by  taking  the 
Fluxions  of  both  Sides  of  the  preceding  Equation  (by  Art.  161,  162.) 

we  have  n x 7+xT~  x=  Bx  +  2Cxx-J-  3Dx*x  +  4Ex*x,  Sec.  and 

dividing  by  x  >  n xT+xT"1  =B 4-  2€x+  3DX*  4-  4Ex*  ficc.  which 
being  true  whatever  be  the  Value  of  the  flowing  Quantity  x,  it  muft 
be  true  likewife  when  x  vani(hes :  wherefore,  let  x  vani(h,   and  you 

have  »x7|  =B,  that  is  «  =  B.  Again,  afluming  the  laft  Equa- 
tion, viz*  n  x  i+xl      =  B  +  ^Cx  +  3^x*  +  4-Ex3  &c-  an(*  P*1*- 

tiog  it  into  Fluxion,  you  have  n  x  *— •  J  X  t-\-x*    x  =  zCx  4-  2  x 

$Dxx 


;  E  X  P  LAINM:IX^   .  , 

jDxx  +  3  X  4Ex*x  &c.  and  if  you  divide .  both  Sides  By  *,   and 

then  fuppofe  x  to  vanifh  as  before,  you  find  nx^  =  C.      Again 

by  affuming  the  Equation  n  x  n — i  x  i  +  x1*"  =  2C  +  2  x  3D*  -f- 
3X4EX*  &c.  (which  arifes  by  dividing  the  preceding  by  the  Fluxion 
of  x)    and  putting  it  into  Fluxions,    you  have  nxn — ix»-2X 

i+xf""3*  =  2  X  3D*  -f"  2  X  3  X  4E^x,    &c.      which   being 

reduced  as  before*     gives  n  X X    "~    =•  D  :  and  by  proceed*. 

ing  after  this  Manner*  it  will  be  evident  to  any  one  that  confiders  the 
Operation,  that  all  the  Coefficients  of  the  fubfequent  Terms  of  the 
plumed  Series  1  -f-  Bx  +  Cx*  -f  Dx'  +  Ev*  &c.  will  be  found  by 
the   continual  Multiplication  of  the  Terms  of  this  Series  1  x  n  x 

^Tli  xfLZ3x!Lllx!!—^  fife  in  ty    die  Coefficient  of  each 

2  3  4  5 

Term  of  the  Series  1  +  Bx  -f  Cx*  4-  Dx*  +  E**  &c.  being  the 
Product  of  as  many  Terms  of  the  other  Series,  as  it's  Place  denotes* 

So  that  by  fubftituting  the  Values  of  B,  C,  D„  &e.  we  find  1+^* 

*x4-*X x^4-  *X— — -X— -— x3  &c. 

1  z  2  3 

164.   Whence  it  appears,   from  what  hath  been  faid  formerly,. 


4-7? 


*7- I^v-  •  »— I       »— 2, 


th^t  P+PQL  =  P  x  r+*Q-|-a x ^-JQ*+» x  —  x —  Qsfas 

2  23 

or  P*  +  '«AQ^j-  ■— —  BQJ-  —  CQGfr.  «  denoting  any  numeral 

2  3» 

Index  whatfoever,  and  A,  B,  C,  &c.  ftanding  for  the  firft,  fccond,, 
third,  &c»  Terms  in  the  laft  Form.. 

165*  What  further  remains  of  this  Treatife  of  our  celebrated  Author 
with  rcfpeft  to  the  Application  of  the  Do&rine  of  infinite  Series  and 
Quadratures  to  other  Purpofes  in  Geometry*  being  either  fufficiently 
plain  in  itfelf^  to  one  that  underftands  what  hath  been  faid  to  explain* 
the  Foundations  upon  which  thofe  Things  are  built ;  or  having  been 
moftly  explained  in  the  Commentary  upon  the  Quadrature  of  Curves*. 
I  thought  it  improper  to  trouble  the  Reader,  now  brought  this  Length,, 
lyith:  Repetitions  of  Things  to  no  Purpofe. 


GENERAL 
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OENERAL    SCHOLIUM. 

If  Mankind  be  capable  of  fuch  Degree  of  Knowledge,  a»  thd  In- 
dentions and  Difcoveries  of  a  Sir  Ifaac  Newton  prove  they  are ;  hovr 
much  greater  Degrees  of  Knowledge  may  we  fuppofe  fuperior  Intetti* 
gences  capable  of  arriving,  at,  whofe  better  Faculties  and  more  extend- 
ed Views,  furnish  them  with  a  larger  Stock  of  Ideas,  the  only  Afe- 
terials  of  Knowledge;  and  enable  them  to  perceive  and  difcern  more 
accurately  and  quickly  their  Agreements  and  various  Relations.  And 
how  much  higher  Degrees  of  Knowledge,  (hall  we  ourfelves  arrive 
to,  when  we  nave  got  beyond  the  Confines  of  Mortality,  and  fhaken 
off  thefe  Tabernacles  of  Clay,  where  our  Souls  being  confined  as  in  a 
Prifon,  are  kept  from  extending  and  enlarging  their  Views ;  and  be- 
ing tore  down  as  by  a  heavy  Weight,  are  greatly  retarded  in  their 
Progtefs  in  the  Ways  of  Knowledge  ?— Then  fhall  we  perceive  more 
and  better  Objects,  and  judge  and  reafon  more  accurately,  quickly,- 
and  diftinttly  about  them*  -*-  Happy  Time,  whtfh  the  Dilcovery  of 
Truth  fhall  be  attended  with  no  fuch  Toil  and  Labour ,  as  it  often  is 
here  !  In  this  imperfeB  State  of  Things,  we  are  obliged  to  puffu6 
long  Trains  of  Rcafoning,  in  order  to  attain  to  the  Knowledge  of  thofe 
Truths  -,  which,  when  our  Faculties  are  enlarged  and  perfe£ledy  we 
-Audlperceive  and  difcern  as  it  were  at  one  View  j  for  as  then  our  Know- 
ledge will  be  more  extenfwe,  fo  it  will  be  more  diftinft  and  more 
intuitive :  as  a  facred  Writer  expreffes  it,  Now  we  fee  through  a  Glafs 
darkly \  or  in  a  Riddle ;  but  then  Face  to  Face  * :  Happy  Day  !  when 


1    1  Car.   \\i\.  ] 

Here  the  Apoftle 


.  •  \    ,':•••  •    1  i 


Paul  plainly  infifluatti  a  remarkable  Difference  in  our  Knowledge  m  this, 
and  the  ft*  ru  re  State,  as  to  the  Diftin£Uiefs  ofh%  ^tid  the  Manner  of  attaining  it ;  as  well  as  to 
the  Extenfivencfs  of  it.  He  defcribes  our  Knowledge  in  this  State,  as  being  obfeure  and  dark, 
by  faying  we  know  only  in  an  Enigma  or  Ridcfie,  which  is  a  dark  and  obfaare  Reprefcntation 
of  fomc  Truth,  clo.tthed  in  Figure  and  Metaphor.  And  further  he  defcribes  it  as  acquired 
h*  \*ewT%Vi  by  the  intervention  of  a  Speculum  or  Mirror  ;  by  which  we  behold  the  Images  or 
Species's  of  things  ;  and  not  the  very  things  themfelves.  Whereas  Tar*,  in  the  future  State,  we 
(hall  fe*  and  know  &£&**&  <ar^  fz^o-vmu**  that  rHififfiediatdy,  by  a  direel  Intuition  of  things' 
as  they  really  are  in  thejnfalve*.  So  that  when  this  Maimer  of  feeing  and  knowing  takes  Place, 
the  former  (hall  vanifh  or  be  done  away  :  as  the  fame  Author  aflem  in  the  fame  Place.  And  by 
cdnfidering  the  whole  Defcription  St,  Paul  gives  in  this  Place,  of  the  Knowledge  of  the  fatore 
State,  compared  with  that  of  the  prefent,  we  (hall  find  the  Antithefis  to  confifl  in  thefe  Things* 
i#.  It  will  be  vaftly  greater,  more  thorough  and  extenfive.  2°.  More  clear,  diftinct  and  fatisfa&ory. 
3°.  More  immediate  and  intuitive.  40.  Acquired  with  lefs  Pain  and  Difficulty.  Which  Things 
ie  illuitrates  by  a  beautiful  Variety  of  Expreffions. 

i  not 
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not  only  our  intelle&ual,  but  our  moral  Faculties,  (hall  be  extended 
and  enlarged  far  beyond  their  prefent  Pitch  :  and  that  bUfsful  State 
begin,  where  our  whole  reafonable  Nature,  in  all  it's  Powers  and  Fa- 
culties, (hall  make  further  and  further  Progrefs  and  Advancement,  in 
a  Likenefs  to  God  himfelf,  the  beji  and  moft  perfeSi  Being. — When 
we  (hall  be  admitted  into  the  immediate  Prefence  and  beatifical  Vi- 
fion  of  die  Divine  Majefty ;  and  for  ever  employed  in  fearching,  con* 
templating  and  admiring  his  Perfections,  and  his  Works :  which  will 
afford  an  inexhauftiblcTreafiire  of  Knowledge  and  Delight,  encreafing. 
to  endlefs  Ages. 
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e  n  R  a  t  a: 

la  die  ^pdntuti  tf 'Curves  and  Commentary. 
IAG.7. Lme*9«A«Begfcmingre»d«.    p. 87. in 2* Tern oT z«TPtam 2p» t. p* 
p.  10.  L  5.  r.  — c 


J4-* 


p.  1 6*1.  27.  t.m 

aaL^r.^Jt*   IbkLl.  21.  Curves  r.Grfea 

S.  to  the  Figures  annex  the  N°*  i»  2,  3,4. 
id.  Tab.  Form  1,  throughout  all  the  Spe- 
cies's in  the  Denomr  of  the  Value  of>,  r. 
e+lfx*  i  aadintheAreaofSpcricai,  r. 
«GDB 

V) 

26.  Form  2.  throughout  all  the  Species's  in 
the  Ordinate  of  the  the  Conic  Se&ion  r. 


y^= 


f        f 

Ibid.  Form  4.  Species  2.  in  the  Area,!.  dDGa 

Ibid.  Species  3.  r.  §aDG« 

27.  Form  6.  Species  1.  Ord.  of  the  lecond 


Conic  Se&ion  r, 


v 


'  + 


n 


Ibid  Form  7.  Species  1.  in  the  Denominator 
of  the  Area  r.  4^ 

29.  in  the  Fig.  betwixt  K  and  M  place  Ir 

37. 1.  16.  r.  10  as  to  come  nearer 

39. 1.  23.  r.  wherefore 

43. 1. 17.  r.  which  the  point 

44. 1. 1.  Terms*-.  Times 

45.il*.  r.BfcC 

48.  L  8.  after  Area,  #•.  which  we  have  t*  con- 
sider, and  this  cannot  be  altered  or  influ- 
enced by  any  fanner  or  fotare  Fluxion  of 
the  Abfcifa 

52.I.  i.r.  CEmC 

55.  L  14.  r.  demonftrated  in  the 

s6.1.6.r.— **~3o3 

57. 1.  31.  11th  r.  sr* 

61. 1.  14.  r.  one  uniformly  flowing  Quantity 
and  the  Fluxion  of  another  flowing  Quan- 
tity. 

64.  Margin  47  r.  46,  and  46  r.  51 

68.1. 32.  r.  15—25 


71.  L  3 


x 


Ibid.  L  5.  r.  ax 


72. 1. 13.  r.  t*x*jnhmlyz* 

75. 1. 11.  r. 7=r== — ° 

77. 1.  35.  dele  Sec. 

7*.  1.  8.  r.  4~2fx*=o  p.  79. 1. 35.  Timet 

r.  Terms 
81. 1.  38.  or  r.  and 
82. 1.  penult  of  the  Notes,  r.  Mr,  David  Gre* 

iofy 

83. 1.  28.  BE  r.  BC 

87.  in  the  fecOnd  Term  of  both  Forms  of 
the  Ordinate  2ta  r.  *« 


88. 1.  22.  r.  a*-1**-1 
89. 1,  2.  r.  26—31 
91.  Margin  r.  Art.  114. 117* 
95.L  8.  fettingr.  fet. 

;* 

Ibid.  I.20.  r.— 7— 

99. 1. 11.  AZr&ae 

xor.  1.  15.  but  r.  although 

Ibid.  1.  32.  r>  «y  be  finite 

103.1. 28.  v.  *—-/%* 
109. 1.  12.  r.  and  fo  yon 
Ibid.  1.  3a  Fra&ion  r.  Fluxion 
1 10. 1.  28.  r.  above  thrice 

1 1 2. 1.  1.  r.  —  x*        Ibid.  1. 9.  t.  +-\  — * 

117.  L  19.  r.  j=£i 

1 19. 1. 17.  r.  be  not  nothing 

121. 1.29.  r./=/+* 
122.  L  26.  r.  may  befquared 
124. 1. 29.  r.  demonurated 

132. 1. 29.  Forms  r.  Terms,  Terms  r.  Fount 
145.  L  3.  r.  extending 

146.1.13.  r. — X— 

147.1.  I3.r.j=s:)  4^/5—1 

148.  L  14*  ABC  r.  ABCD 

150.  L  27.  r.  Now  although  the  Series's 
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323.  in  the  Fig.  at  the  End  of  the  Line  AB 
place* 

224.  L  5.  r.  =  jSBD* 
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438.  1.  32.  r.  —  *6 
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ADVERTISEMENT  to  the  Reader. 

la  revifing  the  Shuts  after  they  were  printed  off,  for  dif covering  the  Errors  of  the  Prefs,  I  found 
Had  been  guilty  of  feme  Miftakes,  which  I  thought  proper  to  point  out  to  the  Reader,  in  this 
Placet  with  the  CorreQionti  and  a  few  other  Additions  or  Illuft rations. 
The  Reader  may  be  pleafed  to  obferve  that  by  the  Phrafe  Inftant  of  Time  made  ufe  of  in  the 
following  Work,  is  not  meant  any  Portion  of  Time,  or  Part  of  Duration,  how  fmall  foever, 
which  fflaft  be  divifible  into  Parts,  like  all  other  kinds  of  Quantity ;  but  an  Inftant  of  Time 
muft  be  conceived  as  having  no  Parts,  and  to  be  with  refpeft  to  any  Portion  of  Time  or  Du- 
ration, what  a  Point  is  with  Reipeft  to  a  Line  in  Geometry. 

Becaufe  Lemma  4.  Page  41.  may  be  thought  not  fo  clearly  demonftrated,  the  following 
Demonftration  may  be  fubftituted  for  the  other. 

Let  V  denote  any  given  intermediate  Velocity,  betwixt  M  and  N  any  two  variable  Velocities 
JuTumed,  through  which  two  Velocities,  the  variable  Velocity,  mentioned  in  this  Lemma, 
partes ;  fo  that  M  be  upon  the  one  Side  of  V,  and  N  upon  the  other.  Imagine  M  and  N  to 
approach  continually  towards  one  another,  and  towards  V,  which  always  lies  betwixt  them  : 
the  Time  which  the  variable  Velocity  takes  in  palling  from  M  to  N,  may  be  fo  fmall,  by  the 
continual  Approach  of  M  and  N,  as  to  be  lefs  than  any  given  Time  :  by  which  Means  M  and 
N  fliall  approach  fo  near  to  one  another,  as  <o  differ  from  one  another  (and  confequently  from 
V)  by  lefs  than  any  given  Difference  (as  appears  from  the  Nature  of  the  variable  Velocity 
mentioned  in  this  Lemma.)  Therefore  fince  M  and  N  approach  continually  to  V,  during  a 
finite  Time,  fo  as  before  the  End  of  that  Time,  to  differ  from  it  by  lefs  than  any  given  Dif- 
ference, they  muft  at  laft  be  equal  to  it  (by  Art.  7.)  But  V  was  taken  any  intermediate  Velo- 
city whatfoever.  Therefore,  &c .  as  in  the  Lemma.  Q^  E.  D. 
Page  103.  Art.  1 34.  The  Reader  may  obferve  tliat  the  firft  Paragragh  of  this  Article  refpec"U 

fit* 
the  Cafe  in  which  ^—  is  lefs  than  1 .    In  which  Cafe  there  are  two  Sppofitions  made ;  either 

that  /  is  greater  than  r-f-i ;  or  lefs.  Now  becaufe  upon  this  fecond  Supposition,  the  Demon- 
ftration for  proving  that  the  Series  there  mentioned,  muft  converge,  may  not  appear  fo  plain  ; 
it  may  be  more  clearly  demonftrated  thus. 

Again  if  it  be  s>  r-|>z>  the  Quantity  ^j      •  muft,  at  a  finite  Diftance  from  the  Beginning 

of  the  Series,  become  a  pofitive  Quantity  greater  than  1 ;  and  after  that  Time  continually  di~ 
miniih,  fince  the  Difference  betwixt  /+»  and  r+/r+!>  is  a  given  Number :  fo  that  the  Ratio 

of 
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Of  j4*  to  r+*+*  approaches  nearer  to  the  Ratio  of  Equality  than  any  given  Ratio  of  greater 

Ho  lefi,  that  is  than  the  Ratio  of*  to/** :  therefore  ■  ■ffij  ■   <  -L- :  whence.  -^^-  x^- 

<i :  and  thereftr&the  Terms  of  the  Serta  will  continually  diramffli,  and  that  ftiU  in  a  greater 

Ratio  a*  the  Terms  advance/  fince  -r^TT  c^tinually  diminishes :  and  therefore  the  Series 
muft  converge  rT*TI 

Page  104.  lafl  Paragraph  Art  1 34.  begins  thus  :  "  There  is  a  3*  Cafe,  c*c.  In  which  Cafe  the 
+  Comrwrgjcncy  depends  entirely  upon  the  Coefficients :  "  whereas  it  fliould  be  faid  that  it  de- 
pends upon  the  Coefficients  and  the  Sign*  of  the  Terms.  Again  where  it  is  faid,  "  If  s  <  n-f-i, 
%t  both  the  Series's  for  the.  Area  wiU  converge,"  read,  One,  or  both  the  Series's  for  the  Area 
will  converge;  <was   when  the  Sijjns  of  the  Terms  become  alternate ;  otherwise  not : 

Page  290.  Art.  410.  An  Overtight  having  been  committed  in  the  Operation  in  this  Article, 
the  Length  of  the  Curve  Line  is  not  rightly  expreffed.    Wherefore  let  that  Article  run  thus. 

If  we  would  have  the  Length  of  the  Curve  Line  expreffed  by  Logarithms,  agreeably  to  what 
hath  jbeen  delivered  in  f  10.  then  (fee  Fig.  Art.  355)  which  fubftitute  in  Place  of  Fig.  3.  Tab  2. 
Quad,  of  Curves,  fuppofing  the  Hyperbola  defcribed  with  the  fame  Latus  Tranfverfum  and 

feeftum  as  before:    then  it  wiH  be  *= j  ^ABP  —  ^A**H,LglL;    for  Example,  fuppofe 

in  the  given  Parabola,  the  Length  of  the  Abfcifs  AB  (*)  ~  «  =r  1 ,  then  in  the  Hyperbola,  by 

taking  <^=r  ( AB*5  =r )  ! ,  you'M  fed  AB  *z  $| ;  and  from  the  Property  of  the  Hyperbola,  and 
fimilar  Triangles,  «H  =  i,  BC  =  £J,  BD=4,  DC  =  J:  therefore  flie  Triangle  ABD  = 

1^5?=:)  *tf .  and  theTriangle  A*H  (which  is  the  Modulus)  or  ^lifS  =-.*& ;  whence 

you'll  have  AAB^~- *     **■    [3-.  =  Hi :  -  7%  H>  that  is  to  lay  the  Mcafure  of  the  Ratio 

of  3  to  1  torlhe  Modujue -^Viubtraded from  \yi .  Bat  whereas^  Mud«li»<*he  Tabular 
Logarithm^!*  0.434294  &c.  (fee  Art.  349.-)  thererore*l1iefame<^ntiryexpreffeaH5yMean8of  the- 

TabJ,og.wiUbe(fceAft3SO)$Ji- ~^ —  xLog.4=?rl- *7        i 

*  *  /i9*     512x0.434294  te.     ^»  T      ***    jiax 0.434294 kc 

*  0.477122  &c,  =  (by  reducing  all  to  Decimals)  1.0816253  nearly.  Wherefore  if  yon  multiply 

this  lafl  Number  (by  h  T011  fl*U  have  1*622444/.  *r*r.  for  the  Length  of  the  Carve  Line  AC 

required  :  which,  by  Means  of  a  Table  of  Logarithms  of  more  Place*  *f  Figures,  may  be  carried 

to  a' proportionally  greater  Number  Of  Figures.  . 

Page  439.  Art.  120.  near  the  Beginning :  it  is  (hid  that  in  the  general  Equation  these  men* 
tioned,  there  will  be  one  Tepn  at  leaft  which  doth  not  include  *  j  and  mother  one  at  leaft 
that  includes  not  *.  Which  is  an  Overfight :  for  it  is  true  that  thjere  will  be  one  Term  at  leaft 
that  doth  not  include  x:  fince  if  all  the  Terms  of  the  propofed  Equation  do  involve  *,  yon 
may  always  free  one  Term  of  *  by  dividing  by  the  loweft  Dimenfioa  of  x :  and  for  the  nko 
Reafon  there  will  be  one  Term  at  lealt  that  doth  net  include  y.  But  it  will  not  always  lumpen 
that  thefe  Terms  are  diftincl :  for  the  fame  Term  that  doth"  not  include  x,  may-  be  the  only 
one'likewife  that  doth  not  include  y.  However  this  Overfight  makes  no  Alteration  in  the 
Reafoning  there  ufed.  But  it  may  be  corrected  by  making  it  run  thus  :  in  which  there  twill  he 
we  Term  at  leaft  which  doth  not  include  y,  which  is  here  refrefented  by  h*v,  omitting  what  is  in 
the  middle. 

ftige  445.  Art.  123.  not  far  from  the  Beginning  of  the  Article,  there  is  a  Miftake  in  fupt* 
pofing  the  Letter  D  to  reprefent  the  Exponent  of  the  Power  of  x  contained  in  the  firft  Term 
of  the  Value  off;  and  then,  as  a  Coniequence  of  that  and  what  was  fuppofed  before  that, 
making  A4-D,  B+D,  E+D,  &V.  to  reprefent  the  Dimenfions  of  x  in  the  penult  Term.  Be* 
caufetne  Dimenfions  ofx  in  the  penult  Term  will  not  exceed  thefe  m  the  ultimate  by  fo  great 
a  Difference  as  is  the  Dimenfion'  of  x  in  the  firft  Term  of  the  Value  off,  as  appears  by  Rem.  3. 
Art.  1 20.  preceding.  Yet  this  Miftake  doth  not  aflfeel  the  Reafoning :  and  it  may  be  rectified  thus. 

Inftead  of  faying,' **  Then  fuppofe  the  Exponent  of  the  Power  of  x,  which  is  contained  in 
««  the  firft  Term  of  the  Value  of/,  found  as  above,  tobeD:  fo  that  after  Subftitution  of  fuch 
«'  Power  of  a-,  &c."  read  thus,  Thenfufpo/e  the  Exponent  of  the  Power  of  x9  which  is  contained 
in  the  firft  Term  of  the  Value  of  p,  found  as  above,  to  he  fuch,  that,  after  Subftituticn  of  that 
Power  of  x  &r .  as  it  was  formerly.  And  then  the  Reafoning  proceeds  and  the  Symbols 
anfwer. 
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